Math 2250-4
Mon Mar 4

5.3 How to find the solution space for th order linear homogeneous DE's with constant coefficients, and
why the algorithms work.

On Friday we started discussing the systematic algorithms for finding the general solution y, (x) to the
constant-coefficient homogeneous linear DE of order n,

L(y) = y(") +a _ ly(” D+ a,y' +a,y=0.
Solutions y(x) to IVPs for these DEs exist and are unique for x-interval / = R, the entire real line.

Finding y,, is a key step in finding the general solution y = y,, + y,, to non-homogeneous DE's L (y) =,

and also has interesting applications for the homogeneous problem, as we will see in section 5.4.

We completed case I of the general algorithm below, and had begun the discussion of repeated real roots in
Case II:

Strategy: In all cases we first try to find a basis for the n - dimensional solution space made of or related to
exponential functions....trying y(x) = ¢ yields
-1
L(y)=erx<r”+an_1rn +... +a1r+a0)=erxp(r).
The characteristic polynomial p(7) and how it factors are the keys to finding the solution space to

)
L(y)=0. For each root r; of p(r)

r.x
, we get a solution e’ to the homogeneous DE.

Case 1) If p(r) has n distinct (i.e. different) real roots TS STRINY then
rlx sz rXx
e ,e",.,e"
are a basis for the solution space; i.e. the general homogeneous solution is given by

r.x rXx

r.x
Yy(x)=cpe —I—cze2 + .. tce” .

On Friday we verified that these exponential functions were linearly independent by ordering the roots
r, <r, <..<r andusing alimiting argument. Thus they are a basis for the n-dimensional solution

space, and each homogeneous solution can be written as a unique linear combination of them.



Case 2) Repeated real roots. In this case p(r) has all real roots |, r,, ... v (m < n) with the ; all

different, but with some of the factors (r — rj) in p(r) appearing with powers bigger than 1 . In other

words, p(r) factors as
_ 1l”n e+ a,r +a,= (r —r )kl(r — rz)kz (r — rm)k’"

with some of the k] > 1, the number of distinct roots m < n and powers
ky +k,+..+k =n.

. n
p(r)=r —l—an

The easiest example of this phenomenon is a quadratic p (7) with a double root. We did a special case of
the exercise below, and I've filled in the details for the general case:

Example) Consider the case of a second order homogeneous DE with characteristic polynomial
p(r)= P +ar+b= (r —r, )2. Thusa=-2r,b= r?, and we can write the DE as
y”—2r1y'+r?y=0.

r x r x
Theny, (x)=e ! Vy(x)=xe ! are a basis for the solution space:

¥, (x) solves the DE, but we must check y, :

2 N
iy, (x)=xe }

rlx rlx

—2r1[y2’(x)=r1xe +e }
le 2 rlx
+1[y2”(x)=2rle t+rixe ]

"2 2, 2 N
L(y2)=xe (r1—2r1+r1>+e (2r1—2r1)
=0.
r X r X

Itis easy to check that y, (x) = e ! Vy(x)=xe ! are linearly independent (e.g. different growth rates

method or Wronskian), so they are a basis for the solution space.



Here's the general algorithm for Case 2. repeated real roots: Suppose the characteristic polynomial factors
with real roots, some of which are repeated roots (and factors):

k k2 k
p(r)= (r—rl) l(r—rz) ...(r—rm) ",

with powers satisfying & + k, +...+k =n and number of distinct roots m < n.

X r.x r X
m

r
Then (asin Case 1) e ' ,e?,...,e™ are independent solutions. Since the number of them m < n there
aren't enough of them to be a basis. Here's how you get the rest: For each power k] > 1, you actually get

kj independent solutions

r.X T q rX k—1rx
e’ ,xe’ ,xe/ ,..,x’ el .
Since k, + k, +...+ k_=nyou get a total of n solutions to the differential equation. And, this collection

X

of all n functions is linearly independent, so is a basis for the solution space. Magic!

(You will explore why this algorithm always works in your homework. There's a related discussion on
pages 316-318 of the text. )

Exercise 1) Explicitly antidifferentiate to show that the solution space to the differential equation for y(x)
4 3
y( ) _ y( ) =0
agrees with what you would get using the repeated roots algorithm in Case 2 above. Hint: first find
v=y""", using v' -v= 0, then antidifferentiate three times to find y,. When you compare to the repeated

roots algorithm, note that it includes the possibility » = 0 and that & =1.



