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Abstract

Simple mathematical mo dels are used to explore the rupture of molecular b onds sub ject

to a dynamically increasing force as applied in optical trapping and atomic force microscop y

exp erimen ts. The Mark o v-equation-based theory prop osed b y Ev ans and Ritc hie (Bioph ys. J.,

1997, 72, 1541-1555) assumes that the un binding rate gro ws exp onen tially with the applied

force and predicts a logarithmic dep endence of rupture force on the loading rate, i.e. , the rate

at whic h the applied force is increased. In the curren t pap er, sim ulations using F okk er-Planc k-

based mo dels sho w that the rupture force is a biphasic function of loading rate, ev en for a

single-w ell binding p oten tial. A Mark o v mo del that uses an appropriate un binding rate can

accurately capture this b eha vior. The appropriate un binding rate can b e tabulated b y solving

a sequence of steady-state F okk er-Planc k equations for un binding under constan t force. As

a function of force, this un binding rate gro ws m uc h more slo wly than exp onen tially , and the

rupture forces consisten t with it are substan tially larger than those predicted b y the Ev ans and

Ritc hie theory .
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In tro duction

The abilit y of b onds b et w een macromolecules to withstand external forces is critical throughout

biology . Imp ortan t examples in v olv e the adhesion of cells in the blo o d (e.g., leuk o cytes, platelets,

tumor cells) to the v ascular w all and to one another. In particular, during platelet aggregation, the

dimeric plasma protein �brinogen binds to activ ated �

I I b

�
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in tegrin receptors on the surfaces of t w o

di�eren t platelets, and forms a molecular bridge b et w een the platelets. The n um b er of suc h bridges

and the strength of eac h one are imp ortan t factors in determining whether the platelets remain

together in the bac kground shear 
o w, and so in
uence whether a w all-b ound platelet throm bus

gro ws and ho w large it gets.

Using optical t w eezers, atomic force microscop y , and other tec hniques, a large n um b er of studies

of b ond strength ha v e b een carried out (see [16 ] and references therein). In these studies it is not

p ossible to suddenly imp ose a constan t force on the b ond. Instead the applied force ramps up in

time, and the rate of increase of the applied force is called the loading rate. Ev ans and Ritc hie

(E-R) [3 , 5 ] prop osed a theory to understand exp erimen ts of this kind, and made the imp ortan t

observ ation that the measured force at whic h the b ond ruptures should dep end on the loading rate.

F urther, their theory predicted that the rupture force should increase logarithmically as loading

rate increases.

W eisel and co w ork ers used laser-t w eezers (See Fig.1) to study the strength of the �brinogen-

�
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b ond [12 ]. They measured rupture forces for a range of loading rates (160 pN/sec to

16,000 pN/sec) of ph ysiological in terest. A t eac h loading rate, a distribution of rupture forces w as

measured o v er man y exp erimen ts; the p eak of this distribution (appro ximately 85 pN) c hanged

v ery little as the loading rate v aried, indicating that the rupture force for this b ond has little

sensitivit y to loading rate at least o v er the range of ph ysiologically relev an t loading rates. Th us,

W eisel's results seem to disagree with the predictions of the E-R theory . Some exp erimen tal studies

of b ond rupture for di�eren t molecular systems rep ort logarithmic dep endence o v er the full range

of loading rates studied [9 ] or piecewise logarithmic dep endence with di�eren t slop es in di�eren t

in terv als of loading rates [4 , 13 , 15 , 17 ]. Other studies rep ort little sensitivit y to loading rate [2 ]

or other non-logarithmic dep endence [8 ]. In some cases, complex mo dels ha v e b een prop osed to

accoun t for the non-logarithmic b eha vior [8 ]. Because of the range of results, including a n um b er

that are at o dds with the existing theory , in this pap er w e re-examine the breaking of molecular

b onds under dynamic forcing. W e �nd that while there is a range of loading rates o v er whic h the

rupture force indeed dep ends logarithmically on loading rate, this range is sometimes quite limited,

and so c haracterizing the o v erall dep endence as 'logarithmic' is misleading. Ev en in the logarithmic

range, the rupture forces predicted b y the E-R theory can b e substan tially in error. W e also �nd

that, ev en for v ery simple mo dels, it is common that there is a substan tial range of loading rates
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o v er whic h the rupture force is quite insensitiv e to loading rate.

