Math 2250-4

FINAL EXAM
May 4, 2011

This exam I8 cinsed—book and closed—-nole. You may uscad scientific calculator, but not one which is
capable of graphing of of solving differential or linear algebra equations. Laplace Transform tables are
included with this exam. in order to receive full or partial credit on any problem, you must show all
and justify your conclusions. This exam counts for 30% of your course grade. It has

of your work
been written so that there are 150 points possible, and the point values for each problem are indicated in

the right—hand margin. Good Luck!

problem " score  possible
i e 25
2 i5
3 — 15
4 P 25
5 — 25
6 e 20
7 R 25
total 150




1} Your father has @ “sporty car of mass 1200 kg and the engine and transmission of this car are able 10

o

provide a maximum foree of 18, 000 N, atall speeds.

13) Assume the frictional forces onl the car from air and road resistance arc pr@p@ﬁéonaﬁ 1o velocity, 1.8
we are studying 8 linear drag model. What is the coefficient of friction, and what are its units, if

Newton’s 1aw implies

differential equation below?

the car’s velocity under the maximumnm acceleration

force above safisfies the

v (1) =15 —0.3-v{1)
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i) Suppose you're

pegin to acceierate at the maximum rate possible, i.e. the car’s velocity satisfies the initial value
=15 —0.3-v{1)

v'{1)

driving your father’s car at a raceway, at 2 velocity of 30 %, at which poénf’*w

problem

(0} =30.

We've studied four techniques which apply to find solutions 0
), Laplace transform. Use any tWo of these four techniques

linear; separable; 2 —order linear (Chapter

this initial value problem: first order

above to solve the initial value problem. if you try more than two techniques, indicate clearly which two
you wish 10 have

graded.
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the solution to the initial value problem

nsform technigues 0 find

2a) Use Laplace tra
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3y Consider the matrix
-2 0 ]
fy— H
R
Find a basis of 7 made out of gigenvectors for this matrix.
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4y We first encountered & tank cascade in Chapter 1, and this
for at leas! several montns. Consider {wo tanks, Sglt water flows into the first tank
200 gallons an houf. with a concentration of 1 pounl

4 of salt per 200 gaiions of water.

should be the last tirne we encounier one
at a constant rate of
This first tank

maintains a constant volume of 400 galions by continpously pumping well-mixed water into the second

tank, at the same constant

rate of 800 gallons/hour.

same ratg, mainaining 2 COi’iSiaﬂ% V{gézume of 800 galions.
e = i G2

The second tank pumps well—mixed water out at this
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4g) Let x{1). y(z) denoie the arount of salt in tanks { and 2, respectively. Show that this tank system i8

modeled by the differential equations

4b) Use your eigenvalue/eigenvector work from problem (3)

homogeneous syter of differential equations

X1 ]
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4¢) Find a particuiar solution 1o the son—homogeneous systellt of differential equations in (4a). (Hino
P . & J 4 J A
find & constant solution.)
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5} Consider the following configuration of springs. with positive displacements from equilibrium
measured to the right, as indicated.
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5a) Derive the system of second order differential equations which models this system. Assume there
are no frictional of external forces.
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5h) A_;éume that in appropriate units, my =2, 1, = 2.k, =4, k,=6. Show that in this case the system
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5¢) Fid the géneral solution 10 the s;;«sz;m in (5b). Describe the two sundamental modes of vibration.
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&) Although we usuatly usc 2 mass—spring confi puration (o give context for studying second order
differential equations, we've also used the rigid-rod pendulum 10 effectively exhibit several key ideas
from this Course. Recall that in the undamped version of this configuration, we let the pendulum rod
iength be L, assume ¢he rod is massiess, and that there is a mass 7 attached at the end on which the
vertical graviationai force acts with forcem-g. This mass will swing along circular arcs of signed
arclength s = -8 from the vertical, where 8 is the angle in radians from vertical. The configuration is
indicated below. MNote that we are considering a penduium sor which the mass (and rod) are able to

rotate freely about the fixed end of the rod.

Ha) Use the fact that the undamped pendulum system is conservative, i.e. the sum of the kinetic energy
from the mass motion and the potential energy from its change in height must be constant once the

system is put ipto motion, to derive the differential equation for 8(7),

8 (1) + %sm{a(z}) =0.

g

Hint: Since the total energy is constant, “ts time derivative must he 7eT0.
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6b) Under the assumption that {8(1)| is near zero we linearized the sin(8) term in (62} to get a linear
differential equation. What 18 thi;gs diffe;ent}gai equation?
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6e) Use the linearized differential equation from (6b) to derive the formula we used for the period of 2
freely oscillating penduium with small amplitude, in terms of g and L.
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7) Assuming damping proportional t0 velocity, the pendulum equation in (6} 15 replaced with

/1) iy + e+ sm(800) =0

with positive constant ¢
g order damped pendulum differential equation above is related to

72) Bxplain precisely how this secon
the first order sysiem of differential equations
1
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the stability and type of
noverdamped” pendulum?
(6 poinis}
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Table of Laplace Transforms

This table surnmarizes the general properties of Laplace transforms and the

derived in Chapter 7.

Laplace transforms of pariicular functions
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