Case 3) p(r) has some complex roots. The punch line is that exponential functions € * still work, except
that » = a 1+ b i - But that rather than use those complex exponential functions to construct solution space
bases we use related real-valued functions that are products of exponential and trigonometry functions.

To understand how this all comes about, we need to learn Euler's formula . This also lets us review some
important Taylor's series facts from Calc 2. As it turns out, complex number arithmetic and complex
exponential functions actually are important in many engineering and science applications.

Recall the Taylor-Maclaurin formula from Calculus

F(x) ~f(0) 4/ (0)x + 21—!f”(0)x2 + %f’”(O)f' +.t %f(")(O)xn +...

(Recall that the partial sum polynomial through order » matches fand its first » derivatives atx, = 0.
When you studied Taylor series in Calculus you sometimes expanded about points other than x, = 0. You

0
also needed error estimates to figure out on which intervals the Taylor polynomials actually coverged back

tof.)

Exercise 2) Use the formula above to recall the three very important Taylor series for

2a) €' =
2b) cos(x) =
20) sin(x) =

In Calculus you checked that these series actually converge and equal the given functions, for all real
numbers x.

Exercise 3) Let x =i 0 and use the Taylor series for ¢" as the definition of ¢ ® in order to derive Buler's
formula:

¢'®=cos(0) +isin(0) .



From Euler's formula it makes sense to define
TP i= " = ¢"(cos(b) + isin(b))
fora, b € R. So forx € R we also get
4T PDY = % (cos(bx) + isin(bx)) = e “cos(bx) + i Tsin(bx) .

For a complex function f(x) + i g(x) we define the derivative by
D (f(x) +ig(x)) =f(x) +ig'(x).
It's straightforward to verify (but would take some time to check all of them) that the usual differentiation

rules, i.e. sum rule, product rule, quotient rule, constant multiple rule, all hold for derivatives of complex
functions. The following rule pertains most specifically to our discussion and we should check it:

Exercise 4) Check that Dx(e(a b i)x) =(at+b i)e(a TOOx e,

r X r X
Dxe =re

even if 7 is complex. (So also Di d*=Dre’= e, Di T2 ete)
Now return to our differential equation questions, with
-1 ,
L(y) ==y(n)+an_1y(" )+...+a1y ta,y.

Then even for complex r=a + bi (a,b € R), our work above shows that
L(erx) = erx<rn ta, _ lrn e+ ar+ ao) = p(r).
Soif 7 =a + biis a complex root of p(r) then & * is a complex-valued function solution to L (y) = 0.

But L is linear, and because of how we take derivatives of complex functions, we can compute in this case
that

04+ 0i=L(e")=L(e""cos(bx) +ie" sin(bx))
=L(e"cos(bx)) +iL(e"  sin(bx)) .
Equating the real and imaginary parts in the first expression to those in the final expression (because that's
what it means for complex numbers to be equal) we deduce

0=L(e""cos(bx))
0=_L(e" " sin(bx)) .
Upshot: If r=a + b i is a complex root of the characteristic polynomial p(7) then
y, =¢""cos(bx)
y, =¢€""sin(b x)
are two solutions to L (y) = 0. (The conjugate roota — b i would giverise to y,, -y, , which have the

Same Sspan.



Case 3) Let L have characteristic polynomial
p(r)=r"+ a _ lrn e+ a;r+a,
with real constant coefficients a, _ ..., a,, ;. If (r — (a + bi) )k is a factor of p(r) then so is the
conjugate factor (r — (a — b i) )k . Associated to these two factors are 2 £ real and independent solutions
to L(y) = 0, namely
¢*“cos (b x), " *sin(b x)
x e’ “cos (b x), x e “sin(b x)

k—1 k—1

X eaxcos(bx),x eaxsin(bx)

Combining cases 1,2,3, yields a complete algorithm for finding the general solution to L (y) = 0, as long as
you are able to figure out the factorization of the characteristic polynomial p(7) .

Exercise 5) Find a basis for the solution space of functions y(x) that solve
y'+9y=0.
(You were told a basis in the last problem of last week's hw....now you know where it came from.)

Exercise 6) Find a basis for the solution space of functions y(x) that solve
y'+6y +13y=0.

Exercise 7) Suppose a 7™ order linear homogeneous DE has characteristic polynomial

2
p(r)= (r2 +6r+ 13) (r—2)3.
What is the general solution to the corresponding homogeneous DE?



