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Affine approximations and Newton's Method
Math 2210-1, October 16, 2004

Tn calculus you used the tangent-line approximation to the graph y=f(x) of a function {, in order to find
roots of £. ‘This iteration procedure goes back to Newton, Recall, the iteration scheme is given by

fix,)
Xos1 =%~ Dx(f(xn))
Example: the square root of 2: We use
f()c'):x2 -2
> Digits:=30: #number of digits to use in computations
e fizx-»x"2-2: #define function
: w(:=1.5: #initial guess
z:=x0: #initialize
for i from 1 to 5 do
x1l:=z: #dummy variable
zi=xl-f{xl}/{2*x1}; #Newton iteration
printc(z);
od:
| .4166666666666666666666066607
1.41421568627450980392 156862745
1.41421356237468991062629557889
1.41421356237309504880168962350
1.41421356237309504880168872421
> sgro(2.0); #actual value
: 1.41421356237300504880168872421
Pretty fast convergence, wouldn’t you say?!
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EXAMPLE 7 Find {accurate to three decimal places) the coordinates of the first-

quadrant point P of intersection of the ellipses x? + 4% = 13 and x* ~ Zxy + 9% = 17
(Fig. 13.6.3).

n%# Solution We need to solve the simultaneous scalar equations
i 1 !

74 e 2 % (¥ =27 + 4y — 13=0 and glx. p)=x"=2xy+ 97 ~17=0. -
‘i/ e ’ A e /,__M_Tex{*

I Hence we define the vector-valued function (’

4 dyt 13 }

F(x)ﬁ[xz —2xy 49yt~ 17

FIGURE 13.6.3 The elfipses
x4y = 13 and x? ~ 2xy +

9y? = 17 of Example 7. with derivative matrix "
O By tAaf
Tloar -2y 218y
> Eo={x,y)-»R"M2+4Fy"~2-13;
Gi={X,¥)-—>»X"2-2%x*y+GFy 2 -17;

Fi=A0 N )'2 - i3

g=ix Yo ~2xr+9y ~17
The derivative matrix is given by
> with{linalg):

"> Derivmat:={z,w)->subs{{x=z,y=w},
matrix (2,2, [diff{fix, v} . x),Qiff{f{x.vy.v),
Aiff{gix,v), =}, diff{gi=, v, y¥)1)}

Derivmat (x,vy); #check!

i

(]2 3 5 3 \
Dertvmat = (2, w)-ssubs {x=z2v=wl}, matrixkz, 2, l}i‘; flx, ¥), é" B v) gl yh T a(x y) )J

y st gy
{ 2x By }

2x—2y ~2x+18y]
o 2;
1.5: #initial guess of polnt (s,
si=3

=15

1

1
L3

5
T:

> for i from 1 to 5 do
newvect:=evaim{vector{is,tl} ~evalm(Derivmat(s, o)~ (-1} & vector
{([fis,t),gls, Lt ]1))); #Newton step
r=newvect[1];
ti=newvectiZ2];
print{{s,t}};
od:

{2.187500000060600000000000000006, | A3736000000000000000000GA0000 }
[2.18732200976403580146460537022, 143315 193280716029292107404394 )
12.18732610235351028203658 186821, 1.43314379270243671408052705015 }
[2.18732610237659583618846960568, £.433143792668936080950677579126 )
12.187326102376393836 18888920859, 1.43314379266803608005007944237 }

#Maple knows how to do these things too

{x=2.18732610237659583618888920859, y = 1.43314379266893608095007944237 }