The E-R theory is based on a Mark o v mo del dP =dt = � k

o�

P for the probabilit y P ( t ) that the

b ond is in tact at time t , in whic h, follo wing Bell [1 ], it is assumed that the un binding rate k

o�

is

an exp onen tial function of the instan taneous external force F applied to the molecule. That is,

k

o�

( F ) = k

0

exp( F =F

0

), where k

0

and F

0

are appropriate ( F -indep enden t) scale factors. By lo oking

at Langevin and F okk er-Planc k (F-P) equation descriptions of the un binding pro cess, w e �nd that

this c hoice of o�-rate is often inappropriate. W e also sho w that using a Mark o v mo del with an

o�-rate tabulated b y solving the appropriate steady-state F-P equation with constan t applied force,

there is go o d agreemen t with the predictions from the time-dep enden t F-P equation that describ es

un binding under dynamic forcing.
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Figure 1: Left: Sc hematic of laser t w eezers system. Fibrinogen molecules and �
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molecules are

attac hed at lo w densit y to, resp ectiv ely , a 1 � m diameter latex b ead and the surface of a stationary

p edestal. The laser t w eezers are used to mo v e the b ead to w ard the p edestal and then to pull

it a w a y . The laser is mo v ed at a prescrib ed v elo cit y and the distance b et w een the cen ter of the

b eam and the cen ter of the b ead is measured. Using this distance and the e�ectiv e spring constan t

for the laser-b ead system, the force applied b y the laser to the b ead at eac h instance of time is

computed. Righ t: Sc hematic of rupture force measuremen t. The sligh t up w ard bump in the graph

near time 1 indicates con tact of the b ead and the p edestal. The laser's force on the b ead increases

appro ximately linearly as the b eam is mo v ed to pull the b ead a w a y from the p edestal and then

drops drastically when the b ond ruptures.

Three V ariable Mo del

The �rst mo del w e consider in v olv es Langevin equations for the p ositions of the b ead cen ter

X ( � ), the ligand head Y ( � ), and the cen ter of the laser b eam Z ( � ) as functions of time � :
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�

X

dX ( � ) = k

l

( Z � X ) d� � k

s

( X � Y � r

0

) d� ; (1)

�

Y

d Y ( � ) = � F

b

d� + k

s

( X � Y � r

0

) d� +

p

k

B

T �

Y

d� dW (0 ; 1) ; (2)

d Z ( � ) =

v

k

l

d� : (3)

x zy

0

DG

k ks l

L-L

y

0

DG

-L L

F = v t

Figure 2: Mo del Sc hematic: Left, three v ariable mo del. Righ t, one v ariable mo del.

These equations corresp ond to the sc hematic diagram in the left panel of Fig.2, and w e note that

b ecause of the small size of the ob jects in v olv ed w e ha v e ignored mass. Here, �

X

and �

Y

are the

friction co e�cien ts for the b ead and ligand head, resp ectiv ely; k

s

and k

l

are the spring constan ts

for the ligand molecule and laser trap, resp ectiv ely; r

0

is the distance b et w een the b ead cen ter

and ligand molecule head when the molecule is unstressed; k

B

is Boltzmann's constan t; T is the

absolute temp erature; F

b

is the force due to the binding p oten tial; dW are Gaussian steps with

mean 0 and v ariance 1; and v is the loading rate for the laser trap system. Only the thermal motion

of the ligand molecule is included in the equations as the random motion of the b ead is negligible

b y comparison.

