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Abstra ct. W e pro v e the mo dularit y of minimally rami�ed ordinary residu-

ally reducible p -adic Galois represen tations of an imaginary quadratic �eld F

under certain assumptions. W e �rst exhibit conditions under whic h the resid-

ual represen tation is unique up to isomorphism. Then w e pro v e the existence

of deformations arising from cuspforms on GL

2

( A

F

) via the Galois represen-

tations constructed b y T a ylor et al. W e establish a su�cien t condition (in

terms of the non-existence of certain �eld extensions whic h in man y cases can

b e reduced to a condition on an L -v alue) for the univ ersal deformation ring to

b e a discrete v aluation ring and in that case w e pro v e an R = T theorem. W e

also study reducible deformations and sho w that no minimal c haracteristic 0

reducible deformation exists.

1. Intr oduction

Starting with the w ork of Wiles ([Wil95], [TW95]) there has b een a lot of progress

in recen t y ears on mo dularit y results for t w o-dimensional p -adic Galois represen-

tations of totally real �elds (see e.g. [BCDT01], [SW97], [F uj99], [SW99], [SW01 ],

[T a y02 ], [Kis07 ]). The goal of this pap er is to pro v e suc h a result for imaginary

quadratic �elds, a case that requires new tec hniques since the asso ciated symmetric

space has no complex structure.

Let F 6= Q (

p

� 1) ; Q (

p

� 3 ) b e an imaginary quadratic �eld of discriminan t d

F

.

Under certain assumptions w e pro v e an \ R = T " theorem for residually reducible

t w o-dimensional represen tations of the absolute Galois group of F . W e pin do wn

conditions (similar to [SW97 ], where an analogous problem is treated for represen-

tations of Gal( Q = Q )) that determine our residual represen tation up to isomorphism

and then study its minimal ordinary deformations. Mo dular deformations are con-

structed using the congruences in v olving Eisenstein cohomology classes of [Ber07 ]

and the result of T a ylor on asso ciating Galois represen tations to certain cuspidal au-

tomorphic represen tations o v er imaginary quadratic �elds (using the impro v emen ts

of [BHar ]). The approac h of [SW97] to pro v e the isomorphism b et w een univ ersal

deformation ring and Hec k e algebra fails in our case b ecause of the non-existence

of an ordinary reducible c haracteristic 0 deformation. This failure, ho w ev er, allo ws

under an additional assumption to sho w (using the metho d of [BC06 ]) that the

Eisenstein deformation ring is a discrete v aluation ring. As in [Cal06 ] it is then

easy to deduce an \ R = T " theorem.

1

University of Cambridge, Dep ar tment of Pure Ma thema tics and Ma thema tical St a-

tistics, Centre f or Ma thema tical Sciences, Cambridge, CB3 0WB, United Kingdom.

2

University of Ut ah, Dep ar tment of Ma thema tics, LCB, 155 S 1400 E RM 233, Sal t

Lake City, UT, 84112-0090, USA.

1



2 A DEF ORMA TION PR OBLEM

T o giv e a more precise accoun t, let c b e the non-trivial automorphism of F , and

let p > 3 b e a prime split in the extension F = Q . Fix em b eddings F , ! Q , ! Q

p

, !

C . Let F

�

b e the maximal extension of F unrami�ed outside a �nite set of places

�. Supp ose F is a �nite �eld of c haracteristic p and that �

0

: Gal ( F

�

=F ) ! F

�

is an an ticyclotomic c haracter rami�ed at the places dividing p . Supp ose also that

�

0

: Gal( F

�

=F ) ! GL

2

( F ) is a con tin uous represen tation of the form

�

0

=

�

1 �

0 �

0

�

and ha ving scalar cen tralizer. Under certain conditions on �

0

and � w e sho w that

�

0

is unique up to isomorphism (see Section 3) and w e �x a particular c hoice. This

setup is similar to that of [SW97 ]. Note that, as explained in Remark 4.6, under

our conditions �

0

do es not arise as the restriction of a represen tation of Gal( Q = Q ).

F ollo wing Mazur [Maz97 ] w e study ordinary deformations of �

0

. Let O b e a

lo cal complete No etherian ring with residue �eld F . An O -deformation of �

0

is a

lo cal complete No etherian O -algebra A with residue �eld F and maximal ideal m
A

together with an equiv alence class of con tin uous represen tations � : Gal( F

�

=F ) !

GL

2

( A ) satisfying �

0

= � mo d m
A

. An or dinary deformation (see, for example,

the de�nition in [W es05]) is a deformation that satis�es

� j

D q
�

=

 

�

( q )

1

�

0 �

( q )

2

!

for q j p , where �

( q )

i

j

I q = �

( q )

i

�

k

( q )

i

with k

( q )

1

� k

( q )

2

, � is the p -adic cyclotomic

c haracter, and �

( q )

i

are some �nite order c haracters. Here D q and I q denote the

decomp osition group and the inertia group of q j p , corresp onding to F , ! Q

p

or

the conjugate em b edding, resp ectiv ely .

T o exhibit mo dular deformations w e apply the cohomological congruences of

[Ber07 ] and the Galois represen tations constructed b y T a ylor et al. using a strength-

ening of T a ylor's result in [BHar]. W e also mak e use of a result of Urban [Urb05 ]

who pro v es that �

�

j

D q is ordinary at q j p if � is ordinary at q. W e sho w that these

results imply that there is an O -algebra surjection

(1.1) R � T ;

where R is the univ ersal �-minimal deformation ring (cf. De�nition 5.2) and T is

a Hec k e algebra acting on cuspidal automorphic forms of GL

2

( A

F

) of w eigh t 2 and

�xed lev el.

As in [Cal06 ] w e can deduce that the surjection (1.1) is, in fact, an isomorphism

if R is a discrete v aluation ring (see Theorem 5.8). Using the metho d of [BC06 ] w e

pro v e in Prop osition 5.9 that the latter reduces to the non-existence of reducible

�-minimal deformations to GL

2

( O =$

2

O )

1

. W e then sho w (Theorem 5.13) that

this last prop ert y can often b e deduced from a condition on the L -v alue at 1 of

a Hec k e c haracter of in�nit y t yp e z = z whic h is related to �

0

. Finally w e com bine

these results in Theorem 5.17 to pro v e the mo dularit y of certain residually reducible

�-minimal Gal( Q =F )-represen tations. F or an explicit n umerical example where w e

can v erify the conditions of Theorem 5.17 see Example 5.20.

T o demonstrate our mo dularit y result w e giv e here the follo wing sp ecial case:

1

Here $ denotes a uniformizer of O .
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Theorem 1.1. Assume # Cl

F

= 1 , that p do es not divide the class numb er of the

r ay class �eld of F of c onductor p , and that any prime q j d

F

satis�es q 6� � 1 (mo d

p ) . L et p b e the prime of F over ( p ) c orr esp onding to the emb e dding F , ! Q , ! Q

p

that we have �xe d. L et � b e the unr ami�e d He cke char acter of in�nity typ e �

1

( z ) =

z = z and let � p : Gal( Q =F ) ! Z

�

p

b e the asso ciate d p -adic Galois char acter. Assume

that v al

p

( L

in t

(1 ; � )) = 1 .

2

L et � : Gal( F

�

=F ) ! GL

2

( Q

p

) b e a c ontinuous irr e ducible r epr esentation that

is or dinary at al l plac es q j p . Supp ose �

ss

�

=

1 � � p . If the fol lowing c onditions ar e

satis�e d:

(1) � � f q j pd

F

g ,

(2) if q 2 � ; q - p , then � p (F rob q ) 6= � # O

F

= q as elements of F

p

,

(3) det ( � ) = � p ,

(4) � is � -minimal,

then � is isomorphic to the Galois r epr esentation asso ciate d to a cuspform of

GL

2

( A

F

) of weight 2, twiste d by the p -adic Galois char acter asso ciate d to a He cke

char acter of in�nity typ e z .

W e also study the existence of reducible deformations (see Section 5.5). In con-

trast to the situation in [SW97 ] there exists no reducible �-minimal O -deformation

in our case, only a nearly ordinary (in the sense of Tilouine [Til96]) reducible defor-

mation whic h is, ho w ev er, not de Rham at one of the places ab o v e p . This means

that the metho d of [SW97] to pro v e R = T via the n umerical criterion of Wiles

and Lenstra [Len95 ], [Wil95] cannot b e implemen ted despite ha ving all the ingre-

dien ts on the Hec k e side (i.e., a lo w er b ound on the congruence mo dule measuring

congruences b et w een cuspforms and Eisenstein series).

