Math 2250-4
Mon Mar 18

5.5 Finding y, for non-homogeneous linear differential equations.

The Friday before break we started talking about the method of undetermined coefficients for finding
particular solutions y,, for

-1
W gy

toota y tay=r
i.e.

L) =f
(as a step in finding the general solution y = y, + y,, to solve initial value problems). Roughly speaking,
vou make a "guess" with free parameters (undetermined coefficients) that "looks like" the right side.
AND, you need to include all possible terms in your guess that could arise when you apply L to the terms
you know you want to include.

Exercise 1) On Friday before break we considered the second order linear differential equations for
y=y(x)
Liy)=y"+4y' -5Sy=f(x).
The homogeneous solution space solving L (y) = 0 was
. -5x X
Yylx)=ce ™" +c,e
and we found particular solutions for different right hand sides:

11
L(yl) =10x+3 fory (x)=-2x— 5

2 2
L(y2)=14e * fory,(x)=2¢ .,

la) Use superposition (linearity) to find the general solution for the differential equation below, and to set
up the equations for the free parameters, in order to solve the initial value problem

V' 4y -5y=146"—20x— 6
y(0)=4
y'(0)=-4.

1b) Check that your set-up is consistent with the technology solution:

|:> with (DEtools) :
|:> dsolve({y'" (x) +4-y' (x) = 5-y(x) = 14-¢"% —20-x — 6,7(0) =4,y (0)=-4});



The examples we discussed on Friday that led to the y, (x) and y, (x) which we used in the summary

exercise on the previous page relied precisely on

Method of undetermined coefficients (base case): If you wish to find a particular solution y,, , 1.e.
L ( yP) = fand if the non-homogeneous term f'is in a finite dimensional subspace ¥ with the properties that

(1) L:V—V,ie. L transforms functions in V' into functions which are also in V; and
(i1) The only function g € V for which L (g)=01is g=0.

Then there is always a unique y,, € V' with L ( yP) =f.

Examples:

When we wished to solve L (y1 ) =10 x + 3 the space V' was

V=span{l,x}={Ax+ B,s.t. A, B € R}
The only homogeneous solution in V'is when 4 = B = 0, i.e. the zero function.

When we wished to solve L ( yz) =2 ¢ the space V' was

V=span{e’*} = {C ", C € R}.
The only homogeneous solution in V'is when C = 0, i.e. the zero function.

Exercise 2) Find a particular solution to

Ly)=y" " +4y'-5y=2cos(3x).
Hint: To solve L (y) =fwe hope that fis in some finite dimensional subspace V' that is preserved by L, i.e.
L : V—V . What's the smallest subspace V' we can take in the current exercise? Can you see why
V'=span{cos(3 x)} and a guess of y,= C cos (3 x) won't work?



Exercise 3) Use the method of undetermined coefficients to guess the form for a particular solution y,(x)
for a constant coefficient differential equation
L(y) :Zy(n)—i-an_ly toota y tayy=r

(assuming the only solution of that form which would solve the homogeneous DE is the zero solution):

(n—1)

3a) L(y)=x +6x—5

3b) L(y) =4 “sin(3 x)

3¢) L(y) =xcos(2x)

BUT LOOK OUT
Exercise 4a) Find a particular solution to

y'+4y -5y=4¢".
Hint: sincey, = c ¢’ + cze_5 ", a guess of y, = 4 ¢" will not work (and span{e*} does not satisfy the
vector space conditions for undetermined coefficients). Instead try
yp=Ax e
and factor L=D> +4D —57/=(D+51)o (D —1).

4b) check work with technology



Method of undetermined coefficients (case II) (See the discussion in pages 341-346 of the text, and the
| )S , and the
vector space V' for fincludes homogeneous solutions associated to the root | then guesses you would

table on page 346, reproduced here.) If the characteristic polynomial for L has a factor (r —r

have made in the base case need to be multiplied by x* , as in Exercise 4.

See dMscussion p 241-346. Als (:‘544 Table: Don'} -(-vny{ to alse use C‘MP"P"“W&L &l’;l.

—— velakd '°°"' of

5 () Yo plr)
- Polx)= byt bx+-- +h X" x* (A,*A.i s A AL r=0
acoskx + bsinkx x5 [ Acoskex ¢ Bsimkx) reik
o (acoskx + bsinkx) & e [ Aoddex + Bginkx) root = r+ik
PLloe & (A Ax - vALT) e root =
B el e

=zl (s20) as lonq as Ha rokhkx-a roo} is ot
AL}'\A&“j o root 8 Ha chana clarshee ro(jb-opw'u(

fn © (eany s, Epncisss I-4)
OHaunsz, S is Ha pont ’L (v-rat) in ‘antortolr(r)

Exercise 5) Redo Exercise 3, explaining what factors in the characteristic polynomial would cause you to
modify your initial undetermined coefficients guess for a y,, and how.

