
ADELIC MAASS SP A CES ON U(2 ; 2)

KRZYSZTOF KLOSIN

Abstra ct. Generalizing the results of [6], [3] and [7], w e de�ne an adelic

v ersion of the Maass space for hermitian mo dular forms of w eigh t k regarded as

functions on the adelic p oin ts of the quasi-split unitary group U(2 ; 2) asso ciated

with an imaginary quadratic extension F = Q of discriminan t D

F

. W e sho w that

the Maass space is in v arian t under the action of the lo cal Hec k e algebras of

U(2 ; 2)( Q

p

) for all p - D

F

. When the class n um b er h

F

of F is o dd, w e use

results of Krieg [7] to obtain a Hec k e-equiv arian t injectiv e map Desc from the

Maass space to the h

F

-fold direct pro duct of the space of elliptic mo dular forms

M

k � 1

(�

0

( D

F

)). Finally , w e analyze the eigenforms f in the Maass space and

compute the standard L -function of f in terms of the L -function attac hed to

the F -base c hange of Desc( f ).

1. Intr oduction

In 1977 Saito and Kurok a w a [8] conjectured that cusp forms in S

2 k � 2

(SL

2

( Z ))

can b e lifted to Siegel mo dular forms of w eigh t k and that this lifting is Hec k e-

equiv arian t in an appropriate sense. This conjecture w as pro v ed in a series of

pap ers b y Maass [9 ], Andriano v [1 ], and Zagier [14 ], and later reform ulated and

pro v ed using the language of represen tation theory b y Piatetski-Shapiro [10 ]. In

the 1980s Ko jima [6] and Gritsenk o [3] pro v ed the existence of a similar lifting

from the space of mo dular forms of lev el 4 and non-trivial c haracter to the space

of hermitian mo dular forms. The group U(2 ; 2) for whic h the hermitian mo dular

forms w ere de�ned w as asso ciated with the extension Q ( i ) = Q . F ollo wing [6] w e

will refer to the image of this lifting as the Maass sp ac e and to the lifting itself

as the Maass lifting . In 1991 Krieg [7] extended the results of [6] and [3] to all

the imaginary quadratic �elds and sho w ed Hec k e-equiv ariance of the Maass lifting

for a certain family of Hec k e op erators living in the lo cal Hec k e algebra at p , for p

an y inert prime. As [6], [3 ] and [7] all treated hermitian mo dular forms as classical

ob jects (i.e., as functions de�ned on a higher-dimensional analogue of the complex

upp er half-plane), their metho ds did not yield Hec k e-equiv ariance of the lift under

the action of lo cal Hec k e algebras at split primes, except when the class n um b er of

F w as one ([3]).

In this article w e de�ne an adelic v ersion of the Maass space b y imp osing a con-

dition on the F ourier co e�cien ts of hermitian mo dular forms regarded as functions

on U (2 ; 2)( A ) (De�nition 5.1). In fact our de�nition reduces to that of Krieg's when

the class n um b er of F is one. W e also sho w that the adelic Maass space, whic h w e

denote b y M

M

k

, is in v arian t under the action of lo cal Hec k e algebras at all primes

p not rami�ed in F = Q (Theorem 6.1).

When the class n um b er h

F

of F is o dd, w e sho w that M

M

k

is isomorphic to

h

F

copies of Krieg's Maass space (Prop osition 5.7), and hence obtain a lifting
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from M

k � 1

( D

F

; �

F

)

h

F

to M

M

k

together with a homomorphism from the Hec k e

algebra of M

k

(the space of hermitian mo dular forms on U(2 ; 2)) in to the space

of endomorphisms of M

k � 1

( D

F

; �

F

)

h

F

generated b y the classical Hec k e op erators

T

p

(for p split), T

2

p

(for p inert) and the group of p erm utations of the factors in

M

k � 1

( D

F

; �

F

)

h

F

(Theorems 7.3 and 7.4). In the last section w e study eigenforms f

in the cuspidal part of M

M

k

and sho w that the standard L -function of f factors in to a

pro duct of t w o L -functions attac hed to an eigenform form in S

k � 1

( D

F

; �

F

). W e also

recast the main result of Ik eda [4 ] on the existence of a lifting S

k � 1

( D

F

; �

F

) ! M

k

in our curren t framew ork.

In [5] the author used Hec k e-equiv ariance of the Maass lifting for the extension

Q ( i ) = Q pro v ed in [3] to construct congruences b et w een Maass forms and non-Maass

forms and as a consequence giv e evidence for the Blo c h-Kato conjecture (Theorem

7.11 and Corollary 9.9 in [5]). W e hop e to b e able to use Theorem 6.1 to extend

the results of [5] to all imaginary quadratic �elds of o dd class n um b er.

W e w ork with the Hec k e algebra for the algebraic group U(2 ; 2) instead of

GU(2 ; 2) whic h is the case in [3 ] and [7 ], but our results easily imply analogous

ones for GU(2 ; 2).

2. Definitions

Let F b e an imaginary quadratic �eld with ring of in tegers O

F

. Denote b y Cl

F

the class group of F and set h

F

:= # Cl

F

. F or an y a�ne group sc heme X o v er O

F

and an y Z -algebra A , w e denote b y x 7! x the automorphism of (Res

O

F

= Z

X )( A )

induced b y the non-trivial automorphism of F = Q . Note that (Res

O

F

= Z

X )( A ) can

b e iden ti�ed with a subgroup of GL

n

( A 
 O

F

) for some n . In what follo ws w e

alw a ys sp ecify suc h an iden ti�cation. Then for x 2 (Res

O

F

= Z

X )( A ) w e write x

t

for the transp ose of x , and set x

�

:= x

t

and ^x := ( x

t

)

� 1

. Moreo v er, w e write

diag( a

1

; a

2

; : : : ; a

n

) for the n � n -matrix with a

1

; a

2

; : : : a

n

on the diagonal and all

the o�-diagonal en tries equal to zero.

T o the extension F = Q w e asso ciate the quasi-split unitary group

U( n; n ) := f g 2 Res

O

F

= Z

GL

2 n= O

F

j g J

n

g

�

= J

n

g ;

where J

n

=

�

� I

n

I

n

�

and I

n

stands for the n � n iden tit y matrix. F or q 2

Res

O

F

= Z

GL

n= O

F

, w e set p

q

:=

�

q

^q

�

2 U( n; n ). W e will also write G for U(2 ; 2)

and J for J

2

.

F or a prime ideal p of F , let F p denote the completion of F with resp ect to

the v aluation induced b y p. Set F

p

:= F 


Q

Q

p

and O

F ;p

= O

F




Z

Z

p

. Note

that if p is inert or rami�ed in F , then F

p

= Q

p

is a degree t w o extension of lo cal

�elds and a 7! a induces the non-trivial automorphism in Gal( F

p

= Q

p

). If p splits

in F , denote b y �

p; 1

; �

p; 2

the t w o distinct em b eddings of F in to Q

p

. Then the

map a 
 b 7! ( �

p; 1

( a ) b; �

p; 2

( a ) b ), induces a Q

p

-algebra isomorphism F

p

�

=

Q

p

� Q

p

,

and a 7! a corresp onds on the righ t-hand side to the automorphism de�ned b y

( a; b ) 7! ( b; a ). W e denote the isomorphism Q

p

� Q

p

�

� ! F

p

b y �

p

. F or a matrix

g = ( g

ij

) with en tries in Q

p

� Q

p

w e also set �

p

( g ) = ( �

p

( g

ij

)). F or a split prime p

the map �

� 1

p

iden ti�es G ( Q

p

) with

G

p

= f ( g

1

; g

2

) 2 GL

4

( Q

p

) � GL

4

( Q

p

) j g

1

J g

t

2

= J g :

Note that the map ( g

1

; g

2

) 7! g

1

giv es a (non-canonical) isomorphism G ( Q

p

)

�

=

GL

4

( Q

p

).
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Denote b y A (resp. A

f

, A

F

, A

F ; f

) the ring of adeles of Q (resp. �nite adeles of

Q , adeles of F , �nite adeles of F ). F or an adele a , w e write a

f

for its �nite part.