The assumption on �

0

b eing an ticyclotomic could b e relaxed but is useful b oth

for pro ving the uniqueness of �

0

and to construct the mo dular deformations, and

is related to a condition on the cen tral c haracter in T a ylor's result on asso ciating

Galois represen tation to cuspforms. The restrictions in De�nition 3.1 on the places

con tained in � and on the class group of the splitting �eld of �

0

are similar to

those of [SW97] and are essen tial for the uniqueness of �

0

. Our metho ds do not

allo w to go b ey ond the �-minimal case (to ac hiev e that in the Q -case [SW97 ] use

Prop osition 1 of [TW95 ], but its analogue fails for imaginary quadratic �elds) or

treat residually irreducible Galois represen tations. T o complemen t our study of

the absolute deformation problem of a residually reducible Galois represen tation

the reader is referred to the analysis of the nearly ordinary r elative deformation

problem in [CMar ].

2. Not a tion and terminology

2.1. Galois groups. Let F b e an imaginary quadratic extension of Q of discrim-

inan t d

F

6= 3 ; 4 and p > 3 a rational prime whic h splits in F . Fix a prime p of F

lying o v er ( p ) and denote the other prime of F o v er ( p ) b y p. Let Cl

F

denote the

class group of F . W e assume that p - # Cl

F

and that an y prime q j d

F

satis�es

q 6� � 1 (mo d p ) :

F or a �eld K write G

K

for the Galois group Gal( K =K ). If K � F is a n um b er

�eld, O

K

will denote its ring of in tegers. If K is a �nite extension of Q

`

for some

rational prime ` , w e write O

K

(resp ectiv ely $

K

, and F

K

) for the ring of in tegers of

2

F or de�nitions see section 2.
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K (resp ectiv ely for a uniformizer of K , and O

K

=$

K

O

K

). If q is a place of K , w e

write K q for the completion of K with resp ect to the absolute v alue j � j q determined

b y q and set O

K; q = O

K q (if q is arc himedean, w e set O

K; q = K q ). W e also write

$ q for a uniformizer of K q .

Fix once and for all compatible em b eddings i q : F , ! F q and F q , ! C , for

ev ery prime q of F , so w e will often regard elemen ts of F q as complex n um b ers

without explicitly men tioning it. If q is a place of K � F , w e alw a ys regard K q as

a sub�eld of F q \O

F

as determined b y the em b edding i q \O

F

. This also allo ws us

to iden tify G

K q with the decomp osition group D Q � G

K

of a prime Q of the ring

of in tegers O

F

of F . W e will denote that decomp osition group b y D q . Abusing

notation somewhat w e will denote the image of D q in an y quotien t of G

K

also b y

D q . W e write I q � D q for the inertia group.

Let � b e a �nite set of places of K . Then K

�

will denote the maximal Galois

extension of K unrami�ed outside the primes in �. W e also write G

�

for G

F

�

.

F or a p ositiv e in teger n , denote b y �

n

the group of n -th ro ots of unit y . If K is a

n um b er �eld w e set K

0

= K ( �

p

). Let !

K;p

denote the c haracter giving the action

of Gal ( K

0

=K ) on �

p

. Let Cl

K;p

denote the Sylo w- p -subgroup of the quotien t of

the class group Cl

K

0

of K

0

corresp onding (b y Class Field Theory) to the quotien t

I

K

0

=P

K

0

P , where I

K

0

is the group of fractional ideals of K

0

, P

K

0

the subgroup of

principal ideals and P the subgroup of I

K

0

generated b y the primes of K

0

lying o v er

p . W e will write Cl

!

K;p

for the !

K;p

-part of Cl

K;p

.

2.2. Hec k e c haracters. F or a n um b er �eld K , denote b y A

K

the ring of ade-

les of K and set A = A

Q

. By a He cke char acter of K w e mean a con tin uous

homomorphism

� : K

�

n A

�

K

! C

�

:

F or a place q of K write �

( q )

for the restriction of � to K q and �

( 1 )

for the restriction

of � to

Q

q j1

K q . The latter will b e called the in�nity typ e of � . W e also usually

write � ( $ q ) to mean �

( q )

( $ q ). Giv en � there exists a unique ideal f
�

of K with

the prop ert y that �

( q )

( x ) = 1 for ev ery �nite place q of K and x 2 O

�

K; q suc h that

x � 1 2 f
�

O

K; q . The ideal f
�

is called the c onductor of � . If K = F , there is only

one arc himedean place, whic h w e will simply denote b y 1 . F or a Hec k e c haracter

� of F , one has �

( 1 )

( z ) = z

m

z

n

with m; n 2 R . If m; n 2 Z , w e sa y that � is of

t yp e ( A

0

). W e alw a ys assume that our Hec k e c haracters are of t yp e ( A

0

). W rite

L ( s; � ) for the Hec k e L -function of � . Let � b e a Hec k e c haracter of in�nit y t yp e

z

a

�

z

z

�

b

with conductor prime to p . Assume a; b 2 Z and a > 0 and b � 0. Put

L

alg

(0 ; � ) := 


� a � 2 b

�

2 �

p

d

F

�

b

�( a + b ) � L (0 ; � ) ;

where 
 is a complex p erio d. In most cases, this normalization is in tegral, i.e., lies

in the in teger ring of a �nite extension of F p . See [Berar ] Theorem 3 for the exact

statemen t. Put

L

in t

(0 ; � ) =

(

L

alg

(0 ; � ) if v al

p

( L

alg

(0 ; � )) � 0

1 otherwise :

F or z 2 C w e write z for the complex conjugate of z . The action of complex

conjugation extends to an automorphism of A

�

F

and w e will write x for the image

of x 2 A

�

F

under that automorphism.
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F or a Hec k e c haracter � of F , w e denote b y �

c

the Hec k e c haracter of F de�ned

b y �

c

( x ) = � ( x ).

2.3. Galois represen tations. F or a �eld K and a top ological �eld E , b y a Galois

r epr esentation w e mean a con tin uous homomorphism � : G

K

! GL

n

( E ). If n = 1

w e usually refer to � as a Galois char acter . W e write K ( � ) for the �xed �eld of

k er � and call it the splitting �eld of � . If K is a n um b er �eld and q is a �nite prime

of K with inertia group I q w e sa y that � is unrami�ed at q if � j

I q = 1.

Let E b e a �nite extension of Q

p

. Ev ery Galois represen tation � : G

K

! GL

n

( E )

can b e conjugated (b y an elemen t M 2 GL

n

( E )) to a represen tation �

M

: G

K

!

GL

n

( O

E

). W e denote b y �

M

: G

F

! GL

n

( F

E

) its reduction mo dulo $

E

O

E

. It

is sometimes called a r esidual r epr esentation of � . The isomorphism class of its

semisimpli�cation �

ss

M

is indep enden t of the c hoice of M and w e simply write �

ss

.

Let � : G

F

! Z

�

p

denote the p -adic cyclotomic c haracter. F or an y subgroup

G � G

F

w e will also write � for � j

G

. Our con v en tion is that the Ho dge-T ate w eigh t

of � at p is 1.

Let � b e a Hec k e c haracter of F of t yp e ( A

0

). W e de�ne (follo wing W eil) a p-adic

Galois c haracter

� p : G

F

! F

�

p

asso ciated to � b y the follo wing rule: F or a �nite place q - p f
�

of F , put � p (F rob q ) =

i p ( i

� 1

1

( � ( $ q ))) where F rob q denotes the arithmetic F rob enius at q. It tak es v alues

in the in teger ring of a �nite extension of F p .

2.4. Automorphic represen tations of A

F

and their Galois represen tations.

Set G = Res

F = Q

GL

2

. F or K

f

=

Q

q- 1

K q an op en compact subgroup of G ( A

f

),

denote b y S

2

( K

f

) the space of cuspidal automorphic forms of G ( A ) of w eigh t 2,

righ t-in v arian t under K

f

(for more details see Section 3.1 of [Urb95 ]). F or  a �nite

order Hec k e c haracter write S

2

( K

f

;  ) for the forms with cen tral c haracter  . This

is isomorphic as a G ( A

f

)-mo dule to

L

�

K

f

f

for automorphic represen tations � of

certain in�nit y t yp e (see Theorem 2.1 b elo w) with cen tral c haracter  . Here �

f

denotes the restriction of � to GL

2

( A

f

) and �

K

f

f

stands for the K

f

-in v arian ts.

F or g 2 G ( A

f

) w e ha v e the usual Hec k e action of [ K

f

g K

f

] on S

2

( K

f

) and

S

2

( K

f

;  ). F or primes q with K q = GL

2

( O

F ; q ) w e de�ne T q = [ K

f

�

$ q

1

�

K

f

].

