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Math 2210-3

FINAL EXAM
May 4, 2010

This exam is closed—book. You are allowed a 4" by 6" index card of notes and formulas. You may
also use a scientific calculator, but not one which is capable of doing integration or solving equations.
Integral tables are included with this exam. In order to receive full or partial credit on any problem,
you must show all of your work and justify your conclusions. This exam counts for 30% of your
course grade. It has been written so that there are 150 points possible, and the point values for each
problem are indicated in the right—hand margin. Good Luck!
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(1b) to verify that your answer to (1a) is correct.
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tc) Use geometry and your triangle from
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ouble integral in (1a) over the sarne triangular region, but with the order of

1d) Compute the d
You will need to break the integral into fwo pieces.

integration reversed. Hint:
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e} Find the centroid of this triangular region, assuming constant density . You may use symmetry to

deduce one of the center of mass coordinates.
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2y Consider the parametric curve with position vector given by
r=<3—1,8" >
There is a sketch of part of this curve below.

2a) This parametric curve has range which lies on the graph y = £ {x} of some function f (x). Find a
formula forf (x} .

“’t‘:‘%‘“;? - 7 (4 points)
y= € | ‘

2b) Find r(0), 15(0), and xﬁ(ﬂ). Find the unit tangent and normal vectors, T and N, when t = 0. Carefully
indicate the point with position r(0) in the picture below, and add the remaining four vectors to the
picture, making sure to draw them as accurately as possible and in the appropriate locations, using a

piece of paper o1 index card ruler — length and direction both count!
(14 points)
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an appropriate right triangle which you add to the picture, and

nents of the acceleration g;((}} in the tangential and normal
omponents below (accuracy within 0.3

2¢) Use the graph on the previous page.
~an index card ruler to measure the COMpo
directions. Label which component is which. Also record the ¢

suffices). 6 voints)
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alues of the acceleration components in the tangential (T) and normal (N)
0. You can either use the "Roller coaster equation”, of the dot product to compute
lues should be close to the pumerical approximations in (2¢).)

2d) Find the exact v
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_ (6 points)
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3) Consider the function
T(x y) =70 + (x —2y) cos(x* —9).

3a) Compute the gradient of T(x, ), and its value at the point {x, y) = (3, 1.
o (g
7T Ty, ig? R RTICRL R (- sind®=40) 2x

2 asl-) v 09

\ VT = <§@§ i%gw%'?@ + Lx i&«’kg} {”éi‘@aiﬁiz”@} 3 -2 ﬁeﬁ{,x%”’%ﬂ

(5 points)

et

v?w§ w6 (0 {=0), ~Lews O

%W“’i’{gﬁf} = <§}“2ﬂ

3b) Suppose that T'(x, y) represents the temperature (Farenheit degrees) at location x miles east and y

miles north of a fixed reference point. Suppose a coyote 18 following the path with the position vector

i . . .
from prob.iem 2 rty=3—1,¢ > at time t hours. Notice at time f = () the coyote is at location (3, 1.
How fast is the temperature the coyote 1s experiencing on his travels changing at 1 =07 Include correct

umnits.
(10 points)
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3¢) Use differentials to approximate 7(2.98, 1.01), using T(3, 1) =71. (Hint: the exact value close to
1's

70.95314.) ¥5
T (waohx, \:}4%«%?*} = F?{y*?} 4 T,; Ay @-H%.}’ é,}, (5 points)
i,am{‘}": {3,1) = + A f-.62) -2 (. o
T3, To wt}:é-*%}wso 7! o) )
=V = \~.0d

T;{i%g;"iz =4 dx=-0Z

= ?Ga .
T} {%f} 23 é?; ,@% .



4z) Show that the vector field M g\\s
Filx,v) = <€ Teos{y) +2x, -€ Fsin(y) +3y>
is 2 gradient field by checking an appropriate partial derivative condition.
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4b) Find a function f (x, y} whose gradient is the vector field F{x, y) above.
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4¢c) Use the chain rule and the definition of line integral 1o show that if G is any gradient field with
Vg =G then for any curve C connecting point A to point B,

j G(r) -dr=g(B) —g(A).
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4d) Let C be the horizontal line segment of the x—axis connecting (0,0) to (1,0). For F and f as in parts
4sb above, compute the line integral

JCF {r) -dr

and verify that it does in fact equal f(1,0) —f(0,0}).
(10 points)
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5a) Setup an iterated triple integral in rectangular coordinates which will yield the volume of the region
which is bounded inside the vertical cylinder of radius 1 about the z—axis, and the radius 3 sphere

centered at the origin. Do not evaluate this integral.

% (5 poinis)
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5b) Compute the volume of the region in {Sa) using an appropriate choice of spherical, cylindrical, or

polar coordinates.
(10 poinis)
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§) Leta and b be positive qumbers, Consider the ellipse with equation (o)}
¥

2.7
e s
PR
Consider the vector field F = <M, N> = <~y, x>
6a) Compute the line integral
j- F{r} odr i@;"@?
C

where C is the ellipse, traversed once counter—clockwise. (Hint: parameterize the ellipse analogously to
how you would parameterize a circle.)

(10 points)
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6b) Use Green’s Theorem and your work in 6a to deduce that the area enclosed by the ellipse is given by

the formula
A=Tmab.
(5 points)
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7a) Consider the inverse square force field

Consider the sphere Sof radiusa > 0,

always equals 4 T, independently of radius

0 centered at the origin. Show that the flux integral
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4. Hint: both F and the unit normal n are scalar mulitipies of

the position vector on these spheres.
(5 points)
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Compute the divergence of F, and verify that it equals zero.
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7¢) Now let D be any three—dimensional domain containing the origin and for which the divergence
theorem applies. Apply this theorem 1o the domain obtained from D by deleting 2 smali ball of radius a,
centered about the origin and use your result from 7a, to deduce that the flux integral
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also has value 4 m, independent of the domain D.
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