Math 2250-3
PRACTICE FINAL EXAM

SOLUTIONS

December 2004

This exam is closed-book and closed-note. You may use a scientific calculator, but not one whichis
capable of graphing or of solving differential or linear algebraequations. In order toreceive full or
partial credit on any problem, you must show all of your work and justify your conclusions. This
exam counts for 30% of your course grade. It has been written so that there are 200 points possible,
however, and the point values for each problem are indicated in the right-hand margin. Good L uck!
[>restart:with(plots):with(DEtools):with(inttrans):with(linalg):

1) Consider theinitial value problem

dy
dX+3y—2x

y(0)=1
1a) Solvethis problem using Chapter 1 techniques. By the way, there will be an integral table and a
Laplace transform table at the end of the real test if you need it.
(210 points)
Use integrating factor, see section 1.5

(3% (3x%)
e %y(x)%ﬁy(X)E:Ze X
Now integrate (by parts or integral #46 from table, after substituting u=3x)

I e(3x)y(x):ge(sx)x—ge(3x)+c
Solve for y(x):

| 2 2 (-3%)
I y(x):éx—5+Ce
r>

plug ininitial conditionsto find C:

| __2

i 1——9+C

| _4a

i C=%

| 2 2 11 (ay

yX)=3x-g+ge



1b) Sincethe differential equation we are considering in this problem is a constant-coefficient linear
one, the methods of Chapter 5 also apply. Explain how you would go about finding the general solution
to the differential equation if you were using those techniques. In particular, how would you find the
general solution to the homogeneous equation (and what isit)? What type of particular solution would
you try to find?

(10 points)
The general solution will be a particular solution plus the general solution to the homogeneous problem.
To solve the homogeneous problem we try solutions of the form
[ y= e(r X)
which leads to the characteristic equation
] r+3=0
S0 we deduce the homogeneous solution is
[ (-3%)

yh:=Ce
We use the method of undetermined coefficients ("guess") and try for a particular solution of the form
] yp=AXx+B

If we substituted this into the differential equation and solved for A and B we would get A=2/3, B=-2/9,
so that our solution would have the form
-3X)

{ 2 2 o
=—X-—+
y(X) 3x 9 e

We would then use the initial condition y(0)=1 to deduce C=11/9.
By the way, a good part (c) to this problem would be to ask you to do it with Laplace transforms.



2) Consider the differential equation

L P*+2P
& _ e
dt

which models a certain logistic population problem.

2a) Find the equilibrium solutions.

(4 points)
These are constant solutions, so dP/dt=0, so -P(P-2)=0, so P=0 or P=2.
2b) Sketch the phase portrait and the slope field for this differential equation. Onto the slope field
sketch graphs of the solutionsto the four initial value problems with P(0)=0, P(0)=1, P(0)=2, P(0)=3
(You don’'t need formulas for the solutions to make the sketches!)

(7 points)
It would be hard to have Maple draw the phase portrait along the P axis, so I'll just describeit: There
would be points marked at the equilibria, P=0, 2. on the interval from P=0 to P=2 there should be an
arrow pointing to 2, since P isincreasing on thisinterval. On theinterval from P=2 to infinity the
arrow points back to P=2, since P is decreasing, and on the interval from P=-infinity to O the arrow
points towards -infinity, since P is decreasing.

I’ll use Maple for the slope field. You would use the fact that the isoclines are horizontal lines, so that
when P=1the dopeis-1+2=1, for example. You would plot slopes along several horizontal lines, and
then starting at the appropriate initial points you would sketch in the graphs of the solutions to the IVP’s
by following the slope field.
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2¢) Which of the equilibrium solutions are stable? Which are unstable?

(4 points)
P=0 is unstable (solutions starting near P=0 don’t stay close to it), P=2 is stable(solutions starting
closeto P=2 stay closeto it).



2d) Find an explicit solution to theinitial value problem for this differential equation, with P(0)=1.
Verify that your limiting population agrees with what your sketch predicted in part 1b).

(15 points)
Thisisa separable DE:

dP
AP-2)

191 1f
2(P-2 P -
Inf—2 E: 2t+C

2t+
" op

=t

do partial fractions:

| integrate:

Iéind C frominitial value:

] 0=C
exponentiate:
P-2 B e(-zt)
i P |
Use initial value to decide on the plus or minus from absolute value
2-P (2
f  _e
i P
[ (-2t)
2-P=Pe
(-21)
[ 2=P(1+e )
1
P=2 21
l+e

It is easy to check that P(0)=1, and that as t-> infinity, exp(-2t)->0, so P->2 as predicted by the slope
field picture.