Set

^

Z :=

Q

p

Z

p

,

^

O

F

:= O

F




Z

^

Z , K

0

= GL

2

(

^

O

F

) and K = G (

^

Z ). Note that K is

a maximal compact subgroup of G ( A

f

). Moreo v er, write

K

1

:= f x 2 G ( R ) j x = ^x g

for the maximal compact subgroup of G ( R ). F or an y rational prime p , denote b y

j

p

the canonical em b edding G ( Q

p

) , ! G ( A ) :

Let M

n

denote the additiv e group of n � n matrices. Set

S = f h 2 Res

O

F

= Z

M

2 = O

F

j h

�

= h g ;

T = f h 2 S ( Q ) j tr ( S ( Z ) h ) � Z g ;

T

p

= f h 2 S ( Q

p

) j tr ( S ( Z

p

) h ) � Z

p

g :

F or a matrix h 2 S ( A ) suc h that h

p

2 T

p

for ev ery prime p , set

�

p

( h ) = max f n 2 Z j

1

p

n

h

p

2 T

p

g

and

� ( h ) =

Y

p

p

�

p

( h )

:

Note that �

p

( h ) � 0 for ev ery p and � ( h ) = � ( h

f

).

3. Some coset decompositions

T o shorten notation in this section w e put U

n

= U ( n; n ). It is w ell-kno wn (see

e.g., [2], Theorem 3.3.1) that for an y �nite subset B of GL

n

( A

F ; f

) of cardinalit y h

F

with the prop ert y that the canonical pro jection c

F

: A

�

F

� Cl

F

restricted to det B

is a bijection, the follo wing decomp osition holds

GL

n

( A

F

) =

G

b 2B

GL

n

( F ) GL

n

( C ) b GL

n

(

^

O

F

) :

W e will call an y suc h B a b ase . W e alw a ys assume that a base comes with a �xed

ordering, so in particular if w e consider a tuple ( f

b

)

b 2B

indexed b y elemen ts of B ,

and apply a p erm utation � to the elemen ts f

b

, w e do not consider the tuples ( f

b

)

b 2B

and ( f

� ( b )

)

b 2B

to b e the same.

Put

H := f a 2 Res

O

F

= Z

G

m= O

F

j a a = 1 g ;

and de�ne ' : Res

O

F

= Z

G

m= O

F

! H b y ' ( a ) = a= a . Here G

m

denotes the

m ultiplicativ e group.

Prop osition 3.1. Ther e exists a �nite subset C � U

n

( A

f

) such that the fol lowing

de c omp osition holds

(3.1) U

n

( A ) =

G

c 2C

U

n

( Q ) U

n

( R ) cU

n

(

^

Z ) :

Mor e over, e ach element of C c an b e taken to b e of the form p

b

for some b in a �xe d

b ase B .

Pr o of. This follo ws easily from Lemmas 5.11(4) and 8.14 of [12 ]. �

Corollary 3.2. If ( h

F

; 2 n ) = 1 a b ase B c an b e chosen so that for al l b 2 B the

matric es b and p

b

ar e sc alar matric es and bb

�

= b

�

b = I

n

.



4 KRZYSZTOF KLOSIN

Pr o of. It follo ws from the Tc heb otarev densit y theorem, that elemen ts of Cl

F

can

b e represen ted b y prime ideals. Since all the inert ideals are principal, Cl

F

can b e

represen ted b y prime ideals lying o v er split primes of the form p O

F

= pp. Let � b e

a represen ting set consisting of suc h ideals p. As (2 n; h

F

) = 1, the set �

2 n

consisting

of elemen ts of � raised to the p o w er 2 n is also a represen ting set for Cl

F

. Moreo v er,

as pp is a principal ideal, p = p� 1

as elemen ts of Cl

F

, hence �

0

:= f pn p� n

g p 2 �

also

represen ts all the elemen ts Cl

F

. Elemen ts of �

0

can b e written adelically as �

n

p ,

with � p = (1 ; 1 ; : : : ; 1 ; p; p

� 1

; 1 ; : : : ) 2 A

F ; f

, where p app ears on the p-th place and

p

� 1

app ears at the p-th place. Set b p = � p I

n

. Then w e can tak e B = f b p g p n p � n

2 �

0

and w e ha v e p

b p = � p I

2 n

. It is also clear that bb

�

= b

�

b = I

n

. �

4. Hermitian modular f orms

F rom no w on let k b e a p ositiv e in teger divisible b y # O

�

F

. Let i = [

i

i

] and set

H := f Z 2 M

2

( C ) j � i ( Z � Z

�

) > 0 g :

The group G ( R ) acts on H - an elemen t g = [

A B

C D

] 2 G ( R ) (with A; B ; C ; D 2

M

2

( C )) sends Z 2 H to g Z := ( AZ + B )( C Z + D )

� 1

. Set j ( g ; Z ) := det( C Z + D ).

F or a congruence subgroup � � G ( Q ), de�ne M

0

k

(�) to b e the C -space consisting

of functions f : H ! C satisfying

( f j

k


 )( Z ) := (det 
 )

k = 2

j ( 
 ; Z )

� k

f ( 
 Z ) = f ( Z )

for all 
 2 � : Denote b y M

k

(�) the subspace of M

0

k

(�) consisting of holomorphic

functions. W e call elemen ts of M

k

(�) the � -hermitian mo dular forms (of weight

k ) .

Let M

0

k

denote the C -space consisting of functions f : G ( A ) ! C satisfying the

follo wing conditions:

� f ( 
 g ) = f ( g ) for all 
 2 G ( Q ), g 2 G ( A ),

� f ( g � ) = f ( g ) for all � 2 K , g 2 G ( A ),

� f ( g u ) = (det u )

k = 2

j ( u; i )

� k

f ( g ) for all g 2 G ( A ), u 2 K

1

.

The factor (det u )

k = 2

ensures the cen ter of G ( R ) acts trivially on f .

F or g 2 G ( A ), write g = 
 g

1

c� 2 G ( Q ) G ( R ) cK with c 2 G ( A

f

) and set

Z := g

1

i . Set f

c

( Z ) = (det g

1

)

� k = 2

j ( g

1

; i )

k

f ( g ) and write �

c

for G ( Q ) \ ( G ( R ) �

cK c

� 1

). Denote b y M

k

the C -v ector subspace of M

0

k

consisting of those f for

whic h f

c

2 M

k

(�

c

) for ev ery c 2 G ( A

f

).

De�nition 4.1. A function f 2 M

k

will b e called a hermitian mo dular form of

weight k .