Com bining the w ork of T a ylor, Harris, and Soudry with results of F riedb erg-

Ho�stein and Laumon/W eissauer, one can sho w the follo wing (see [BHar ] for general

case of cuspforms of w eigh t k ):

Theorem 2.1 ([BHar] Theorem 1.1) . Given a cuspidal automorphic r epr esentation

� of GL

2

( A

F

) with �

1

isomorphic to the princip al series r epr esentation c orr esp ond-

ing to

�

t

1

�

t

2

�

7!

�

t

1

j t

1

j

� �

j t

2

j

t

2

�

and cyclotomic c entr al char acter  (i.e.,  

c

=  ), let �

�

denote the set c onsisting

of the plac es of F lying ab ove p , the primes wher e � or �

c

is r ami�e d, and the

primes r ami�e d in F = Q .

Then ther e exists a �nite extension E of F p and a Galois r epr esentation

�

�

: G

F

! GL

2

( E )
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such that if q 62 �

�

, then �

�

is unr ami�e d at q and the char acteristic p olynomial

of �

�

(F rob q ) is x

2

� a q ( � ) x +  ( $ q )(# O

F

= q) ; wher e a q ( � ) is the He cke eigenvalue

c orr esp onding to T q . Mor e over, �

�

is absolutely irr e ducible.

Remark 2.2. T a ylor has some additional tec hnical assumption in [T a y94 ] and only

sho w ed the equalit y of Hec k e and F rob enius p olynomial outside a set of places of

zero densit y . Conjecture 3.2 in [CD06] describ es a conjectural extension of T a ylor's

theorem.

Urban studied in [Urb98 ] the case of ordinary automorphic represen tations � , and

together with results in [Urb05 ] on the Galois represen tations attac hed to ordinary

Siegel mo dular forms sho w ed:

Theorem 2.3 (Corollary 2 of [Urb05 ]) . L et q b e a prime of F lying over p . If � is

unr ami�e d at q and or dinary at q, i.e., j a q ( � ) j q = 1 , then the Galois r epr esentation

�

�

is or dinary at q, i.e.,

�

�

j

D q
�

=

�

	

1

�

	

2

�

;

wher e 	

2

j

I q = 1 and 	

1

j

I q = det �

�

j

I q = �:

De�nition 2.4. Let E b e a �nite extension of F p and � : G

F

! GL

2

( E ) a Galois

represen tation. W e sa y that � is mo dular if there exists a cuspidal automorphic

represen tation � as in Theorem 2.1, suc h that �

�

=

�

�

(p ossibly after enlarging E ).

F rom no w on w e �x a �nite extension E of F p whic h w e assume to b e su�cien tly

large (see section 4.2 and Remarks 4.5 and 5.14, where this condition is made more

precise). T o simplify notation w e put O := O

E

, F = F

E

and $ = $

E

.

3. Uniqueness of a cer t ain residual Galois represent a tion

In this section w e study residual Galois represen tations �

0

: G

F

! GL

2

( F ) of

the form

�

0

=

�

1 �

�

0

�

ha ving scalar cen tralizer for a certain class of c haracters �

0

(cf. De�nition 3.1).

W e sho w that for a �xed �

0

there exists at most one suc h represen tation up to

isomorphism (Theorem 3.2). In Section 4 w e sho w that there indeed exists one

pro vided that v al

p

( L (0 ; � )) > 0 for a certain Hec k e c haracter � of F suc h that

the reduction of � p � is �

0

. Alternativ ely , one could in v ok e the generalizations of

Kummer's criterion to imaginary quadratic �elds (see e.g. [CW77 ], [Y ag82 ], [Hid82 ],

[LR07 ]).

Let � b e a �nite set of �nite primes of F con taining the primes lying o v er p and

let �

0

: G

�

! F

�

b e a Galois c haracter.

De�nition 3.1. W e sa y that �

0

is �- admissible if all of the follo wing conditions

are satis�ed:

(1) �

0

is rami�ed at p;

(2) if q 2 �, then either �

0

is rami�ed at q or �

� 1

0

(F rob q ) 6= # O

F

= q (as

elemen ts of F );

(3) �

0

is an ticyclotomic, i.e., �

0

( c� c ) = �

0

( � )

� 1

for ev ery � 2 G

�

and c the

generator of Gal( F = Q );

(4) Cl

!

F ( �

0

) ;p

= 0 (cf. Section 2.1);
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(5) The �

� 1

0

-eigenspace of the p -part of Cl

F ( �

0

)

is trivial.

Note that Conditions (1) and (3) of De�nition 3.1 imply that �

0

is also rami�ed

at p. Fix � 2 I p suc h that �

0

( � ) 6= 1. Let

�

0

: G

�

! GL

2

( F )

b e a Galois represen tation satisfying b oth of the follo wing t w o conditions

(Red): �

0

=

�

1 �

�

0

�

;

(Sc): �

0

has scalar cen tralizer.

W e ha v e the follo wing to w er of �elds: F � F ( �

0

) � F ( �

0

). Note that p do es

not divide [ F ( �

0

) : F ], F ( �

0

) =F ( �

0

) is an ab elian extension of exp onen t p , hence

Gal ( F ( �

0

) =F ( �

0

)) can b e regarded as an F

p

-v ector space V

0

on whic h the group

G := Gal( F ( �

0

) =F ) op erates F

p

-linearly b y conjugation and th us de�nes a repre-

sen tation

r

0

: G ! GL

F

p

( V

0

) ;

whic h is isomorphic to the irreducible F

p

-represen tation asso ciated with �

� 1

0

.

Let L denote the maximal ab elian extension of F ( �

0

) unrami�ed outside the set

� and suc h that p annihilates Gal( L=F ( �

0

)). Then, as b efore, V := Gal( L=F ( �

0

))

is an F

p

-v ector space endo w ed with an F

p

-linear action of G , and one has

V 


F

p

F

p

�

=

M

' 2 Hom ( G; F

�

p

)

V

'

;

where for a Z

p

[ G ]-mo dule N and an F

p

-v alued c haracter ' of G , w e write

(3.1) N

'

= f n 2 N 


Z

p

F

p

j � n = ' ( � ) n for ev ery � 2 G g :

Note that V

0




F

p

F

p

is a direct summand of V

�

� 1

0

.

Theorem 3.2. If �

0

is � -admissible, then dim

F

p

V

�

� 1

0

= 1 .

Pr o of. Let L

0

b e the maximal ab elian extension of F ( �

0

) of exp onen t p unrami�ed

outside the set � and suc h that G acts on Gal( L

0

=F ( �

0

)) via the irreducible F

p

-

represen tation asso ciated with �

� 1

0

. It is enough to sho w that

dim

F

p

(Gal( L

0

=F ( �

0

)) 
 F

p

) � 1 :

Condition (2) of De�nition 3.1 ensures that L

0

=F ( �

0

) is unrami�ed outside the

set f p; pg . Hence it is enough to study the extensions L=F ( �

0

) and L

0

=F ( �

0

) with

� = f p; pg . F or p
0

2 f p; pg let S p
0

b e the set of primes of F ( �

0

) lying o v er p
0

and put

S

p

:= S p [ S p . W rite M for

Q

q 2 S

p

(1 + q) and T for the torsion submo dule of M . By

condition (5) of De�nition 3.1 and Class Field Theory (see, for example, Corollary

13.6 in [W as97 ]) one has Gal ( L=F ( �

0

))

�

=

( M = E ) 
 F

p

, where E is the closure of E ,

the group of units of the ring of in tegers of F ( �

0

) whic h are congruen t to 1 mo dulo

ev ery prime in S

p

. Hence Gal ( L

0

=F ( �

0

)) is a quotien t of ( M = E ) 
 F

p

. On the

other hand, using condition (3) of De�nition 3.1 one can sho w that Gal( L

0

=F ( �

0

))

is a quotien t of ( M =T ) 
 F

p

. This follo ws from the fact that T is a pro duct of the

groups �

p

; th us �

0

b eing an ticyclotomic b y condition (3) of De�nition 3.1 cannot

o ccur in T . W e will no w study b oth ( M =T ) 
 F

p

and ( M = E ) 
 F

p

, b eginning with

the former one.
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Let G

_

:= Hom( G; F

�

p

). Since G is ab elian, ( M =T ) 
 F

p

decomp oses in to a

direct sum of F

p

[ G ]-mo dules

( M =T ) 
 F

p

=

M

 2 G

_

( M =T )

 

;

with ( M =T )

 

de�ned as in (3.1). Note that w e can re�ne this b y writing

M =T =

Y

p
0

2f p ; p g

M p
0

=T p
0

;

where M p
0

=

Q

q 2 S p
0

(1 + q) and T p
0

is the torsion subgroup of M p
0

. Eac h M p
0

=T p
0

is G -stable.

