Math 2250-1
FINAL EXAM
Diecomber 16, 201 1

This exam is closed-book and closed-note. You may use a scientific calculator, but not one which s
capable of graphing or of solving differential or linear algebra equations. Laplace Transform tables are
ineluded with this exam. In erder to receive full or partial credit on any problem, you must show all
of vour work and justify your conclusions. This exam counts for 30% of your course grade. It has
been written so that there are 150 poinis possible, and the point values for each problem are indicated in

the right-hand margin. Geed Luck!

problem score  possible

i 30

2 o 35

3 o 15

4 20

5 25

6 25
total is0



tal mass of 200 kilograms, and its motor is able to provide 50

1} A motorboat containing the pilot has to
is in motion drag from the water produces a force of 3

Newtons of thrust. However, when the boat
newtons for each meter/sec of boat velocity.
1a) Use Newton's law o explain why (while the motor i on) the boat velocity v(¢) satisfies the

differential equation
{ v

T T g
(5 poinis)

tb) What is the equilibrium solution for the velocity v(1)? Is this solution stable or unstable? Explain with

a phase diagram.
(5 points)



ic) Solve the initial value problem for the boat's velocity, assuming the boat starts al rest, ie.

? ‘awé v
YOET T W
y{0y=0

learned four methods for solving a differential equation like this one. Usetwo of

As it furns out, we've
s indicate clearly which two are to be graded.

vour favorites! If you try more than two way
{20 points}



2y Consider the following initial value problem, which could arise from Newton's second law in 2 forced

mass-¢pring oscillation probiem:
3 x(1) =26

28) if the applied force in this problem is 52 NV, then what are the Hooke's constant, mass, and damping

coefficient? Include correct unis.
(5 poinis)

7b) Solve this initial problem using the methods of Chapter 5, based on particular and homogeneous
solutions.

{15 points)



ace trans form technigues 1o re-solve the same initial value problem
¥+ ax (7 + 13x(r) =26
x{0y=10
2 {Dy=4.

2¢) Use Lapl

{15 points)



3} Consider the matrix

-1 0 z}
Igmg I -6 4]
0 6 -2

ja) Find the characteristic polynomial and factor it to find the eigenvalues of 4. (Hint, the eigenvalues you

get should be=0,-4,~ 5 : your job is to derive these values.}
{5 points}

3b) An eigenvector for ho=0isgivenby g=16,1,3 f . and an eigenvecior for A =~ 4 is given by

p={-2,-1 3]? . Find an eigenvector for A =-5 .
(10 points}



4y Consider the following three-tank configuration. In tank one there is uniformly mixed volume of 60

gallons pf water, and x, {#)pounds of salt solute. Intank two there iz mixed volume of 10 gallons and

x, (¢} pounds of salt. In fank three there is 30 gatlons of liguid and x, (/) pounds of salt. Waler is pumped

slowly from tank one to tank two, from tank two fo tank three, and from tank three back to tank ong, and
ail

rates are 60 gallons per hour,

47) Model this input-output model, to arrive at the first order system of differential equations

- ! 1 H N 1
!"‘z O T-1 0 2]]™
Lx () b= 1 -6 0N L

f«@’{f?E | 0 62 {%%

(5 poinis)

4by Use your work from problem (3), in which you found an B’ basis of eigenvectors for the matrix in

the 4a system of differential equations, (0 find the general solution.
(10 points)

4¢) Based on your solution o 4b, and assuming there is a positive amount of salt in the system at time
¢ = 0, what happens to the relative salt amounts in each tank as t approaches infinity? Why does your

answer make sense even without referring to the solution in 4b7
{3 points)



wo cars of masses m . 71, connected by spring with Hooke's constant kas

5a) Consider a e of By
indicated in the diagram below. Assuming no friction and no external forces, derive the system of two

differential equations for the displacements ¥, (), x,(#) of the two cars from eguilibrium.

?WM g&,v? g |
ST R PR &
x, 1t} %zéﬁi:;}

(4 points}

- . . . N .
3b) if the Hooke's constant for the spring connecting the two cars is k= 3000 ~— , then determine the
i

masses of the two cars so that the differential equations above reduce to
x {1 = -3x +3x,
x, )= oA

(4 points}



5¢) Find the general solution o the system in (5b), repeated below for your convenience:
{10 points)

L hY ] i
X v = -G3x, +3x
X, {7 5 x, 5

ETE 5 Rl T

5d) Solve the initial value problem for the system of differential equations above, with

x,(0)=0
x,(0)=8
xz{{}):{)
xz’((}}:»(}

and describe the resulting motion of the two cars as a superposition of motions related to two "fundamental
modes" (in this problem one of the modes isn't actually vibrating).
(7 points}



6) We studied various non-linear mechanical oscillation problems in Chapter 9. For example, we studied
some non-linear mass-spring models. Here is an interesting one, in which the spring force has the
opposite sign from the usual one as long as the displacements x{f} from equilibrium are small:
=0 =
Converting this as usual to a first order system vields the system
x' {5y =y
y' (1) =9%x— <
Here's a phase portrait for this system:
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Ga) It's relatively straightforward to find the three equilibrium solutions. They are (0, 0y, (-3,0), (3,0} .

Use the Jacobian matrix to classify these equilbria, as much as is possible. Explain.
{10 points})

i0



6b) Find the solution [1{7), v{/) }TEQ the linearized system at the equifibrium point (0, 0). Use this
solution {and the relevant eigenvalues and sigenvectors} to sketch a qualitatively accurate picture of what
the phase portralt to both the finearized and the original non-linear system of differential equations looks
like near the origin. {Of course, your sketch should be consistent with the pplane picture on the previous
page, but should include more relevant details )

7

(10 poinis)

0.5 -

-0.5-

i

6¢) This problem is an example of one in which one can use a conserved "total energy” function to
understand stability questions and solution trajectories. Use separation of variables or some other method

to find a function of x, y which is constant for every solution [x {1}, y{#) ]?to the original system. What

are the implications of this computation for the stability of the critical points { & 3, 0)?
(5 points)



Table of Laplace Transforms

This table summarizes the general vroperties of Laplace transforms and the Lapiace transforms of particular functions

derived in Chapter 10
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