Let C � G ( A

f

) b e a �nite subset suc h that

G ( A ) =

G

c 2C

G ( Q ) G ( R ) cK :

In particular if h

F

is o dd w e can tak e C = f p

b

g

b 2B

for an y base B . Ev ery g 2 G ( A )

can b e written as g = 
 g

1

c� 2 G ( Q ) G ( R ) cK for a unique c 2 C . W e ha v e ([12 ],

Lemma 10.8(1))

(4.1) M

k

�

=

Y

c 2C

M

k

(�

c

) :
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F or ev ery q 2 G ( A

f

), f

q

2 M

k

(�

q

) p ossesses a F ourier expansion

f

q

( Z ) =

X

h 2 S ( Q )

c

q

( h ) e

2 � i tr ( hZ )

:

Similarly , ev ery f 2 M

k

p ossesses a F ourier expansion, i.e., for ev ery q 2 GL

2

( A

F

),

and ev ery h 2 S ( Q ) there exists a complex n um b er c

f

( h; q ) suc h that one has

f

��

I

2

�

I

2

� �

q

^q

��

=

X

h 2 S ( Q )

c

f

( h; q ) e

A

(tr h� )

for ev ery � 2 S ( A ). Here e

A

is de�ned in the follo wing w a y . Let a = ( a

v

) 2 A ,

where v runs o v er all the places of Q . If v = 1 , set e

v

( a

v

) = e

2 � ia

v

. If v = p , set

e

v

( a

v

) = e

� 2 � iy

, where y is a rational n um b er suc h that a

v

� y 2 Z

p

. Then w e set

e

A

( a ) =

Q

v

e

v

( a

v

).

De�nition 4.2. Let B b e a base. W e will sa y that q 2 GL

2

( A

F

) b elongs to a class

b 2 B if there exist 
 2 GL

2

( F ), q

1

2 GL

2

( C ) and � 2 K

0

suc h that q = 
 bq

1

� .

Remark 4.3. It is clear that the class of q dep ends only on q

f

.

Lemma 4.4. Supp ose r 2 GL

2

( A

F

) and q 2 GL

2

( A

F

) b elong to the same class

and r

f

= 
 q

f

� 2 GL

2

( F ) q

f

GL

2

(

^

O

F

) . Then

(4.2) c

f

( h; r ) =

�

�

�

�

det r

1

det q

1

�

�

�

�

k

e

� 2 � tr ( r

�

1

hr

1

� q

�

1




�

h
 q

1

)

j det 
 j

� k

c

f

( 


�

h
 ; q ) :

Pr o of. It follo ws from the pro of of part (4) of Prop osition 18.3 of [12 ], that

(4.3) c

f

( h; r ) = j det r

1

j

k

e

� 2 � tr ( r

�

1

hr

1

)

c

p

r

f

( h ) ;

where

f

p

r

f

( Z ) =

X

h 2 S

c

p

r

f

( h ) e

2 � i tr hZ

:

As is easy to see (cf. for example the Pro of of Lemma 10.8 in [12 ]), f

p

r

f

=

f

p

q

f

j

k

h




� 1




�

i

. Hence

(4.4) c

p

r

f

( h ) = j det 
 j

� k

c

p

q

f

( 


�

h
 ) :

The Lemma follo ws from com bining (4.3) with (4.4). �

5. The Maass sp a ce

De�nition 5.1. Let B b e a base. W e sa y that f 2 M

k

is a B - Maass form if there

exist functions c

b;f

: Z

� 0

! C , b 2 B , suc h that for ev ery q 2 GL

2

( A

F

) and ev ery

h 2 S ( Q ) the F ourier co e�cien t c

f

( h; q ) satis�es

(5.1) c

f

( h; q ) = j det q

1

j

k

e

� 2 � tr ( q

�

1

hq

1

)

j det 


b;q

j

� k

�

�

X

d 2 Z

+

d j � ( q

�

f

hq

f

)

d

k � 1

c

b;f

 

D

F

d

� 2

det h

Y

p

p

v al

p

(det q

�

f

q

f

)

!

;

where q

f

= 


b;q

b�

q

2 GL

2

( F ) bK

0

for a unique b 2 B .
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Remark 5.2. Note that b y [12 ], Prop osition 18.3(2), c

f

( h; q ) 6= 0 only if ( q

�

hq )

p

2

T

p

, so �

p

( q

�

f

hq

f

) � 0. Also, note that De�nition 5.1 is indep enden t of the decomp o-

sition q

f

= 


b;q

b�

q

2 GL

2

( F ) bK

0

. Indeed, if q

f

= 


0

b;q

b�

0

q

2 GL

2

( F ) bK

0

is another

decomp osition of q

f

, then

det 


0

b;q

det 


� 1

b;q

= det( �

q

( �

0

q

)

� 1

) 2

^

O

�

F

\ F

�

= O

�

F

;

so det( 


0

b;q

)

k

= det 


k

b;q

.

De�nition 5.3. The C -subspace of M

k

consisting of B -Maass forms will b e called

the B - Maass sp ac e .

Prop osition 5.4. Cho ose a b ase B and let f 2 M

k

. If ther e exist functions

c

�

b;f

: Z

� 0

! C , b 2 B , such that for every b 2 B and every h 2 S ( Q ) , the F ourier

c o e�cient c

f

( h; b ) satis�es c ondition (5.1) with c

�

b;f

in plac e of c

b;f

, then f is a

B -Maass form and one has c

b;f

= c

�

b;f

for every b 2 B .

Pr o of. Fix B and f 2 M

k

. Supp ose there exist c

�

b;f

suc h that (5.1) is satis�ed for all

pairs ( h; b ). Let q = 
 bx� = ( 
 x; 
 b� ) 2 GL

2

( C ) � GL

2

( A

F ; f

), where 
 2 GL

2

( F ),

x 2 GL

2

( C ) and � 2 K

0

. Then b y Lemma 4.4,

c

f

( h; q ) = j det q

1

j

k

e

� 2 � tr ( q

�

1

hq

1

� 


�

h
 )

j det 
 j

� k

c

f

( 


�

h
 ; b ) :

Since condition (5.1) is satis�ed for ( h; b ), w e kno w that

c

f

( h; b ) = e

� 2 � tr h

X

d 2 Z

+

d j � ( b

�

hb )

d

k � 1

c

�

b;f

 

D

F

d

� 2

det h

Y

p

p

v al

p

(det b

�

b )

!

:

Th us

c

f

( 


�

h
 ; b ) = e

� 2 � tr ( 


�

h
 )

X

d 2 Z

+

d j � ( b

�




�

h
 b )

d

k � 1

c

�

b;f

 

D

F

d

� 2

det( 


�

h
 )

Y

p

p

v al

p

(det b

�

b )

!

:

So,

(5.2) c

f

( h; q ) = j det q

1

j

k

e

� 2 � tr ( q

�

1

hq

1

)

j det 
 j

� k

�

�

X

d 2 Z

+

d j � ( b

�




�

h
 b )

d

k � 1

c

�

b;f

 

D

F

d

� 2

det h det( 


�


 )

Y

p

p

v al

p

(det b

�

b )

!

:

The claim no w follo ws since � ( b

�




�

h
 b ) = � ( q

�

f

hq

f

) and det ( 


�


 ) 2 Q

+

, so det( 


�


 ) =

Q

p

p

v al

p

(det 


�


 )

. �

Prop osition 5.5. If B and B

0

ar e two b ases, then the B -Maass sp ac e and the B

0

-

Maass sp ac e c oincide, i.e., the notion of a Maass form is indep endent of the choic e

of the b ase.