Lemma 3.3. L et p
0

2 f p; pg . F or every  2 G

_

, we have

dim

F

p

( M p
0

=T p
0

)

 

= 1 :

Pr o of of L emma 3.3. Note that to decomp ose ( M p
0

=T p
0

) 
 F

p

it is enough to de-

comp ose

Q

q 2 S p
0

q 
 F

p

, since (1 + q) = (torsion )

�

=

q as Z

p

[ D q ]-mo dules, where D q

denotes the decomp osition group of q. It is not di�cult to see that

Y

q 2 S p
0

q 
 F

p

�

=

M

� 2 G

_

F

�

p

;

where F

�

p

denotes the one-dimensional F

p

-v ector space on whic h G acts via � . The

Lemma follo ws easily . �

Consider the exact sequence of G -mo dules

(3.2) E 
 F

p

�

�! M 
 F

p

! ( M = E ) 
 F

p

! 0 :

Lemma 3.4. k er � = 0 .

Pr o of of L emma 3.4. F or a �nitely generated Z -mo dule A , write rk

p

( A ) for the

dimension of the F

p

-v ector space A=pA . First note that since �

0

is an ticyclotomic,

�

p

6� F ( �

0

) and th us E is a free Z

p

-mo dule. By the Leop oldt conjecture (whic h is

kno wn for F ( �

0

) b y a result of Brumer [Bru67 ]) w e ha v e rk

Z

p

E = r

2

� 1 and since

rk

Z

p

M = 2 r

2

, w e can �nd a basis of the free part of M (if the relativ e rami�cation

index e of p in the extension F ( �

0

) =F is smaller than p � 1, then M is free) suc h

that the image of E lands in the �rst r

2

� 1 Z

p

-factors of M

free

�

=

Z

2 r

2

p

. Under this

iden ti�cation w e ha v e

M = E = ( Z

r

2

� 1

p

= E ) � Z

r

2

+1

p

� T :

Note that k er � = 0 if and only if there do es not exist m 2 M n E whose p -th p o w er

is in E n f 1 g . Hence k er � = 0 if and only if rk

p

( M = E ) = r

2

+ 1 + d , where d = rk

p

( T )

is the n um b er of primes q of F ( �

0

) o v er p suc h that �

p

� F ( �

0

) q (since F ( �

0

) is

an ticyclotomic, d equals the n um b er of primes of K o v er p (if e = p � 1) or zero (if e <

p � 1)). Let L

0

=F ( �

0

) b e the maximal ab elian pro- p extension of F ( �

0

) unrami�ed

outside p . (The group Gal( L=F ( �

0

)) is the maximal quotien t of Gal( L

0

=F ( �

0

))

of exp onen t p .) By Class Field Theory rk

p

( M = E ) � rk

p

(Gal( L

0

=F ( �

0

))) (equalit y

holds if the p -part of the class group of F ( �

0

) is trivial). W e ha v e Gal( L

0

=F ( �

0

))

�

=

Z

r

2

+1

p

� T

p

, where T

p

denotes the torsion subgroup. So, if w e sho w that rk

p

( T

p

) = d ,

w e are done. This follo ws immediately from condition (4) of De�nition 3.1 and

[Gra03 ], Prop osition 4.2.2 (p. 283). This completes the pro of of the Lemma. �
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W e are no w ready to complete the pro of of Theorem 3.2. Recall that the tensor

pro duct Gal( L

0

=F ( �

0

)) 
 F

p

is b oth a quotien t of ( M =T ) 
 F

p

and of ( M = E ) 
 F

p

.

Since ( M =T ) 
 F

p

= ( M p =T p ) 
 F

p

� ( M p =T p ) 
 F

p

, Lemma 3.3 implies that

( M =T ) 
 F

p

=

Y

 2 G

_

�

F

 

p

� F

 

p

�

:

On the other hand one has

E 
 F

p

=

Y

 2 G

_

nf 1 g

F

 

p

:

Using Lemma 3.4 and the fact that p annihilates T , one can easily sho w the injec-

tivit y of the comp osite

E 
 F

p

�

�! M 
 F

p

�

� ! ( M =T ) 
 F

p

;

where � is the natural pro jection. So, Gal( L

0

=F ( �

0

)) 
 F

p

is a quotien t of

(( M =T ) 
 F

p

) = ( E 
 F

p

)

�

=

F

1

p

� F

1

p

�

Y

 2 G

_

nf 1 g

F

 

p

:

Since �

0

6= 1, w e ha v e dim

F

p

(Gal( L

0

=F ( �

0

)) 
 F

p

) � 1, whic h w e w an ted to

sho w. �

Corollary 3.5. Supp ose �

0

: G

�

! GL

2

( F ) is a Galois r epr esentation satisfying

c onditions (Red) and (Sc) for a � -admissible char acter �

0

. Then �

0

�

=

�

0

.

4. Modular F orms and Galois represent a tions

In this section w e exhibit irreducible ordinary Galois represen tations that are

residually reducible and arise from w eigh t 2 cuspforms.

4.1. Eisenstein congruences. Let �

1

; �

2

b e t w o Hec k e c haracters with in�nit y

t yp es �

( 1 )

1

( z ) = z and �

( 1 )

2

( z ) = z

� 1

. Put 
 = �

1

�

2

. W rite M for the conductor

of � := �

1

=�

2

.

Denote b y S the �nite set of places where b oth �

i

are rami�ed, but � is unram-

i�ed. W rite M
i

for the conductor of �

i

. F or an ideal N in O

F

and a �nite place q
of F put Nq = N O

F ; q . W e de�ne

K

1

( Nq ) =

��

a b

c d

�

2 GL

2

( O

F ; q ) ; a � 1 ; c � 0 mo d Nq

�

;

and

U

1

( Nq ) = f k 2 GL

2

( O

F ; q ) : det ( k ) � 1 mo d Nq g :

No w put

(4.1) K

f

:=

Y

q 2 S

U

1

( M
1 ; q )

Y

q =2 S

K

1

(( M
1

M
2

) q ) � G ( A

f

) :

F rom no w on, let � b e a �nite set of places of F con taining

S

�

:= f q j MM c M
1

M c

1

g [ f q j pd

F

g :

W e denote b y T (�) the O -subalgebra of End

O

( S

2

( K

f

; 
 )) generated b y the Hec k e

op erators T q for all places q 62 �. F ollo wing [T a y88 ] (p. 107) w e de�ne idemp oten ts

e p and e p , comm uting with eac h other and with T (�) acting on S

2

( K

f

; 
 ). They

are c haracterized b y the prop ert y that an y elemen t h 2 X := e p e p S

2

( K

f

; 
 ) whic h



10 A DEF ORMA TION PR OBLEM

is an eigen v ector for T p and T p satis�es j a p ( h ) j

p

= j a p ( h ) j

p

= 1, where a p ( h ) (resp.

a p ( h )) is the T p -eigen v alue (resp. T p -eigen v alue) corresp onding to h . Let T

ord

(�)

denote the quotien t algebra of T (�) obtained b y restricting the Hec k e op erators to

X .

Let J (�) � T (�) b e the ideal generated b y

f T q � �

1

( $ q ) � #( O

F ; q =$ q ) � �

2

( $ q ) j q 62 � g :

De�nition 4.1. Denote b y m(�) the maximal ideal of T

ord

(�) con taining the

image of J (�). W e set T

�

:= T

ord

(�) m (�)

. Moreo v er, set J

�

:= J (�) T

�

. W e refer

to J

�

as the Eisenstein ide al of T

�

.

Theorem 4.2 ([Ber05 ], Theorem 6.3, [Ber07 ] Theorem 14) . L et � b e an unr ami�e d

He cke char acter of in�nity typ e �

( 1 )

( z ) = z

2

. Ther e exist He cke char acters �

1

; �

2

with �

1

=�

2

= � such that their c onductors ar e divisible only by r ami�e d primes or

inert primes not c ongruent to � 1 mo d p and such that

#( T

�

=J

�

) � #( O = ( L

in t

(0 ; � ))) :

Pr o of. The Eisenstein cohomology class used in the pro of of [Ber07 ] Theorem 14 is

ordinary , so w e can deduce the statemen t for the ordinary cuspidal Hec k e algebra.

�

Remark 4.3. If � is unrami�ed then � p � is an ticyclotomic (see [Ber07 ] Lemma

1). The condition on the conductor of the auxiliary c haracter �

1

together with our

assumption on the discriminan t of F therefore ensure that for �

0

= � p � condition

(2) of �-admissibilit y is automatically satis�ed for all primes q 2 S

�

.