_1 ,
L(y) :=y(")+an_1y(" )+...+a1y +a,y=f

5a) L(y)=x +6x—35

5b) L(y) =4 ¢ “sin(3 x)

S¢) L(y) =xcos(2x)



Variation of Parameters: This is an alternate method for finding particular solutions. Its advantage is that
is always provides a particular solution, even for non-homogeneous problems in which the right-hand side
doesn't fit into a nice finite dimensional subspace preserved by L. The formula for the particular solutions
can be somewhat messy to work with, however, once you start computing.

Here's the formula: Lety, (x),y,(x),...v, (x) be a basis of solutions to the homogeneous DE
-1 ,
Ly)=y"+p " "+ p (x)y +p,(x)y=0.
Thenyp(x) =u, (x)y, (x) + u, (x)y,(x) + ... +u (x)y (x) is a particular solution to
Ly)=f

provided the coefficient functions (aka "varying parameters") u, (x), u, (x),...u, (x) have derivatives

satistfying the matrix equation

ul’ [0 ]

u,’ 4|0
= [V ()

un’ i f ]

where [W( Vi Vyoeeos yn) ] is the W-ronski_an matrix.

Here's how to check this fact when n = 2: Write
Yy Ty = uyy Ty, .

Thus
y’=u1y1 "+ uzyz’ + (”1 ’y1 +u, 'yz) .
Set
(”1 ’y1 +u, 'yz) =0.
Then
yisuy Uy (u v uy )
Set

(”1 ytu,'y, )=f.
Notice that the two ( ...) equations are equivalent to the matrix equation
oyl w 0
R PR | I 7X S

which is equivalent to the » = 2 version of the claimed condition for Yy Under these conditions we

!’

compute
Py [y=uyy tuy, |
T Euy tuy,
+1 [y”=u1yl”+ uzyz”-i-f]
L(y)=u1L(y1) +u2L(y2) +f
L(y)=0+0+7=f



Exercise 6) Use variation of parameters to re-find a particular solution to
y''+4y -Sy=4e”.

(Recall, a basis for the homogeneous solution space is y, (x) = e > Y Yy (x) = €' . When we used the

2
method of undetermined coefficients we found a y,(x) = 3 X e*))



Appendix: The following Theorem justifies the method of undetermined coefficients, in both the "base
case" and the more subtle case of when terms on the right side of the DE solve the homogeneous DE:

Theorem:
« Let Vand W be vector spaces with the same dimension n < o,

Let L : V— W be a linear transformation, (i.e. L (. + y)=L(u) + L(v) and L(cu) = c L(u) holds
YuvelV,ceR)
«  Then the equation problem L (v) = f has a unique solution y € V for each f € W if and only if the
only solutionto L(¥) =0isv=10

proof:

= : Assume that the equation L (v) = f has a unique solution y € V for each f € W. Thus in the
special case that f= 0 the solution y = 0 will be the only solution. (For linear L it is always true that
L(0) = 0. since e.g. L(0) =L(0-0) = 0 L(0) =0.)

<: Assume that the only solution to L(y) =0isy=10

step 1: Let VY, ¥ be a basis for V. The fact that Y, Y, ... ¥ are linearly independent (in V) and our

hypothesis about homogeneous solutions implies that that L ( 2 ), L ( Y ), o L ( v ) are linearly

independent in W: If
clL(gl) + CzL(Kz) + ...+ an(gn) =0,
then because L is linear it is also true that
L(clz1 top + .t cnzn) =0.
Since the only solution to the homogeneous problem L (y) =0 is y=0 itis also true that

cv. +tey, +..+tcy =0=c =c,=..=c =0.
1=l 272 n—n 1 n

\S)

step 2: Since the dimension of W is also n, the linearly independent vectors L ( Y, ), L ( v, ), .. L ( v )
automatically span ¥, and are a basis. Thus each f € W can be written as
f= clL(gl) + ch(gz) + ...+ an( ) =L(clz1 +eop, + .t cnzn) =L(y)

n
so the equation L (v) = fhas a solution y.

step 3: If there is another solution u, i.e. L(u) =L(y) =f,then L(u-y)=L(u) — L(»)=f-f=0.
Since we're assuming the only solution to the homogeneous equation is the zero vector, we deduce

u-v=_0,1e u=y,and the equation L () =f has exactly one solutiony € V.
O

Remark: In the base case of undetermined coefficients, W = V. In case 2, W is the space in which fTies,

and V= x"W, i.e. the space of all functions which are obtained from ones in ¥ by multiplying them by x.
This is because if L factors as

k k k
= —_ 1 o —_ 2 o o -
L (D rll) (D rzl) (D rml) m
and if fis in a subspace ¥ associated with the characteristic polynomial root r_, then for s =k _ the factor
k
(D —r I ) mof L will transform the space ¥ = x’ W back into W, and not transform and non-zero function in
m

V into the zero function. And the other factors of L will then preserve W, also without transforming any



non-zero elements to the zero function.