Pr o of. Let B and B

0

b e t w o bases. W rite q

f

= 


b;q

b�

B

= 


b

0

;q

b

0

�

B

0

with b 2 B ,

b

0

2 B

0

, 


b;q

; 


b

0

;q

2 GL

2

( F ) and �

B

; �

B

0

2 K

0

. Supp ose f is a B -Maass form, i.e.,

there exist functions c

b;f

for b 2 B , suc h that for ev ery q and h ,

c

f

( h; q ) = t j det 


b;q

j

� k

X

d 2 Z

+

d j � ( q

�

f

hq

f

)

d

k � 1

c

b;f

( s ) ;
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where t = j det q

1

j

k

e

� 2 � tr ( q

�

1

hq

1

)

and s = D

F

d

� 2

det h

Q

p

p

v al

p

(det q

�

f

q

f

)

. Our goal

is to sho w that there exist functions c

b

0

;f

for b

0

2 B

0

, suc h that for ev ery q and h ,

(5.3) c

f

( h; q ) = t j det 


b

0

;q

j

� k

X

d 2 Z

+

d j � ( q

�

f

hq

f

)

d

k � 1

c

b

0

;f

( s ) :

W e ha v e

(5.4) det 


b;q

= det 


b

0

;q

det( b

0

b

� 1

) det( �

� 1

B

�

B

0

) :

Since det( b

0

b

� 1

) corresp onds to a principal fractional ideal, sa y ( �

b;b

0

), under the

map (( �

b;b

0

) p ) 7!

Q

p pv al p (( �

b;b

0

) p )

, using [2 ], Theorem 3.3.1, w e can write det( b

0

b

� 1

) =

�

b;b

0

�

b;b

0

2 A

�

F ; f

with �

b;b

0

2

^

O

�

F

. Then it follo ws from (5.4) that

� := �

b;b

0

det( �

� 1

B

�

B

0

) 2

^

O

�

F

\ F

�

= O

�

F

:

Hence �

k

= 1. Th us j det 


b;q

j

� k

= j det 


b

0

;q

j

� k

j �

b;b

0

j

� k

. Note that j �

b;b

0

j

� k

is

w ell de�ned and only dep ends on b and b

0

(i.e., it is indep enden t of q and h ). Set

c

b

0

;f

( n ) = j �

b;b

0

j

� k

c

b;f

( n ). Then it is clear that c

b

0

;f

satis�es (5.3). �

De�nition 5.6. F rom no w on w e will refer to B -Maass forms simply as Maass

forms . Similarly w e will talk ab out the Maass sp ac e instead of B -Maass spaces.

This is justi�ed b y Prop osition 5.5. The Maass space will b e denoted b y M

M

k

.

W e no w recall the de�nition of Maass space in tro duced in [7 ]. W e will refer

to it as the G ( Z )-Maass space. Consider the space M

k

( G ( Z )) of G ( Z )-hermitian

mo dular forms of w eigh t k . W e sa y that f ( Z ) =

P

h 2 T

c

f

( h ) e

2 � i tr ( hZ )

2 M

k

( G ( Z ))

is a G ( Z ) -Maass form if there exists a function �

f

: Z

� 0

! C suc h that for ev ery

h 2 T , one has

(5.5) c

f

( h ) =

X

d 2 Z

+

d j � ( h )

d

k � 1

�

f

( D

F

d

� 2

det h ) :

The subspace of M

k

( G ( Z )) consisting of G ( Z )-Maass forms will b e denoted b y

M

M

k

( G ( Z )).

Prop osition 5.7. If 2 - h

F

, then the Maass sp ac e M

M

k

is isomorphic (as a C -line ar

sp ac e) to # B c opies of the G ( Z ) -Maass sp ac e M

M

k

( G ( Z )) .

Pr o of. Since the Maass space is indep enden t of the c hoice of a base B b y Prop osition

5.5, w e ma y c ho ose B as in Corollary 3.2 and # B = # C = h

F

, with C as in

Prop osition 3.1. The map �

B

: M

k

!

Q

b 2B

M

k

( G ( Z )) is an isomorphism. Let f 2

M

M

k

and set ( f

b

)

b 2B

= �

B

( f ). Set �

f

b

:= c

b;f

. Then using (4.3), and the fact that

the matrices b comm ute with h and b

�

b = I

2

, w e see that condition (5.1) for c

f

( h; b )

translates in to condition (5.5) for c

f

b

( h ). Hence �

B

( M

M

k

) �

Q

b 2B

M

M

k

( G ( Z )). On

the other hand if ( f

b

)

b 2B

2

Q

b 2B

M

M

k

( G ( Z )), set c

b;f

:= �

f

b

. Then conditions

(5.5) for c

f

b

( h ) translate in to conditions (5.1) for c

f

( b; h ). By Prop osition 5.4 this

implies that f is a Maass form. �
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6. Inv ariance under Hecke a ction

It w as pro v ed in [7 ] that the G ( Z )-Maass space is in v arian t under the action of

a certain Hec k e op erator T

p

asso ciated with a prime p whic h is inert in F . On the

other hand Gritsenk o in [3] pro v ed the in v ariance of the G ( Z )-Maass space under

all the Hec k e op erators when the class n um b er of F is equal to 1. In this section

w e sho w that the Maass space M

M

k

is in fact in v arian t under all the lo cal Hec k e

algebras (for primes p - D

F

) without imp osing restrictions on the class n um b er.

6.1. The Hec k e algebra. Let p b e a rational prime and write K

p

for G ( Z

p

). Let

H

p

b e the C -algebra generated b y double cosets K

p

g K

p

, g 2 G ( Q

p

) with the usual

la w of m ultiplication (cf. [12 ], section 11). If K

p

g K

p

2 H

p

, there exists a �nite set

A

g

� G ( Q

p

) suc h that K

p

g K

p

=

F

� 2 A

g

K

p

� .

F or f 2 M

k

, g 2 G ( Q

p

), h 2 G ( A ), set

([ K

p

g K

p

] f )( h ) =

X

� 2 A

g

f ( hj

p

( � )

� 1

) :

It is a standard fact that [ K

p

g K

p

] f 2 M

k

.

Theorem 6.1. L et p - D

F

b e a r ational prime. The Maass sp ac e is invariant under

the action of H

p

, i.e., if f 2 M

M

k

, and g 2 G ( Q

p

) , then [ K

p

g K

p

] f 2 M

M

k

.

Pr o of. W e will only presen t the pro of in the case when p splits in F = Q . F or suc h a

prime p the in v ariance of M

M

k

under the action of H

p

follo ws from Lemma 6.2 and

Prop ositions 6.7, 6.10 and 6.11 b elo w. If p is inert one can pro ceed along the same

lines, ho w ev er, it is the case when p splits that is essen tially new. Indeed, if p is

inert, the elemen ts of H

p

resp ect the decomp osition (4.1), hence the statemen t of

the theorem reduces to an assertion ab out the action of H

p

on M

k

( G ( Z )). Then

the metho d used in [3 ] can b e adapted to pro v e the theorem. See also Theorem 7

in [7] whic h pro v es the in v ariance of the G ( Z )-Maass space for a certain family of

Hec k e op erators in H

p

. �

Let p b e a prime whic h splits in F . W rite p O

F

= pp. Let �

p; 1

, �

p; 2

, �

p

b e as

in section 2. Assume that �

p; 1

is con tin uous with resp ect to the p-adic v aluation.

Recall that G ( Q

p

)

�

=

GL

4

( Q

p

), and an elemen t A of G ( Q

p

) can b e written as

A = ( A

1

; A

2

) 2 GL

4

( Q

p

) � GL

4

( Q

p

) with A

2

= � J ( A

t

1

)

� 1

J : Set

� T p := K

p

�

p

((diag ( p

� 1

; 1 ; 1 ; 1) ; diag (1 ; 1 ; p; 1))) K

p

; T p = T

�

p ;

� U p := K

p

�

p

((diag ( p

� 1

; p

� 1

; 1 ; 1) ; diag(1 ; 1 ; p; p ))) K

p

; U p = U

�

p ;

� � p := K

p

�

p

(( pI

4

; p

� 1

I

4

)) K

p

; � p = �

�

p .