The assumption on the rami�cation of � can b e relaxed. F or example, Prop o-

sition 16 and Theorem 28 of [Berar ] and Prop osition 9 and Lemma 11 of [Ber07 ]

imply the follo wing:

Theorem 4.4. L et �

1

, �

2

b e as at the start of this se ction. Assume b oth M
1

and M
2

ar e c oprime to ( p ) and divisible only by primes split in F = Q and that

p - #( O

F

= MM
1

)

�

. Supp ose ( �

1

=�

2

)

c

= �

1

=�

2

. If the torsion p art of H

2

c

( S

K

f

; Z

p

)

is trivial, wher e

S

K

f

= G ( Q ) n G ( A ) =K

f

U (2) C

�

then

#( T

�

=J

�

) � #( O = ( L

in t

(0 ; �

1

=�

2

))) :

Remark 4.5. In fact, b y replacing Z

p

b y the appropriate co e�cien t system, the

result is true for c haracters �

1

; �

2

of in�nit y t yp e z z

� m

and z

� m � 1

, resp ectiv ely ,

for m � 0. F or Theorems 4.2 and 4.4, the �eld E needs to con tain the v alues of the

�nite parts of �

1

and �

2

as w ell as L

in t

(0 ; �

1

=�

2

).

W e will from no w on assume that w e are either in the situation of Theorem 4.2

or 4.4 and �x the c haracters �

1

; �

2

and � = �

1

=�

2

, with corresp onding conditions

on the set � and de�nitions of K

f

, T

�

, and J

�

. W e also assume from no w on that

v al

p

( L

in t

(0 ; � )) > 0. Put �

0

= � p � and assume that �

0

is �-admissible. If w e are in

the situation of Theorem 4.4 then supp ose also that M
1

and M
2

are not divisible

b y an y primes q suc h that #( O = q) � 1 mo d p . (This last assumption is only used

in the pro of of Theorem 5.3.)
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4.2. Residually reducible Galois represen tations. W rite

S

2

( K

f

; 
 ) m (�)

=

M

� 2 �

�

�

K

f

f

for a �nite set �

�

of ordinary cuspidal automorphic represen tations with cen tral

c haracter 
 , suc h that �

K

f

f

6= 0. The set �

�

is non-empt y b y Theorem 4.2 under

our assumption that v al

p

( L

in t

(0 ; � )) > 0.

Let � 2 �

�

: Let �

�

: G

�

! GL

2

( E ) b e the Galois represen tation attac hed to � b y

Theorem 2.1 (This is another p oin t where w e assume that E is large enough). The

condition on the cen tral c haracter in Theorem 2.1 can b e satis�ed (after p ossibly

t wisting with a �nite c haracter) under our assumptions on � , see [Ber07 ] Lemma

8. The represen tation �

�

is unrami�ed at all q =2 S

�

, and satis�es

tr �

�

(F rob q ) = a q ( � )

and

det �

�

(F rob q ) = 
 ( $ q ) � #( O

F

= q) :

By de�nition, T

�

injects in to

L

� 2 �

�

End

O

( �

K

f

). Since T q acts on � b y m ulti-

plication b y a q ( � ) 2 O the Hec k e algebra T

�

em b eds, in fact, in to B =

Q

� 2 �

�

O .

Observ e that

L

� 2 �

�

tr �

�

( � ) 2 T

�

� B for all � 2 G

�

. This follo ws from the

Cheb otarev Densit y Theorem and the con tin uit y of �

�

(note that T

�

is a �nite

O -algebra).

Fix � 2 �

�

for the rest of this subsection. De�ne �

0

�

:= �

�


 �

� 1

2 ; p . Then �

0

�

satis�es

tr �

0

�

(F rob q) � 1 + ( � p � )(F rob q) (mo d $ ) for q =2 S

�

;

and

det �

0

�

= 
 � �

� 2

2 ; p � � = � p �:

By c ho osing a suitable lattice � one can ensure that �

0

�

has image inside GL

2

( O ).

The Cheb otarev Densit y Theorem and the Brauer-Nesbitt Theorem imply that

( �

0

�

)

ss

�

=

1 � � p �:

By Theorem 2.1 �

0

�

is irreducible, so a standard argumen t (see e.g. Prop osition

2.1 in [Rib76 ]) sho ws the lattice � ma y b e c hosen in suc h a w a y that �

0

�

is not

semi-simple and

(4.2) �

0

�

=

�

1 �

� p �

�

:

Hence �

0

�

satis�es conditions (Red) and (Sc) of Section 3. By Theorem 2.3, �

0

�

is

ordinary whic h com bined with (4.2) implies that

(4.3) �

0

�

j

D p
�

=

�

1

( � p � ) j

D p

�

:

W e put

(4.4) �

0

:= �

0

�

:

Remark 4.6. Let � 2 I p b e as in Section 3. The isomorphism in (4.3) implies that

one can �nd a basis suc h that

�

0

( � ) =

�

1

�

0

( � )

�

;
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and

�

0

( g

0

) =

�

1 1

1

�

for a �xed g

0

2 I p . Note that suc h a g

0

exists as it follo ws from the Pro of of The-

orem 3.2 that for �

0

satisfying (4.3), the extension F ( �

0

) =F ( �

0

) is totally rami�ed

at p. This implies that �

0

is not in v arian t under c 2 Gal( F = Q ) and so �

0

and

the deformations of �

0

considered in the follo wing sections do not arise from base

c hange.

F urthermore, the ordinary mo dular deformations of �

0

in Section 5.2 cannot b e

induced from a c haracter of a quadratic extension of F b ecause suc h represen ta-

tions split when restricted to the decomp osition groups D q for q j p . This follo ws

from Urban's result (Theorem 2.3) and the restriction of these c haracteristic 0 rep-

resen tations b eing semisimple on an op en subgroup of eac h of the decomp osition

groups.

5. Def orma tions of �

0

Let �, � , �

0

and �

0

b e as in Section 4. Recall that w e ha v e assumed that �

0

is

�-admissible and ha v e sho wn in Section 4.2 that �

0

satis�es conditions (Red) and

(Sc) of Section 3. Hence b y Corollary 3.5, �

0

is unique up to isomorphism. By (4.3)

the extension F ( �

0

) =F ( �

0

) is rami�ed at p but splits at p. In this section w e study

deformations of �

0

.

5.1. De�nitions. Denote the category of lo cal complete No etherian O -algebras

with residue �eld F b y LCN( E ). An O -deformation of �

0

is a pair consisting of

A 2 LCN ( E ) and an equiv alence class of con tin uous represen tations � : G

�

!

GL

2

( A ) suc h that �

0

= � (mo d m
A

), where m
A

is the maximal ideal of A . As is

customary w e will denote a deformation b y a single mem b er of its equiv alence class.

Note that the Ho dge-T ate w eigh ts of � p � are -1 at p and +1 at p.

De�nition 5.1. W e sa y that an O -deformation � : G

�

! GL

2

( A ) of �

0

is or dinary

if

det � = � p �

and

� j

D p
�

=

�

	

1

�

	

2

�

with 	

1

unrami�ed and

� j

D p
�

=

�

	

3

�

	

4

�

with 	

4

unrami�ed.

F ollo wing [SW97 ] w e mak e the follo wing de�nition:

De�nition 5.2. W e will sa y that a deformation � of �

0

is � -minimal if � is ordinary

and for all primes q 2 � suc h that #( O

F

= q) � 1 (mo d p ) one has

� j

I q
�

=

�

1

� p j

I q

�

:

Note that b y our assumption on the conductor of � , w e in fact ha v e � p j

I q = 1 for

q as ab o v e.
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Since �

0

has a scalar cen tralizer and �-minimalit y is a deformation condition in

the sense of [Maz97 ], there exists a univ ersal deformation ring whic h w e will denote

b y R

� ; O

2 LCN( E ), and a univ ersal �-minimal O -deformation �

� ; O

: G

�

!

GL

2

( R

� ; O

) suc h that for ev ery A 2 LCN( E ) there is a one-to-one corresp ondence

b et w een the set of O -algebra maps R

� ; O

! A (inducing iden tit y on F ) and the set

of �-minimal deformations � : G

�

! GL

2

( A ) of �

0

.

5.2. Irreducible mo dular deformations of �

0

. The argumen ts from Section 4.2

together with the uniqueness of �

0

(Corollary 3.5) can no w b e rein terpreted as:

Theorem 5.3. F or any � 2 �

�

ther e is an O -algebr a homomorphism r

�

: R

� ; O

�
O inducing �

0

�

.