3) Consider the homogeneous differential equation

d®x A dx X0

— +8— + =

dt? dt X
3a) If thiswas modeling a mass-spring configuration like we studied in Chapter 5 of Edwards-Penney,
and if the mass was 3 kg, what values of coefficient of friction and spring constant would lead to the
differential equation above? (1 point for getting the units correct, 2 points for the correct numerical
values).

(6 points)

Snce mass s coefficient of acceleration, we recover the original model equation by multiplying the
given one by 3. The original coefficient of friction is 24 kg/sec, and original spring constant is 60
newtons/meter.
3b) What kind of damping is exhibited by this mass-spring system?

(4 points)
The characteristic equation is
[ r2+8r+20=0
which has complex roots
I 4+21,-4-2]

S0 the system is underdamped.

3c) Solvetheinitia value problem for the differential equation above, where x(0)=5 and dx/dt(0)=4.
Use the methods of Chapter 3.

(20 points)
From the characteristic roots and Euler’ s equation we know that the general solutionis
| xty:=e " (el coq2t) + c2sin21))
| and the derivative function is
[ -4 e(_“) (clcoq2t)+c2sin(2t)) + e(_“) (-2clsin(2t)+2c2coq2t))
So if we substitute in initial values we get two equations for ¢1 and c2:
{ cl=5
—-4cl+2c2=4

{ cl=5

c2=12

[ xt)=e "’ (5coq2t)+ 12 sn(2t)



3d) Re-solvethe initial value problem of 3c), this time using the L aplace Transform techniques of
Chapter 10. Of course, your answersto 3c) and 3d) should agree if you do both parts correctly.

(20 points)
I S X(s)-55—44+85X(s) +20 X(s) =0
I X(s) (S +8 5+20)=55+44
[ X9 5s+44
="
] s’ +8s+20
complete the sguare (and then complete the linear in the numerator)
[ X 5s+44
="
i (s+4)°+4
[ s+4 24
X(s)=5 > + >
(s+4)"+4 (s+4)"+4

Now use tranlation theorem and Laplace table to find x(t):
[ xty=5¢ " cog2t)+ 126 sin2t)

4) Consider the following two-tank configuration. In tank one there is uniformly mixed volume of V1
gallons, and pounds of solute x(t). In tank two there is mixed volume of V2 gallons and pounds of
solute y(t). Water us pumped into tank one at a constant rate of r1 gallons/minute from an outside
source, and this water has a constant solute concentration of c1 pounds/gallon. Water is pumped from
tank one to tank two at constant rate of r2 gallons/minute, from tank two to tank one at constant rate r3
galong/minute, and out of the tank system at constant rate r4 gallons/minute.

| don’t know how to draw picturesin Maple. (A very painful thing would be to display a complicated
2-d plot, maybe there are ways to import pictures, | don’'t know.) So picture tankl to the left of tank2,
pipes running between them, an additional input pipe for tank1 and an output tank from tank2, see figure
| hand-drew on practice exam | handed out.

4a) What conditions on the rates r1,r2,r3,r4 are necessary to guarantee that the volumes V1 and V2
remain constant in time?

(5 points)
for V1 to remain constant, we need r1+r3-r2 = 0. For V2 to remain constant we need r2-r3-r4=0
4b) Write the system of first order differential equations which governs the process described above.
Do not try to solve these DE’s.

(10 points)
d N=r1 el r2x r3y
= _ == ,=
g XO=rLel =5,
d _I12x  (r3+r4)y

YO=1 V2



5) Let A bethe matrix:
1 -1 0

A:=H0 2 1

2 1 1

5a) Compute the determinant of A and use it to determine whether A is singular or nonsingular.

(5 points)
I Det(A) =-1
so Alisnon-singular.
5b) Does your answer to (5a) let you deduce the reduced row echelon form of A? Explain.

(5 points)
rref(A) isthe identity matrix, since that is the rref of any non-singular matrix
5¢) Exhibit abasis for the column space of A. Explain.