Lemma 6.2. The C -algebr a H

p

is gener ate d by the op er ators T p , T p , U p , � p and

their inverses.

Pr o of. This follo ws from the theory of Hec k e algebras on GL

4

( Q

p

). �

W e will only pro v e the in v ariance of the Maass space under the op erators T p , U p

and � p . The pro ofs for T p , U p and � p are iden tical.

In the rest of section 6, l will denote a rational prime.
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6.2. Diagonalizing hermitian matrices mo d l

n

. W e b egin b y generalizing Prop o-

sition 7 of [7 ] to split primes.

Prop osition 6.3. L et n b e a p ositive inte ger, and assume l - D

F

. L et h 2 T

l

,

h 6= 0 . Then ther e exist a , d 2 Z

l

with l - a and u 2 SL

2

( O

F ;l

) such that

u

�

hu � l

�

l

( h )

�

a

d

�

(mo d l

n

T

l

) :

In fact it is enough to pro v e the follo wing lemma.

Lemma 6.4. Pr op osition 6.3 holds if T

l

is r eplac e d by the sub gr oup of hermitian

matric es inside M

2

( O

F ;l

) .

Pr o of. F or inert l , this is Prop osition 7 of [7 ]. So, assume that l O

F

= � � with

� 6= � . Without loss of generalit y w e ma y assume that �

l

( h ) = 0. Let ( M ; M

t

) b e

the image of h under the comp osite

(6.1) M

2

( O

F ;l

) � M

2

( O

F

=l

n

O

F

)

�

� ! M

2

( O

F

=�

n

) � M

2

( O

F

= �

n

)

�

=

�

=

M

2

( Z =l

n

Z ) � M

2

( Z =l

n

Z ) :

Since the canonical map

SL

2

( O

F ;l

) ! SL

2

( O

F

=l

n

O

F

)

�

=

SL

2

( Z =l

n

O

F

) � SL

2

( Z =l

n

Z )

is surjectiv e ([11 ], p. 490), it is enough to �nd A

1

; A

2

2 SL

2

( Z =l

n

Z ) suc h that

(6.2) A

t

2

M A

1

= [

�

�

]

with � 6� 0 mo d p . The existence of suc h A

1

and A

2

is clear. �

6.3. In v ariance under T p .

Lemma 6.5. We have the fol lowing de c omp osition

T p =

G

a;b;c 2 Z =p Z

K

p

��

p

� 1

ap

� 1

bp

� 1

cp

� 1

1

1

1

�

;

�

1 b

1 c

p

� a 1

��

t

G

d;e 2 Z =p Z

K

p

� �

1

p

� 1

dp

� 1

ep

� 1

1

1

�

;

�

1 d

1 e

1

p

��

t

G

f 2 Z =p Z

K

p

��

1

1

p

� 1

p

� 1

f

1

�

;

�

p

� f 1

1

1

��

t

K

p

��

1

1

1

p

� 1

�

;

�

1

p

1

1

��

:

(6.3)

Pr o of. This follo ws from an analogous decomp osition for GL

4

( Q

p

). �

Let g = T p f . Then for q 2 GL

2

( A

F

) and � 2 S ( A ), w e can write

g

��

q � ^q

^q

� �

=

X

h 2 S

c

g

( h; q ) e

A

(tr ( h� )) :

De�ne the follo wing matrices

�

0

p ;a

=

��

p � a

1

�

; I

2

�

2 GL

2

( Q

p

) � GL

2

( Q

p

) a = 0 ; 1 ; : : : ; p � 1
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and

�

0

p ;p

=

��

1

p

�

; I

2

�

; 2 GL

2

( Q

p

) � GL

2

( Q

p

) :

F or a = 0 ; 1 ; : : : ; p , set � p ;a

= �

p

( �

0

p ;a

) 2 GL

2

( F

p

). T o simplify notation in this

section w e drop the subscript p and simply write �

a

for � p ;a

.

Lemma 6.6. One has the fol lowing formula

c

g

( h; q ) = p

2

p

X

a =0

c

f

( h; q �

a

) +

p

X

a =0

c

f

( h; q ^�

a

) :

Pr o of. This is a straigh tforw ard calculation using Lemma 6.5. �

Prop osition 6.7. The Maass sp ac e is invariant under the action of T p , i.e., if

f 2 M

M

k

, then g 2 M

M

k

.

Pr o of. Cho ose a base B in suc h a w a y that for all b 2 B w e ha v e b

l

= I

2

if l j D

F

.

F or b 2 B write b

Q

for

Q

l

l

v al

l

(det b

�

b )

. By Prop ositions 5.4 and 5.5 it is enough to

sho w that there exist functions c

b;g

: Z

+

! C ( b 2 B ) suc h that

(6.4) c

g

( h; b ) = e

� 2 � tr h

X

d 2 Z

+

d j � ( b

�

hb )

d

k � 1

c

b;g

�

D

F

d

� 2

b

Q

det h

�

:

F or b 2 B , set b

0

= b�

p

. Note that all of the matrices: b�

a

, b ^�

a

, ( a = 0 ; 1 ; : : : ; p )

b elong to the same class b

0

. Denote an y of those matrices b y q . Then q = 


b

0

;q

b

0

�

q

2

GL

2

( F ) b

0

K

0

and it is easy to see that

det 


k

b

0

;q

=

(

1 q = b�

a

; a = 0 ; 1 ; : : : ; p

p

� k

q = b ^�

a

a = 0 ; 1 ; : : : ; p;

and

Y

l

v al

l

(det q

�

q ) = b

Q

�

(

p q = b�

a

a = 0 ; 1 ; : : : ; p

p

� 1

q = b ^�

a

a = 0 ; 1 ; : : : ; p:

Set h

0

:= b

�

hb and write h

0

= � ( h

0

) h

0

with � ( h

0

) = 1. Set D = D

F

det h and

D

0

= D

F

Q

l

l

v al

l

(det h

0

)

. Using Lemma 6.6 and the fact that f is a Maass form, w e

obtain

(6.5) c

g

( h; b ) = e

� 2 � tr h

�

0

B

B

@

p

2

p

X

a =0

X

d 2 Z

+

d j � ( �

�

a

b

�

hb�

a

)

d

k � 1

c

b

0

;f

( D d

� 2

b

Q

p )+

+ p

k

p

X

a =0

X

d 2 Z

+

d j � ( ^ �

�

a

b

�

hb ^�

a

)

d

k � 1

c

b

0

;f

( D d

� 2

b

Q

p

� 1

)

1

C

C

A

:
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Using Prop osition 6.3, one can relate � ( �

�

a

h

0

�

a

) and � ( ^ �

�

a

h

0

^�

a

) to � ( h

0

) for a =

0 ; 1 ; : : : ; p , and then (6.5) b ecomes

(6.6) c

g

( h; b ) = e

� 2 � tr h

p

2

X

0

A

(1)

d

+ e

� 2 � tr h

�

�

(

p

3

P

0

A

(1)

d

+ p

k

( p + 1)

P

� 1

A

( � 1)

d

p - D

0

;

p

2

( p � 1)

P

0

A

(1)

d

+ p

2

P

1

A

(1)

d

+ p

k

P

0

A

( � 1)

d

+ p

k +1

P

� 1

A

( � 1)

d

p j D

0

;

where

P

n

A

( m )

d

:=

P

d j p

n

� ( h

0

)

A

( m )

d

, A

( m )

d

= d

k � 1

c

b

0

;f

( D d

� 2

b

Q

p

m

) and if there is

no d dividing p

n

� ( h

0

), w e set

P

n

= 0.

