Math 2250-4
Fri Sept 13

Begin with section 2.3 material below. If time, we will then finish exercises 1-3 from section 2.2 and
Wednesday's notes, although it's more likely we'll cover that material on Monday when we also finish

section 2.3.

2.3 Improved velocity models: velocity-dependent drag forces

For particle motion along a line, with

ry(f)),
v(t) ,and
)=vi(1) =a(1)

position x(#) (o
velocity x' (¢) =
acceleration x’ ' (¢
We have Newton's 2" law
mv'(t)=F
where F'is the net force.
«  We're very familiar with constant force /= m o, where o is a constant:
v (t) = o
v(it)=ot+v,
[ I
x(t) = 50” tv,ttx,.
Examples we've seen a lot of:
« o =-g near the surface of the earth, if up is the positive direction, or o. = g if down is the positive
direction.
« boats or cars or "particles" subject to constant acceleration or deceleration.

New today !!! Combine a constant force with a velocity-dependent drag force, at the same time. The text
calls this a "resistance" force:

mvy'(t)=mo +F,
Empirically/mathematically the resistance forces £, depend on velocity, in such a way that their magnitude

is
|7l zk|v‘p 1 <p<2.
« p =1 (linear model, drag proportional to velocity):
mv'(t)y=mo -kv
This linear model makes sense for "slow" velocities, as a linearization of the frictional force function,
assuming that the force function is differentiable with respect to velocity...recall Taylor series for how the
velocity resistance force might depend on velocity:
2

1
Fp(v) = Fp(0) + ' (0) v+ S -F (0)V + ..

F,(0) =0 and for small enough v the higher order terms might be negligable compared to the linear term,

SO

Fo(v) = Fp'(0)v=-kv .

We write -k v with £ > 0, since the frictional force opposes the direction of motion, so sign opposite of
the velocity's.
http://en.wikipedia.org/wiki/Drag_(physics}#Very_low_Reynolds_numbers:_Stokes.27 drag




Exercise 1a: Rewrite the linear drag model as
viit)y=a—pv
k ) .
where the p = — . Construct the phase diagram for v. Notice that v(¢) has exactly one constant
m

(equilibrium) solution, and find it. Its value is called the terminal velocity. Explain why terminal velocity
is an appropriate term of art, based on your phase diagram.

1b) Solve the IVP
vi(t)=o—pv
v(0) = Yo
and verify your phase diagram analysis. (This is, once again, our friend the first order constant coefficient
linear differential equation.)

1c) integrate the velocity function above to find a formula for the position function y(#).



« p =2, for the power in the resistance force. This can be an appropriate model for velocities which are
not "near" zero....described in terms of "Reynolds number". Accounting for the fact that the resistance
opposes direction of motion we get

mv'(t)=mo -kvE ifv >0

mv'(t)=mao + kv ifv <0

http://en.wikipedia.org/wiki/Drag_(physics)#Drag_at_high_velocity

: : . k :
Exercise 2) Once again letting p = — we can rewrite the DE's as
m

vi(t)=o -p WVoify> 0

v/ () =0 +pv2 ifv <O0.
2a) Consider the case in which o0 =-g , so we are considering vertical motion, with up being the positive
direction. Draw the phase diagrams. Note that each diagram contains a half line of v-values. Make
conclusions about velocity behavior in case v, > 0 and v, < 0. Is there a terminal velocity?

2b) Setup the two separable differential equation IVPs for the cases above, so that you will be able to
complete finding the solution formulas (in your homework)....Of course, once you find the velocity
function you'll still need to integrate that, if you want to find the position function!



Application: We consider the bow and deadbolt example from the text, page 102-104. It's shot vertically
into the air (watch out below!), with an initial velocity of 49 " Inthe no-drag case, this could just be
s

the vertical component of a deadbolt shot at an angle. With drag, one would need to study a more
complicated system of DE's for the horizontal and vertical motions, if you didn't shoot the bolt straight up.

Exercise 3: First consider the case of no drag, so the governing equations are
vi(t)=-g=-98 ﬂz
s
v(t)=-gttv,=-gt+5¢g

1 1
x(t)=—5g12+v0t+x0=—5gt2+5gt.

Find when v = 0 and deduce how long the object rises, how long it falls, and its maximum height.

Maple check:
_> restart .
Digits :== 5 :
(> ¢:=98;
v0 = 49.0;

vl = t—>-g-t+ 0,

1
vl = t—- E-g-t2 +v0-¢,




Exercise 4: Now consider the linear drag model for the same deadbolt, with the same initial velocity of

5¢g=49 ™ We'll assume that our deadbolt has a measured terminal velocity of v.=" 245 2L =25 g,
s s

SO |vt| =25g= LN p =.04 (convenient). So, from our earlier work:
p
v=-£ 4 [vo + £]e“”=-245 +294¢ 0
p p

When does the object reach its maximum height, what is this height, and how long does the object fall?
Compare to the no-drag case with the same initial velocity, in Exercise 3.

Maple check, and then work:

;> with(DEtools) :
> p = .04;

dsolve({v' (t)=-g — p-v(t), v(0)=v0}, v(¢));

1
-t

|> V2= 1—-245.0 +294¢ * ;
t

> y2:=1—-0 +j v2(s) ds;

| 0

> v2(t);

L »2(1);

> solve(v2(t) =0,1);

solve(y2(t) =0, 1¢);

picture:
> with(plots) :
plotl = plot(y1(t),t=0..10, color = green) :
plot2 := plot(y2(t), t=10..9.4110, color = blue) :
display({ plotl, plot2}, title = "comparison of linear drag vs no drag models");

comparison of linear drag vs no drag models
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