Pr o of. The only prop ert y left to b e c hec k ed is �-minimalit y . This is clear since

�

�

is unrami�ed a w a y from S

�

, and no q 2 S

�

satis�es #( O

F

= q) � 1 (mo d p ) b y

construction (if w e are in the case of Theorem 4.2) or assumption (in the case of

Theorem 4.4). �

Remark 5.4. The assumption on the conductors of �

1

; �

2

made at the end of

Section 4.1 could b e relaxed if lo cal-global compatibilit y w as kno wn for the Galois

represen tations constructed b y T a ylor. F or a discussion of the Langlands conjecture

for imaginary quadratic �elds see [CD06 ] Conjecture 3.2.

Prop osition 5.5. Ther e do es not exist any non-trivial upp er-triangular � -minimal

deformation of �

0

to GL

2

( F [ x ] =x

2

) .

Pr o of. Let � : G

�

! GL

2

( F [ x ] =x

2

) b e an upp er-triangular �-minimal deformation.

Then � has the form

�

1 + x� �

�

0

+ x�

�

for � : G

�

! F

+

a group homomorphism (here F

+

denotes the additiv e group of

F ) and � : G

�

! F a function.

By ordinarit y of � w e ha v e det � = �

0

, whic h forces � = � ��

0

. Let q b e a prime

of F and consider the restriction of � to I q . If q 2 �, q 6= p; p and #( O

F

= q) 6� 1

mo d p , one m ust ha v e (b y lo cal class �eld theory) that � ( I q ) = 0. If q 2 � and

#( O

F

= q) � 1 mo d p (resp. q = p), then �-minimalit y (resp. ordinarit y at p)

implies that � ( I q ) = 0. Th us � can only b e rami�ed at p. Ho w ev er, since � is

ordinary at p, � j

I p
can b e conjugated to a represen tation of the form

�

1

� �

0

�

:

This, together with the fact that �

0

is rami�ed at p (see the remark after De�nition

3.1) easily implies that � m ust b e unrami�ed at p. Since p - # Cl

F

, w e m ust ha v e

� = 0. Hence � is of the form

�

1 �

�

0

�

and for G

0

= k er ( �

0

) � G

�

w e ha v e

� j

G

0

=

�

1 b

0

+ xb

1

1

�

for b

0

; b

1

: G

0

! F

+

group homomorphisms. Note that F ( � ) =F ( �

0

) is th us

an ab elian extension unrami�ed outside � whic h is anihilated b y p . Moreo v er,
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Gal ( F ( �

0

) =F ) acts on Gal( F ( � ) =F ( �

0

)) via �

� 1

0

. Since �

0

is �-admissible, Theo-

rem 3.2 implies that Gal( F ( � ) =F ( �

0

))

�

=

F . Since � � �

0

mo d x , w e see that b

1

= 0

and th us � m ust b e the trivial deformation of �

0

. �

Prop osition 5.6. The universal deformation ring R

� ; O

is gener ate d as an O -

algebr a by tr ac es.

Pr o of. W e follo w the argumen t of [Cal06 ], Lemma 4.2. If su�ces to sho w that an y

non-trivial deformation of �

0

to GL

2

( F [ x ] =x

2

) is generated b y traces. Let � b e

suc h a deformation. Observ e that for � 2 Gal( Q =F ( �

0

)) the elemen t � ( � ) can b e

written as

�

1 + xa ( � ) b

0

( � ) + xb

1

( � )

xc ( � ) 1 + xd ( � )

�

;

so det( � )( � ) � tr( � )( � ) = � 1 � xb

0

( � ) c ( � ). Since c is non-trivial b y Prop osition 5.5,

the Cheb otarev Densit y Theorem implies there exists a � suc h that xb

0

( � ) c ( � ) 6= 0.

Since det ( � )( � ) = 1, it follo ws that the traces of � generate F [ x ] =x

2

. �

Lemma 5.7. The image of the map R

� ; O

!

Q

� 2 �

�

O given by x 7! ( r

�

( x ))

�

is

T

�

.

Pr o of. The O -algebra R

� ; O

is generated b y the set f tr �

� ; O

(F rob q ) j q 62 � g . F or

q 62 �, w e ha v e

r

�

(tr �

� ; O

(F rob q )) = �

2 ; p (F rob q )

� 1

a q ( � ) :

Hence the image of the map in the Lemma is the closure of the O -subalgebra of

Q

� 2 �

�

O generated b y the set f �

2 ; p (F rob q )

� 1

T q j q 62 � g whic h is the same as the

closure of the O -subalgebra of

Q

� 2 �

�

O generated b y the set f T q j q 62 � g whic h

in turn is T

�

. �

By Lemma 5.7 w e obtain a surjectiv e O -algebra homomorphism r : R

� ; O

� T

�

.

Theorem 5.8. If R

� ; O

is a discr ete valuation ring and if

v al

p

( L

in t

(0 ; � )) > 0

then the map r : R

� ; O

! T

�

de�ne d ab ove is an isomorphism.

Pr o of. As in [Cal06 ] this follo ws b ecause T

�

6= T

�

=$

n

for an y n . �

5.3. When is R

� ; O

a dvr? Set 	 := � p � and write 	

2

for 	 (mo d $

2

).

Prop osition 5.9. Assume that �

0

do es not admit any � -minimal upp er-triangular

deformation to GL

2

( O =$

2

O ) and that �

� 1

0

is � -admissible. Then R

� ; O

is a discr ete

valuation ring.

Remark 5.10. The condition on the non-existence of a �-minimal upp er-triangular

deformation of �

0

to GL

2

( O =$

2

O ) follo ws from the follo wing condition on the

c haracter � (or, whic h is the same, on the splitting �eld F (	

2

) of 	

2

): There

do es not exist an ab elian p -extension L of F (	

2

), unrami�ed outside p suc h that

Gal ( L=F (	

2

)) is isomorphic to a Z [Gal ( F (	

2

) =F )]-submo dule of ( O =$

2

O )(	

� 1

2

)

on whic h Gal( F (	

2

) =F ) op erates faithfully . Indeed, as in the pro of of Prop osition

5.5, the condition of �-minimalit y forces an y suc h deformation to b e of the form

�

1 �

0 	

2

�

with � corresp onding to an extension of F (	

2

) unrami�ed a w a y from p.
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Pr o of of Pr op osition 5.9. W e brie
y recall some general facts ab out Eisenstein rep-

resen tations from Section 3 of [Cal06 ] and Section 2 of [BC06 ]: Let ( A; m; k ) b e a

lo cal p -adically complete ring. Let G b e a top ological group and consider a con-

tin uous represen tation � : G ! GL

2

( A ) suc h that tr ( � ) mo d m is the sum of t w o

distinct c haracters �

i

: G ! k

�

; i = 1 ; 2.

De�nition 5.11. The ide al of r e ducibility of A is the smallest ideal I of A suc h

that tr ( � ) mo d I is the sum of t w o c haracters.

Lemma 5.12 ([BC06 ] Corollaire 2, [Cal06 ] Lemma 3.4) . Supp ose A is no etherian,

that the ide al of r e ducibility is maximal, and that

dim

k

Ext

1

cts ;k [ G ]

( �

1

; �

2

) = dim

k

Ext

1

cts ;k [ G ]

( �

2

; �

1

) = 1 :

If A admits a surje ctive map to a ring of char acteristic 0 , then A is a discr ete

valuation ring.

W e apply this Lemma for G = G

�

, A = R

� ; O

, �

1

= 1, and �

2

= �

0

. �-

admissibilit y of b oth �

0

and its in v erse guaran tees that the dimension condition

in Lemma 5.12 is satis�ed. Moreo v er, since R

� ; O

! T

�

is surjectiv e and T

�

is a

ring of c haracteristic zero, w e infer that R

� ; O

is a discrete v aluation ring whenev er

the ideal of reducibilit y I of R

� ; O

is maximal. This is the case if and only if there

do es not exist a surjection R

� ; O

=I � F [ x ] =x

2

or R

� ; O

=I � O =$

2

O , or, b y the

univ ersalit y of R

� ; O

if �

0

do es not admit an y non-trivial �-minimal deformations of

�

0

to GL

2

( F [ x ] =x

2

) or GL

2

( O =$

2

O ) that are upp er-triangular. The latter cannot

o ccur b y assumption and the former b y Prop osition 5.5. �

Note that Gal ( F (	) =F )

�

=

� � � with �

�

=

Z

p

and � a �nite group.

Theorem 5.13. Assume p - #� and that �

� 1

0

is � -admissible. If

#( O =L

in t

(0 ; � )) = p

[ O : Z

p

]

;

then �

0

do es not admit any � -minimal upp er-triangular deformation to GL

2

( O =$

2

O ) .

In p articular R

� ; O

is a discr ete valuation ring.

Remark 5.14. Let O

0

b e the ring of in tegers in an y �nite extension of Q

p

con-

taining L

in t

(0 ; � ). Note that the L -v alue condition in Theorem 5.13 is equiv alen t

to #( O

0

=L

in t

(0 ; � )) = p

[ O

0

: Z

p

]

.