F or D in the image of the map h 7! D

F

� ( h )

� 2

b

Q

det h and b 2 B w e mak e the

follo wing de�nition

(6.7) c

b;g

( D ) = p

2

( p + 1) c

b

0

;f

( D p ) + p

k

( p + 1) c

b

0

;f

( D p

� 1

) ;

where w e assume that c

b

0

;f

( n ) = 0 when n 62 Z

+

. If D is not in the image of that

map, w e set c

b;g

( D ) = 0. Note that w e clearly ha v e

c

g

( h; b ) = e

� 2 � tr h

c

b;g

( D

F

b

Q

det h )

for ev ery h with � ( b

�

hb ) = 1. Th us to c hec k if g lies in the Maass space w e just

need to c hec k that (6.4) holds with c

b;g

de�ned b y (6.7). This is an easy calculation

using (6.6). �

6.4. In v ariance under U p . This is completely analogous to the pro of for T p , hence

w e only include the relev an t form ulas for the reader's con v enience.

Lemma 6.8. We have the fol lowing de c omp osition:

U p =

G

b;c;d;e 2 Z =p Z

K

p

 "

p

� 1

bp

� 1

dp

� 1

p

� 1

cp

� 1

ep

� 1

1

1

#

;

�

1 b c

1 d e

p

p

�

!

t

G

a;c;f 2 Z =p Z

K

p

 "

1

� f p

� 1

p

� 1

cp

� 1

1

� ap

� 1

p

� 1

#

;

�

1 a c

p

1 f

p

�

!

t

G

e;f 2 Z =p Z

K

p

 "

1

� f p

� 1

p

� 1

ep

� 1

p

� 1

1

#

;

�

p

1 e

1 f

p

�

!

t

G

a;b 2 Z =p Z

K

p

 "

p

� 1

bp

� 1

1

1

� ap

� 1

p

� 1

#

;

�

1 a b

p

p

1

�

!

t

G

d 2 Z =p Z

K

p

 "

p

� 1

dp

� 1

1

p

� 1

1

#

;

�

p

1 d

p

1

�

!

t

K

p

 "

1

1

p

� 1

p

� 1

#

;

�

p

p

1

1

�

!

:

(6.8)

As b efore, let g = T p f . De�ne matrices:

�

0

p

=

��

p

p

�

; I

2

�

2 GL

2

( Q

p

) � GL

2

( Q

p

) ;




0

a

=

��

1

a p

�

; I

2

�

2 GL

2

( Q

p

) � GL

2

( Q

p

) ; a = 0 ; 1 ; : : : ; p � 1 ;
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0

p

=

��

p

1

�

; I

2

�

2 GL

2

( Q

p

) � GL

2

( Q

p

) ;

and set �

p

= �

p

( �

0

p

) 2 GL

2

( F

p

), 


a

= �

p

( 


0

a

) 2 GL

2

( F

p

) ( a = 0 ; 1 ; : : : ; p ).

Lemma 6.9. One has the fol lowing formula

c

g

( h; q ) = p

4

c

f

( h; q �

p

) + c

f

( h; q

^

�

p

) + p

p

X

a =0

p

X

b =0

c

f

( h; q 


a

^


b

) :

Prop osition 6.10. The Maass sp ac e is invariant under the action of U p .

Pr o of. This is similar to the pro of of Prop osition 6.7. Let b , D , D

0

, h , h

0

and h

0

b e as in that pro of. Then for all a , c , w e see that b�

p

, b

^

�

p

, b


a

^


c

all lie in the same

class b

0

= b�

p

. One has

det 


k

b

0

;q

=

8

>

<

>

:

1 q = b�

p

p

� k

q = b


a

^


c

; a; c 2 f 0 ; 1 ; : : : ; p g

p

� 2 k

q = b

^

�

p

;

and

Y

l

v al

l

(det q

�

q ) = b

Q

�

8

>

<

>

:

p

2

q = b�

p

1 q = b


a

^


c

; a; c 2 f 0 ; 1 ; : : : ; p g

p

� 2

q = b

^

�

p

:

Using Prop osition 6.3 as in the pro of of Prop osition 6.7 w e obtain

c

g

( h; b ) = e

� 2 � tr h

 

p

4

X

1

A

(2)

d

+ p

2 k

X

� 1

A

( � 2)

d

+

+ p

k +1

( p + 1)

X

0

A

(0)

d

+ p

k +3

X

� 1

A

(0)

d

!

+

+ e

� 2 � tr h

p

k +1

8

>

<

>

:

p

P

� 1

A

(0)

d

p - D

0

p

P

0

A

(0)

d

p j D

0

; p

2 - D

0

P

1

A

(0)

+ ( p � 1)

P

0

A

(0)

p

2

j D

0

;

(6.9)

where if there is no d dividing p

n

� ( h

0

), w e set

P

n

= 0. F or D in the image of the

map h 7! D

F

� ( h )

� 2

b

Q

det h , w e mak e the follo wing de�nition:

(6.10) c

b;g

( D ) = p

4

c

b

0

;f

( D p

2

) + ( p

k +3

+ p

k +2

+ p

k +1

) c

b

0

;f

( D )+

+

8

>

<

>

:

0 p - D

p

k +2

c

b

0

f

( D ) p j D ; p

2 - D

p

k +2

c

b

0

;f

( D ) + p

2 k

c

b

0

;f

( D p

� 2

) p

2

j D :

W e no w c hec k as in the pro of of Prop osition 6.7 that g is a Maass form. �

6.5. In v ariance under � p . Let g = � p f and set �

p

= �

p

(( p

� 1

I

4

; pI

4

)). Then w e

ha v e

c

g

( h; q ) = c

f

( h; q �

p

) :

Prop osition 6.11. The Maass sp ac e is invariant under the action of �

p

.
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Pr o of. Let B b e as b efore. F or b 2 B set b

0

= b�

p

. One clearly has v al

p

( �

�

p

�

p

) = 0

and � ( �

�

p

h

0

�

p

) = � ( h

0

). Hence one can de�ne

(6.11) c

b;g

( D ) = c

b

0

;f

( D ) :

The claim is no w clear. �

7. Descent

In this section w e assume that h

F

is o dd and c ho ose the base B as in Corollary

3.2. One has # B = # C = h

F

with C as in Prop osition 3.1. W e also assume that

I

2

2 B . Let �

F

b e the quadratic Diric hlet c haracter asso ciated with the extension

F = Q . F or a p ositiv e in teger n , set

a

F

( n ) = # f � 2 ( iD

� 1 = 2

F

O

F

) = O

F

j D

F

N

F = Q

( � ) � � n (mo d D

F

) g :

Theorem 7.1. Ther e exists a C -line ar inje ction of ve ctor sp ac es

Desc

B

: M

M

k

, !

Y

b 2B

M

k � 1

( D

F

; �

F

) ;

such that Desc( f ) = ( �

b

)

b 2B

with

a

�

b

( n ) = i

a

F

( n )

p

D

F

c

b;f

( n ) ;

wher e a

�

b

( n ) is the n -th F ourier c o e�cient of �

b

. The map Desc

B

dep ends on the

choic e of B .

