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MATH 2250-1
Mass-Spring systems
December 1, 2008

This maple document covers section 7.4 and might help for the Barthquake exploration you’'re doing at
the end of that section. Here is how Maple computations work out the running example in today’s notes.
"> with{linalg):
" s> with{plots) :with(DEtocls):
" w M:e=matrix([I2,0},10,111};

K:=matrix([{-150,50]1, [50,-50]11);

A:=evalm{inverse (M} &*K} ;
2 0
M=
0 i

150 50
K= boday's hobes
50 50 e
e

-75 25
A=
50 -50
[-100, 1, {{-1, 113} [-25. 1, {{1, 2]}]
Therefore, the natural frequencies of this system are the 10 and 5, and the two fundamental modes

correspond to the masses moving in opposite directions (with equal amplitudes and angular frequency
10) and in parallel directions (with amplitude ratio of two and angular frequency 35), as discussed on

page 2 of today’s handwriiten notes.

> eigenvectors (A);

Now, let’s consider the forced system with force vector equal to cos(wt)[0,50], i.e. the second mass is
being forced periodically. In other words, the system Mx’’=Kx + F, where F=cos(wt)[0,50] ; this is
Example 3 on page 327, and worked out in today’s notes.

> F0:=evalm{inverse (M) &*vector{{0,501)): #The FO in the
normalized eguation {30), page 436
Iden:=array{l..2,1..2,identity):
#the 2 by 2 identity wmatrix
Aleft:=omega->evalm(A + omega”2*Iden):
#the matrix function multiplying
#c on the left side of (32)
c:=omega->evalm(~inverse (Aleft (omega) ) &*F0) :
#the solution vector c{omega) to (32},
#obtained by multiplying both sides of equation sl S
} #{32) on the left, by the inverse to Aleft ? -
" 5 clomega); #see equation (35) page 437,
#and our hand work on page 3 of teoday’s notes

{ 1250 50 (75 + 0% }
2500 - 125 0* + o’ 2500-125 0’ + "




&

The vector c{w), as above, times the function of time, cos(wt), is a particular solution to the forced
oscillation problem we are considering. If we assume that our actual problem has a small amount of
damping, then we expect that this particular solution is very close to the steady periodic solution to the
damped problem, as we just discuseed and also on pages 437-438 text. Study resonance phenomena for
these slightly damped problems by plotting the maximum amplitude for the individual masses, in the
steady state solutions to the undamped problems. Maple has the command ‘‘norm’’ to measure this
maximum amplitude, ready for you to use in your Maple project.
" » normic{omega) ) ;

’{ 1250 {75+ }

max, NI 2, 4
12500 - 125 0" + "] 3 2500 - 125 @ + @

The following graph of the maximum amplitude norm for the undamped particular solution shows that in
the slightly damped problem we expect practical resonance when omega is near 5 or 10 radians per
Seimgiiot (norm{c{cmega}),omega=0..15, maxamplitude=0..15,
numpointe=200, color="black"'};

12
10 ] g
maxamplitude 8, o
6
2- \_Wy_ﬁ—/, \\ wwwwww
o 2 4 10 12 14

g
omega

This is qualitatively the picture on page 437, figure 7.4.10, although they plotted the (Euclidean)
magnitude of c{omega) rather than the maximum of the individual amplitudes. Notice how we get
Maple to label the axes as desired
We can get a plot of resonance as a function of period by recalling that 2*Pi/T=omega:
> plot (norm(c(2*Pi/period) ), period=0.1..3, maxamplitude=0..15,
numpoints=200,color="black");

}4 .
12-
10+
maxampiiude 8 ;
4 !f‘" S
2 // e e e
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