Pr o of. W rite X

1

for Gal( M ( F (	)) =F (	)) with M ( F (	)) the maximal ab elian

pro- p -extension of F (	) unrami�ed a w a y from the primes lying o v er p and ( X

1




O )

�

� 1

0

the �

� 1

0

-part of X

1


 O . Moreo v er, write M ( F (	

2

))

	

for the maximal

ab elian pro- p -extension of F (	

2

) unrami�ed a w a y from p on whic h Gal( F (	

2

) =F )

acts via 	

� 1

. W e will use the follo wing t w o lemmas.

Lemma 5.15. We have

#(( X

1


 O )

�

� 1

0

= ( 
 � 	

� 1

( 
 ))( X

1


 O )

�

� 1

0

) � #( O =L

in t

(0 ; � )) :

Lemma 5.16. We have

(5.1) #(Gal( M ( F (	

2

))

	

=F (	

2

)) 
 O )

�

� 1

0

�

� #(( X

1


 O )

�

� 1

0

= ( 
 � 	

� 1

( 
 ))( X

1


 O )

�

� 1

0

) :



16 A DEF ORMA TION PR OBLEM

W e �rst sho w ho w Theorem 5.13 follo ws from these lemmas. Supp ose that L

as in Remark 5.10 existed. Then one w ould ha v e L � M ( F (	

2

))

	

. One also has

F (	

2

) F ( �

0

) � M ( F (	

2

))

	

, hence

(5.2) #(Gal( F (	

2

) F ( �

0

) =F (	

2

)) 
 O )

�

� 1

0

�

� #(Gal( M ( F (	

2

))

	

=F (	

2

)) 
 O )

�

� 1

0

;

but F (	

2

) F ( �

0

) 6= L , as Gal( F (	

2

) =F ) do es not act faithfully on the group

Gal ( F (	

2

) F ( �

0

) =F (	

2

)). It is easy to see that the quan tit y on the left-hand side

of (5.2) is p

[ O : Z

p

]

. Hence, if the conditions of Theorem 5.13 are satis�ed, the in-

equalities in Lemmas 5.15 and 5.16 b ecome equalities and this easily implies that

F (	

2

) F ( �

0

) = M ( F (	

2

))

	

. Th us L cannot exist. �

Pr o of of L emma 5.15. It follo ws from Prop osition 5.22 (see section 5.5) that the

mo dule Hom( X

1

; ( E = O )(	

� 1

))

Gal ( F (	) =F )

is �nite. F or an y Galois c haracter � :

G

F

! O

�

put A

�

= E = O ( � ). By [Guo93a ] Prop osition 2.2(i) and Prop osition 2.3

Hom( X

1

; ( E = O )(	

� 1

))

Gal ( F (	) =F )

�

=

S

str

A

	

� 1

( F ) ;

where S

str

A

	

� 1

( F ) � H

1

(G

F

; A

	

� 1
) denotes the strict Selmer group de�ned b y Green-

b erg (see [Guo93a ], section 1 for de�nition). Note that the class n um b er restriction

in [Guo93a ] is not required for these results.

It is clear that S

str

A

	

� 1

( F )

�

=

S

str

A

(	

� 1

)

c

( F ) = S

str

A

	

( F ). The dualit y result of

[Guo93b ] Theorem 2 implies an isomorphism

S

str

A

	

( F )

�

=

S

str

A

	

� 1

�

( F )

if b oth Selmer groups are �nite. By the observ ation at the b eginning of the pro of

w e kno w that S

str

A

	

( F ) is �nite. F or the Selmer group of the dual c haracter the

argumen ts of the pro of of Prop osition 2.2 of [Guo93a ] imply that

S

str

A

	

� 1

�

( F ) , ! Hom( X

1

; ( E = O )(	

� 1

� ))

Gal ( F (	) =F )

:

By applying the Main Conjecture of Iw asa w a theory Wiles [Wil95 ] p. 532 pro v es

that

#Hom( X

1

; ( E = O )(	

� 1

� ))

Gal ( F (	) =F )

� #( O =L

in t

(0 ; � )) :

(F or similar results to w ards the Blo c h-Kato conjecture see also [Guo93a ] who treats

imaginary quadratic �elds of class n um b er one but Hec k e c haracters of general

in�nit y t yp es.) Finally , it is easy to see that

(5.3) #Hom( X

1

; ( E = O )(	

� 1

))

Gal ( F (	) =F )

=

= #( X

1


 O )

�

� 1

0

= ( 
 � 	

� 1

( 
 ))( X

1


 O )

�

� 1

0

:

�

Pr o of of L emma 5.16. The restriction pro vides a surjectiv e O -linear homomorphism

( X

1


 O )

�

� 1

0 � (Gal( M ( F (	

2

)) =F (	

2

)) 
 O )

�

� 1

0

:

Since Gal( F (	

2

) =F ) acts on Gal ( M ( F (	

2

))

	

=F (	

2

)) via 	

� 1

the comp osite

(5.4) ( X

1


 O )

�

� 1

0 � (Gal( M ( F (	

2

)) =F (	

2

) 
 O )

�

� 1

0 �

� (Gal( M ( F (	

2

))

	

=F (	

2

)) 
 O )

�

� 1

0
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clearly factors through

( X

1


 O )

�

� 1

0

= ( 
 � 	

� 1

( 
 ))( X

1


 O )

�

� 1

0

:

�

5.4. Mo dularit y theorem. In this section w e state a mo dularit y theorem whic h

is a consequence of the results of the previous sections. T o mak e its statemen t

self-con tained, w e explicitly include all the assumptions w e ha v e made so far.

Theorem 5.17. L et �

1

, �

2

b e He cke char acters of F with split c onductors and of

in�nity typ e z and z

� 1

r esp e ctively such that � := �

1

=�

2

is unr ami�e d. Assume

that the c onductor M
1

of �

1

is c oprime to ( p ) and that p - #( O

F

= M
1

)

�

. Mor e over,

assume that v al

p

( L

in t

(0 ; � )) > 0 .

L et � : G

�

! GL

2

( E ) b e a c ontinuous irr e ducible r epr esentation that is or dinary

at al l plac es q j p (in the sense of The or em 2.3). Supp ose �

ss

�

=

�

1

� �

2

with

�

1

= �

1 ; p � , �

2

= �

2 ; p . Set �

0

:= �

1

�

� 1

2

. If al l of the fol lowing c onditions ar e

satis�e d:

(1) � � f q j pd

F

M
1

M c

1

g ,

(2) the r epr esentation � 
 �

� 1

2

admits no upp er-triangular � -minimal deforma-

tion to GL

2

( O =$

2

O ) ,

(3) �

0

and �

� 1

0

ar e � -admissible

(4) det ( � ) = �

1

�

2

� ,

(5) � 
 �

� 1

2 ; p is � -minimal,

then � is mo dular in the sense of De�nition 2.4.

Remark 5.18. W rite Gal ( F (	) =F ) = � � � with �

�

=

Z

p

. If p - #� then b y

Theorem 5.13 condition (2) in Theorem 5.17 can b e replaced b y #( O =L

in t

(0 ; � )) =

p

[ O : Z

p

]

:

Remark 5.19. Theorem 4.4 and Remark 4.5 sho w that the conditions for the

conductor and in�nit y t yp e of � can b e relaxed if one imp oses a condition on the

torsion-freeness of a cohomology group.

Example 5.20. W e no w turn to a n umerical example in whic h w e can v erify

the conditions of Theorem 5.17 (under an additional assumption whic h w e discuss

b elo w). Let F = Q (

p

� 51 ) and p = 5 (whic h splits in F ). Since the class n um b er

is 2, there are t w o unrami�ed Hec k e c haracters of in�nit y t yp e z

2

. F or eac h of

them the functional equation relates the L -v alue at 0 to the L -v alue at 0 of a Hec k e

c haracter of in�nit y t yp e z =z . The latter one in turn is equal (b y the W eil lifting -

see e.g. [Miy89 ], Theorem 4.8.2 or [Iw a97 ], Theorem 12.5) to the L -v alue at 1 of a

w eigh t 3 mo dular form of lev el 51 and c haracter the Kronec k er sym b ol

�

� 51

�

�

. Let �

b e the Hec k e c haracter of in�nit y t yp e z

2

corresp onding to the mo dular form with

q -expansion starting with q + 3 q

3

+ : : : . Using MA GMA [CBE06 ] one calculates

(see Remark 5.21) that

v al

5

( L

in t

(0 ; � )) � 1 :

Assuming that the 5-v aluation is exactly 1 (see Remark 5.21 explaining the com-

putational issues in v olv ed) this is enough to satisfy condition (2) of Theorem 5.17

(cf. Remarks 5.14 and 5.18). The c haracters �

0

= � p � and �

� 1

0

are �-admissible

for appropriate sets � (i.e. they satisfy conditions (1), (3), (4) and (5) of De�nition

3.1) b ecause the ra y class �eld of conductor 5 (a degree 16 extension o v er F ) has
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class n um b er 3 (as calculated b y MA GMA assuming GRH). Here w e use that the

splitting �eld F ( �

0

) is con tained in the ra y class �eld of F of conductor 5.