Pr o of. This follo ws immediately from [7], Theorem 6 and form ula (4) using our

assumption on B and (4.3). �

Remark 7.2. Krieg in [7 ] explicitly describ es the image of the descen t map he

de�nes and denotes it b y G

k � 1

( D

F

; �

F

)

�

. The image of Desc is exactly

Y

b 2B

G

k � 1

( D

F

; �

F

)

�

�

Y

b 2B

M

k � 1

( D

F

; �

F

) :

Iden tify B with Cl

F

via the map that sends b to �

F

(det b ), where c

F

: A

�

F

� Cl

F

is the canonical pro jection. Then Cl

F

acts faithfully on B b y m ultiplication and

de�nes an em b edding s : Cl

F

, ! S

0

B

, where S

0

B

is the group of p erm utations of

the elemen ts of B . W rite S

B

for the image of s . F or a split p with p O

F

= pp, let

� p ;p

b e as in section 6.3. Note that � p ;p

= �

�

p ;p

. W rite � p ;n

:= s � c

F

(det �

n

p ;p

).

If A = ( a

b

)

b 2B

is an ordered tuple indexed b y elemen ts of B , and � 2 S

B

, de�ne

� ( A ) to b e the B -tuple whose b -comp onen t is a

� ( b )

. W rite �

n

p ;p

= 
 p ;n

� p ;n

( I

2

) � p ;n

for 
 p ;n

2 GL

2

( F ) and � p ;n

2 K

0

.

F or a rational prime p - D

F

denote b y T

p

the op erator acting on

Q

b 2B

M

k � 1

( D

F

; �

F

)

whic h sends ( �

b

)

b 2B

to ( �

0

b

)

b 2B

, where �

b

( z ) =

P

1

n =1

a ( n ) e

2 � inz

, �

0

b

( z ) =

P

1

n =1

a

0

( n ) e

2 � inz

with a

0

( n ) = a ( np ) + �

F

( p ) p

k � 2

a ( n=p ). Here a ( m ) = 0 if m 62 Z

� 0

. Denote b y T

p

the C -subalgebra of endomorphisms of

Q

b 2B

M

k � 1

( D

F

; �

F

) generated b y T

p

if p

is split (resp. b y T

2

p

if p is inert) and the group S

B

.

Theorem 7.3. L et p b e a r ational prime which splits in F = Q . Ther e exists a

C -algebr a map

Desc

B ;p

: H

p

! T

p

;
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such that for every H 2 H

p

the fol lowing diagr am

M

k

H //

Desc

B

��

M

k

Desc

B

��
Q

b 2B

M

k � 1

( D

F

; �

F

)

Desc

B ;p

( H ) //Q
b 2B

M

k � 1

( D

F

; �

F

)

c ommutes. Mor e over, one has

Desc

B ;p

( T p ) = j det 
 p ; 1

j

� k

p

2

( p + 1) T

p

� � p ; 1

;

Desc

B ;p

( U p ) = j det 
 p ; 2

j

� k

p

4

( T

2

p

+ p

k � 1

+ p

k � 3

) � � p ; 2

Desc

B ;p

(� p ) = j det 
 p ; 4

j

� k

� p ; 4

:

(7.1)

Pr o of. This follo ws from Theorem 7.1, and form ulas (6.7), (6.10), and (6.11). Just

for illustration, w e include the argumen t in the case of T p . Let f 2 M

M

k

and

set g = T p f . Fix b 2 B and write b

1

for � p ; 1

( b ). One has � p ;p

= 
 b

0

� , where


 = 
 p ; 1

2 GL

2

( F ), � = � p ; 1

2 K

0

, b

0

= � p ; 1

( I

2

) 2 B with 
 ; � diagonal. In fact

one can c ho ose 
 to b e of the form [

1

�

]. W rite bb

0

= 


b;b

0

b

1

�

b;b

0

2 GL

2

( F ) b

1

K

0

,

where 


b;b

0

, �

b;b

0

are scalars. Then

b� p ;p

= 
 bb

0

� = 
 


b;b

0

b

1

��

b;b

0

:

Iden tify M

M

k

with

Q

c 2B

M

M

k

( G ( Z )) via f

0

7! ( f

0

c

)

c 2B

. F or f

0

c

2 M

M

k

( G ( Z )), h 2 T ,

denote b y c

f

0

c

( h ) the h -F ourier co e�cien t of f

0

c

. W e will study the action of T p on

c

f

b

1

( h ). Since f is a Maass form it is enough to consider h of the form [

1 �

� �

]. Fix

suc h an h . Set D = D

F

det h . Then b y (4.3) and (6.7),

c

g

b

( h ) = e

2 � tr h

c

g

( h; b ) = p

2

( p + 1)( c

b� p ;p

;f

( D p ) + p

k � 2

c

b� p ;p

;f

( D p

� 1

)) :

By (4.3) and (5.1), w e ha v e

c

f

b

1

�

h

�

1

p

��

= e

2 � tr h

h
1

p

i

c

f

�

h

�

1

p

�

; b

1

�

= c

b

1

;f

( D p ) = j det 
 


b;b

0

j

k

c

b� p ;p

;f

( D p )

c

f

b

1

�

h

�

1

1 =p

��

= e

2 � tr h

h
1

1 =p

i

c

f

�

h

�

1

1 =p

�

; b

1

�

= c

b

1

;f

( D p

� 1

) =

= j det 
 


b;b

0

j

k

c

b� p ;p

;f

( D p

� 1

) ;

(7.2)

where w e ha v e used the fact that � ( h ) = �

�

h

�

1

p

��

= 1 = �

�

h

�

1

1 =p

� �

for h as

ab o v e (the last equalit y holding for h suc h that h

�

1

1 =p

�

2 T ). This giv es us

c

g

b

( h ) = p

2

( p + 1) j det 
 


b;b

0

j

� k

( c

b

1

;f

( D p ) + p

k � 2

c

b

1

;f

( D p

� 1

)) :

The claim no w follo ws from Theorem 7.1 and the fact that j det 


b;b

0

j

k

= 1, whic h

follo ws from bb

�

= b

0

( b

0

)

�

= I

2

. �

F or completeness w e also include the analogue of Theorem 7.3 for an inert p . It

can b e pro v ed in the same w a y or can b e deduced from the results of section 3 of

[3 ].

Let p b e an inert prime. The Hec k e algebra H

p

is generated b y the double cosets

T p := K

p

diag( p

� 1

; 1 ; p; 1) K

p

and U p := K

p

diag( p

� 1

; p

� 1

; p; p ) K

p

.

Theorem 7.4. L et p b e a r ational prime which is inert in F = Q . Ther e exists a

C -algebr a map

Desc

B ;p

: H

p

! T

p

;
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such that for every H 2 H

p

the fol lowing diagr am

M

k

H //

Desc

B

��

M

k

Desc

B

��
Q

b 2B

M

k � 1

( D

F

; �

F

)

Desc

B ;p

( H ) //Q
b 2B

M

k � 1

( D

F

; �

F

)

c ommutes. Mor e over, one has

Desc

B ;p

( T p ) = p

� k +4

( p

2

+ 1) T

2

p

+ p

4

+ p

3

+ p � 1 ;

Desc

B ;p

( U p ) = p

8

( T

4

p

+ ( p + 3) p

k � 2

T

2

p

+ p

2 k � 4

( p

2

+ p + 1)) :

(7.3)

8. L -functions

In this section w e study eigenforms in M

M

k

and giv e a form ula for the standard

L -function of suc h an eigenform.