(5 points)

Snce det(A) is non-zero, the columns are linearly independent, and a basis for R*3. Thus the column
space ISR"3, so you could also use (1,0,0),(0,1,0),(0,0,1) as a basis.
5d) Find the inverse matrix to A. (Y ou may use the next page.)

(10 points)
Method | isto augment A with the identity matrix and put the augmented matrix into rref, so that it isthe
identity matrix augmented with the inverse of A:

1 -1 0 1 0 O

[EEN

Aaugl =0 2 1 O 0
0

2 1 1 0 1

> rref(Aaugl);
1 0 0 -1 -1 1

o 1 0 -2 -1 1
O 0 1 4 3
-1 -1

- 1
Ainvi=—=2 -1 125
4 3 -

Method 2 isto use the adjoint formula. First compute the cofactor matrix:

1 2 -
cof(A):=1 1 A)E
-1 -1 2



take its transpose to get the adjoint
> adj (A : =transpose(cof (A));

1 1 -
adj(A):-EZ 1 -1
L -4 -3 2
divide the adjoint by det(A) to get inverse(A)
> invA =1/det (A) *adj (A ;
-]E
2

1 1
iNnvA ;= E 2 1
L -4 -3

6) Let B bethe matrix

101
6a) Find abasisfor R*3 made out of eigenvectors of B
(20 points)
first find the eigenvalues (whcih for a triangular matrix will be the diagonal entries):
] Det(B-A1)=(1-A)(2-A) (4-\)
For each eigenvalue find an eigenspace basis. You would do this by computing rref(B-lambd*1) for

each lambda. | will use Maple:
> ei genvects(B);

21055 13 52 1,010,211, [4,1,10,0. 1]

éo we may take our basisto be

0 3 g
'

290 - -
!

1 2 [

6b) Use your answer from part 6a) to write down the general solution to the system dx/dt = Bx, of three
first order differential equations.

(5 points)

3 0 0

2 4
x(t)=cle'H - 2e?VH 2r3eE o

2 1 1



7) Consider the following configuration of springs, with positive displacements from equilibrium
measured to the right, as indicated.

This configuration has the wall on the RIGHT, like a reflected version of the picture on page 431.
Looking from left to right, we see a mass ml, connected to a spring with constant k1, connected to a
mass m2, connected to a spring with constant k2, connected to the wall. Displacement of mass m1 to the
right of equilibriumis called x(t), displacement to the right for mass m2 is called y(t).

7a) Derive the system of second order differential equations which models this system. Assume that

there are no external forces.
2
ml E? x(t)E: k1l(y-x)

2
mZE?y(t)E:—kl(y—X)—kZV

7b) Assume that in appropriate units m1=2, m2=2, k1=4, k2=6. Show that in this case your system
above reducesto

(5 points)

H &x
0 dt* [ E;zxwyg
| &y o B2x-sy
0 dt®> 0O
(5 points)
Thisis easy to see since kI/m1=2, kl/m2=2, k2/m2=3.
7¢) Find the general solution to the unforced system (7b).
(15 points)

For A defined as

2 2

A= E E
L 2 -
we find the eigenvalues and eigenvectors. The sguare roots of the opposites of the eigenvalues are the
fundamental angular frequencies, the eigenvectors are the fundamental modes.
[ > eigenvects(A);
L ['11 1! {[21 1]}]! ['6! 1! {[11 '2]}]
We deduce that the general solution is

2 1
x1(t) = (c1 cogt) + c2 sin(t)) E Ee (c3 cosy 6 ) + c4 siny 6 1)) E 2%
1 )




7d) Assuming omegais not a natural frequence for the problem above, find a particular solution to the
forced system

d?x

dt?

dzy

dt?

[IITITTITTIII]

EZZ x+2y+cos(wt)§
i X—5y—-coqwt)
(10 points)

We try a particular solution of the form xp=cos(wt)c, where we find ¢ by substituting xp(t) into the
inhomogeneous DE. We get the equation
[ cl
c:=
c2

3

I ~w” cogwt) c=cogwt) Ac+cogwt)b
We divide by the scalar function cos(wt), and reduce to

I b=(A+w’l)c

i.e

| 1 2 -5 + ?0c2
Which we can solve with Cramer’srule or via an inverse matrix, yielding:

- 3-w?

Ecl % 3002 -6) (w*-1)
c2 B H A%

i qo” - 6) (w* - 1)

[ITITITTITIII]