Remark 5.21. In our calculation ab o v e w e use an op eration in MA GMA called

LRatio whic h calculates a rational normalisation of the L -v alue of a mo dular form

using mo dular sym b ols. This calculation giv es 5-v aluation equal to 1. Because of

the di�eren t p erio d used b y MA GMA w e can only con�rm that this pro vides a

lo w er b ound on the 5-v aluation of L

in t

(0 ; � ) = L (0 ; � ) = 


2

, for 
 the Neron p erio d

of a suitable elliptic curv e with complex m ultiplication b y F (see e.g. [Fin06], p.

768). This follo ws from the follo wing relations b et w een the di�eren t p erio ds:

1. The pro of of Lemma 7.1 of [DSW03] sho ws that the p erio d used b y MA GMA

(RealV olume) is an in tegral m ultiple of the canonical p erio d 
( f )

+

de�ned b y

V atsal [V at99 ] (up to divisors of N k ! for the lev el N = 51 and w eigh t k = 3 of the

mo dular form).

2. V atsal [V at99 ] pro v es that one can �nd a Diric hlet c haracter � suc h that

� ( � ) �

L (1 ;f ;� )

( � 2 � i )
( f )

�

(with � ( � 1) = ( � 1)

�

) is a 5-unit. Note that V atsal's condition

that �

f

is absolutely irreducible is satis�ed in our case and 
( f )

�

� 
( f )

+

b ecause

f is a CM form. Here w e write � to indicate equiv alence up to 5-unit . Because

� L (1 ; f ; � ) � L (0 ; � � res

Q

F

( � )) this implies that �

2

� 
( f )

+

is a 5-in tegral m ultiple

of 


2

.

5.5. A reducible deformation of �

0

. Let 	 = � p � . Then �

0

= 	. F or a �nite

set of primes S of F , let L

	

( S ) denote the maximal ab elian pro- p extension of F (	)

unrami�ed outside S and suc h that Gal( F (	) =F ) acts on Gal ( L

	

( S ) =F (	)) via

	

� 1

.

Prop osition 5.22. The gr oup Gal( L

	

(� n f pg ) =F (	)) is a torsion Z

p

-mo dule.

Pr o of. The �-admissibilit y of �

0

implies that the extension L

	

(� n f pg ) =F (	) is

unrami�ed a w a y from the primes lying o v er p. Then the claim follo ws from the

An ticyclotomic Main Conjecture of Iw asa w a Theory for imaginary quadratic �elds

(see [Til89 ], [Rub91], [MT90 ]) after noting that L (0 ; � ) 6= 0. �

Corollary 5.23. Ther e do es not exist a � -minimal r e ducible deformation of �

0

into GL

2

( A ) if A is not a torsion O -algebr a.

Pr o of. As in Prop osition 5.5 suc h a deformation w ould ha v e to b e of the form

(5.5) � =

�

1 �

	

�

:

By ordinarit y , one m ust also ha v e

� j

I p
�

=

�

1

	 j

I p

�

;

whic h implies that the upp er shoulder � in (5.5) corresp onds to an extension

L=F (	) whic h is unrami�ed a w a y from primes lying o v er p. Since A is not a

torsion Z

p

-mo dule, this w ould con tradict Prop osition 5.22. �

Remark 5.24. In [SW97 ] Skinner and Wiles pro v e an R = T theorem for defor-

mations of a certain class of reducible (non-semi-simple) residual represen tations of

G

Q

of the form

�

1 �

�

�

for � : G

Q

! F

�

p

a con tin uous c haracter. They apply the

n umerical criterion of Wiles and Lenstra [Len95 ], [Wil95] b y �rst relating the size
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of the relev an t univ ersal deformation ring to a sp ecial v alue of the L -function of

� . They ac hiev e this b y studying the Galois cohomology of ad � for a �-minimal

reducible deformation � with v alues in a c haracteristic zero Z

p

-algebra O . Here �

is a �nite set of primes of Q satisfying similar conditions to the ones w e imp osed

on our sets �. Corollary 5.23 means that their metho d cannot b e applied in our

case.

Ev en though no �-minimal c haracteristic zero deformations of �

0

exist, w e no w

sho w that if one drops the ordinarit y condition at p, it is p ossible to construct a

reducible (non-ordinary) deformation of �

0

in to GL

2

( O ).

Prop osition 5.25. The gr oup Gal( L

	

(�) =F (	)) 


O [Gal ( F (	) =F )]

O is an O -mo dule

of r ank one.

Pr o of. This follo ws from a result of Green b erg [Gre78 ] as w e no w explain. As

b efore the �-admissibilit y of �

0

easily implies that the extension L

	

(�) =F (	) is

unrami�ed a w a y from primes lying o v er f p; pg . Hence without loss of generalit y w e

assume that � = f p; pg . W e ha v e the follo wing diagram of �elds

(5.6) F (	)

�

vvv
vvv

vvv
�

HHH
HHH

HHH

F

0

� HHH
HHH

HHH
H F

1

�

vvv
vvv

vvv

F

where �

�

=

Z

p

and � is a �nite group (whose non- p -part is isomorphic to the

group Gal ( F ( �

0

) =F )). Set X

	

:= Gal ( L

	

(�) =F (	)). Let L=F (	) b e the maxi-

mal ab elian pro- p extension of F (	) unrami�ed a w a y from f p; pg and write X for

Gal ( L=F (	)). Then X

	

is a quotien t of X . Both, X and X

	

are Z

p

[[�]]-mo dules

in a natural w a y . By c ho osing a generator 
 of � w e can mak e the inden ti�cation

� := Z

p

[[�]]

�

=

Z

p

[[ T ]]

b y sending 
 to T + 1. By Theorem on page 85 of [Gre78 ] w e ha v e

X 


Z

p

E

�

=

�

#�

E

� (�

E

-torsion) ;

where �

E

:= � 
 E . Let X

E

:= ( X 
 E )/(�

E

-torsion).

Consider the action of E [�] on X

E

. Let �

_

denote the group of c haracters of

�, and write

X

E

=

M

 2 �

_

X

 

E

;

where

X

 

E

:= f x 2 X

E

j � x =  ( � ) x for ev ery � 2 � g :

It is not hard to see that for ev ery  2 �

_

, one has X

 

E

6= 0. This in particular

means that ev ery c haracter of � app ears exactly once, b ecause the �

E

-rank of X

E

equals #�. No w, consider the action of � on X

E

. Let 	

0

:= 	 j

Gal( F (	) =F

0

)

. Since

Gal ( F (	) =F )

�

=

� � Gal( F (	) =F

0

), w e can study the action of the t w o direct

summands separately . W e ha v e X

	 j

�

E

= �

E

, hence

Gal( L

	

(�) =F (	)) 


Z

p

[Gal( F (	) =F )]

E

�

=

�

E

= ( T + 1 � 	( 
 ))

�

=

E ;
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where 
 is a top ological generator of Gal ( F (	) =F

0

). This clearly implies the claim

of the prop osition. �

Corollary 5.26. Ther e exists a deformation � : G

�

! GL

2

( O ) of �

0

of the form

�

�

=

�

1 �

	

�

:

The extension F ( � ) =F (	) is unr ami�e d away fr om f p; pg .

Pr o of. This follo ws easily from Prop osition 5.25. See for example the discussion on

page 10522 of [SW97]. �

Remark 5.27. The represen tation � in Corollary 5.26 is not ordinary . Indeed, if it

w ere ordinary the represen tation � j

D p
w ould ha v e an unrami�ed quotien t. Since it

clearly has an unrami�ed submo dule, it w ould b e split and th us the upp er shoulder

� w ould corresp ond to a non- Z

p

-torsion extension of F (	) unrami�ed a w a y from p,

whic h do es not exist b y Prop osition 5.22. On the other hand � is ne arly or dinary

in the sense of Tilouine (see e.g. De�nition 3.1 of [W es05 ]) with resp ect to the

upp er-triangular Borels at p and p. Since one has

� j

I p
�

=

�

1 �

� j

I p

�

;

the represen tation � is, ho w ev er, not de Rham.
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