F rom no w on assume that D

F

is prime. It is w ell-kno wn that this implies that

h

F

is o dd, hence w e can (and will) c ho ose B b e as in Corollary 3.2. One has

# B = # C = h

F

with C as in Prop osition 3.1. On the other hand, for suc h a

D

F

the space S

k � 1

( D

F

; �

F

) of cusp forms inside M

k � 1

( D

F

; �

F

) has a basis N

consisting of newforms. In particular, if � 2 S

k � 1

( D

F

; �

F

) is an eigenform for

almost all T

p

, it is so for all T

p

. F or � =

P

1

n =1

a

�

( n ) e

2 � inz

2 S

k � 1

( D

F

; �

F

),

set �

�

( z ) :=

P

1

n =1

a

�

( n ) e

2 � inz

. Let N

0

� N denote the set formed b y c ho osing

one elemen t from eac h pair ( �; �

�

) suc h that � 2 N and � 6= �

�

. Then the set

f � � �

�

j � 2 N

0

g is a basis of S

�

k � 1

( D

F

; �

F

) := G

�

k � 1

( D

F

; �

F

) \ S

k � 1

( D

F

; �

F

).

Let Z denote the cen ter of G . First note that ev ery elemen t of z 2 Z ( A ) is of

the form z = p

v

=

�

v

^v

�

with v v

�

= I

2

for a scalar matrix v 2 GL

2

( A

F

) and

that v can b e written as v = 
 xb� 2 GL

2

( F ) GL

2

( C ) bK

0

for a unique b 2 B with


 ; x; � scalars. Moreo v er bb

�

= I

2

implies that 
 


�

= xx

�

= ��

�

= I

2

, hence p




, p

x

and p

�

are also scalars. In particular this means that p

x

2 K

1

. Hence if f 2 M

k

,

g 2 G ( A ), then

(8.1) f ( z g ) = f ( p

b

g p

x

) = (det p

x

)

k = 2

j ( p

x

; i )

� k

f ( p

b

g ) = f ( p

b

g ) :

The iden tit y (8.1) implies that the cen tral c haracters o ccuring in M

k

are the c har-

acters of Cl

F

. Let � 2 Hom (Cl

F

; C

�

). T o simplify notation for g 2 G ( A

f

) w e will

write � ( g ) instead of � ( c

F

(det g )). Set

M

�

k

:= f f 2 M

k

j f ( z g ) = � ( z ) f ( g ) ; z 2 Z ( A ) ; g 2 G ( A ) g :

One has

(8.2) M

k

=

M

� 2 Hom(Cl

F

; C

�

)

M

�

k

:

Let S

k

denote the subspace of cusp forms in M

k

and write S

M

k

for S

k

\ M

M

k

. It

is clear that a decomp osition analogous to (8.2) holds for S

k

, with S

�

k

ha ving the

ob vious meaning. W rite S

M ;�

k

for S

M

k

\ M

�

k

.

Let T

p

b e as in section 7 and write T

0

for C -subalgebra of the ring of endomor-

phisms of S

k � 1

( D

F

; �

F

) generated b y T

p

(for p split) and T

2

p

(for p inert). The
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algebra T

0

acts on S

�

k � 1

( D

F

; �

F

). F or � 2 N

0

, the elemen t � � �

�

2 S

�

k � 1

( D

F

; �

F

)

is a non-zero eigenform for T

0

and for ev ery � 2 Hom(Cl

F

; C

�

), the B -tuple

�

�

:= ( � ( p

b

)( � � �

�

))

b 2B

is an eigenform for T

p

for ev ery p 6= D

F

. Hence f

�

:= Desc

� 1

B

( �

�

) lies in S

M ;�

k

and

is an eigenform for H

p

for ev ery p 6= D

F

.

Remark 8.1. Since 2 - h

F

, the prime p suc h that D

F

O

F

= p2

is principal. Hence

one can use the calculations in [3 ] to conclude that the Maass space is also in v arian t

under the action of H

D

F

and hence that f

�

is an eigenform for H

p

for all p .

W e ha v e pro v ed the follo wing prop osition.

Prop osition 8.2. L et Desc

B

b e the map fr om The or em 7.1. The c omp osite

M

k

Desc

B

� � � � !

Y

b 2B

M

k � 1

( D

F

; �

F

)

pr

I

2

� � � ! M

k � 1

( D

F

; �

F

)

induc es C -line ar isomorphisms S

M ;�

k

�

=

S

�

k � 1

( D

F

; �

F

) for every � 2 Hom(Cl

F

; C

�

) .

The inverse of such an isomorphism (for a �xe d � ) is induc e d by

� � �

�

7! Desc

� 1

B

( �

�

)

for any � 2 N

0

. Mor e over, these isomorphisms ar e He cke-e quivariant with r esp e ct

to the He cke algebr a maps (7.1) and (7.3) exc ept that in (7.1) we r eplac e c omp osition

with � p ;n

by multiplic ation by � ( p

� p ;n

) .

It follo ws that if � runs o v er N

0

and f

�

denotes the Maass lift of � in the sense

of Krieg [7 ], i.e., f

�

= Desc

� 1

K

( � � �

�

) 2 M

k

( G ( Z )), where Desc

K

: M

k

( G ( Z ))

�

� !

S

�

k � 1

( D

F

; �

F

) is the (non-Hec k e-equiv arian t) isomorphism constructed in Theorem

on p.676 of [7], then the set of B -tuples f ( � ( p

b

) f

�

)

b 2B

g is basis of eigenforms of

S

M ;�

k

after w e iden tify S

M ;�

k

with its image inside

Q

b 2B

M

k

( G ( Z )).

Let f 2 S

M ;�

k

b e a Hec k e eigenform. W rite �

f

for the newform � 2 S

k � 1

( D

F

; �

F

)

suc h that pr

I

2

� Desc

B

( f ) = � ( � � �

�

) for some non-zero � 2 C . F or a unitary Hec k e

c haracter  : F

�

n A

�

F

! C

�

denote b y L

st

( f ; s;  ) the standard L -function of f

t wisted b y  as de�ned in [13 ], section 20.6 with the Euler factor at D

F

remo v ed.

Moreo v er, for a newform � 2 S

k � 1

( D

F

; �

F

), and a prime p of O

F

of c haracteristic

p 6= D

F

, set � p ;j

:= �

d

p;j

, where �

p;j

, j = 1 ; 2 are the p -Satak e parameters of � and

d := [ O

F

= p : F

p

]. F or s 2 C with Re( s ) su�cien tly large, de�ne

L (BC( � ) ; s;  ) :=

Y

p- D

F

2

Y

j =1

(1 �  

�

( p) � p ;j

( N p)

� s

)

� 1

;

where  

�

denotes the ideal c haracter asso ciated to  and N p denotes the norm of

p. It is w ell-kno wn that L (BC ( � ) ; s;  ) can b e con tin ued to the en tire C -plane.

Prop osition 8.3. L et  b e a unitary He cke char acter of F . The fol lowing identity

holds:

L

st

( f ; s;  ) = L (BC( �

f

) ; s � 2 + k = 2 ; � ) L (BC ( �

f

) ; s � 3 + k = 2 ; � ) :

Pr o of. This is an easy calculation in v olving Satak e-parameters. �
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Remark 8.4. In [4 ] Ik eda has studied liftings from the space of elliptic cusp forms

in to the space of hermitian cusp forms de�ned on the group U( n; n ). In par-

ticular he constructs a lifting S

k � 1

( D

F

; �

F

) ! S

k

, whic h agrees with the map

� 7! Desc

� 1

B

( �

1

), where the subscript 1 indicates the trivial cen tral c haracter. The

metho d used in [4] is di�eren t from ours.
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