Throughout this pap er, the b ond p oten tial force is assumed to come from a p oten tial that is

quadratic for � L < Y < L and constan t for Y > L . F or sim ulations, the transition at Y = L is

smo othed using a cuto� function, so the force is giv en b y F

b

= ( F

max

Y =L ) H ( Y ) where H ( Y ) =

1 = 2(1 � tanh( 
 ( Y � L )) is the cuto� function ( 
 > 0 is constan t), L is the width of the p oten tial

w ell, and � G = F

max

L= 2 is the w ell depth. Y ( t ) is restricted to b eing larger than � L b y use of

re
ectiv e b oundary condition at � L . This restriction has no signi�can t e�ect on the b eha vior of
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the mo del system for the parameters and situations w e studied, as Y ( t ) almost nev er approac hes

� L .

The mo del giv en b y Eqs.(1-3) con tains a n um b er of parameters, for some of whic h reasonable

v alues can b e obtained from the literature. Sp eci�cally , w e use the v alue k

l

= 0 : 2 pN/nm measured

b y W eisel, w e compute the b ead friction co e�cien t to b e �

X

� 0 : 19 � 10

� 4

pN sec/nm using Stok es'

form ula for the drag on a sphere of radius 1 � m mo ving at lo w Reynolds n um b er in w ater, and w e

use k

B

T = 4 : 3 pN nm [11 ]. F or the molecular friction co e�cien t �

Y

, w e use the v alue 0 : 6 � 10

� 7

pN sec/nm giv en b y [11 ] for the drag co e�cien t of a globular protein. W e adjust k

s

so that the

extension of the ligand molecule is at most a few p ercen t of its unstressed length, and �nd that

v alues of k

s

of 4.0 pN/nm or more are su�cien t to ac hiev e this.

W e explore ho w the system b eha v es for di�eren t loading rates v and w ell depths � G . Real-

izations of solution paths for these equations are computed as describ ed in App endix 1. F or eac h

realization, w e compute the maxim um of the force k

l

( Z ( � ) � X ( � )) that w ould b e measured ex-

p erimen tally . W e de�ne the rupture force as the mean of these maxim um forces o v er the ensem ble

of sim ulated realizations. Results are sho wn in Fig.3 where w e ha v e plotted the mean rupture

force against the loading rate on a logarithmic scale. W e see that for a wide range of loading rates

(including those used in W eisel's exp erimen ts), the rupture force sho ws v ery little sensitivit y to

the loading rate. W e also see that there is a stark transition in the system's b eha vior so that at

su�cien tly high loading rates, the rupture force is v ery sensitiv e to loading rate. The transition

o ccurs when the rupture force is the order of magnitude of the maxim um force ( F

max

) asso ciated

with the w ell p oten tial. W e also see that rupture forces of a magnitude similar to those measured

b y W eisel can b e obtained for reasonable parameter c hoices.

10
2

10
3

10
4

10
5

10
6

10
80

90

100

110

120

130

140

150

160

170

180

 Loading Rate pN/sec

 R
up

tu
re

 F
or

ce
 p

N

Figure 3: Rupture force vs. Loading Rate for the Mo del (1-3) for � G= ( k

B

T ) � 250.
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One V ariable Mo del

The second mo del w e consider is a simpli�cation of the mo del (1-3). W e no w imagine that the

laser t w eezers is able to apply a linearly increasing force directly to the molecule head (See Fig.2,

righ t panel). The single equation of this mo del is for the p osition of the ligand molecule head and is

�

Y

d Y ( � ) = ( � F

b

+ v � ) d� +

p

k

B

T �

Y

d� dW (0 ; 1), where the v ariables and parameters ha v e the same

meaning as earlier. It is useful to nondimensionalize this equation. W e in tro duce nondimensional

v ariables y and t de�ned b y Y = Ly and � =

L

2

�

Y

( k

B

T )

t , and obtain the nondimensional Langevin

equation

dy ( t ) = ( � 2 ay H ( y ) + V t ) dt +

p

dt dW (0 ; 1) ; (4)

where H ( y ) is the cuto� function in the scaled v ariables, and a = � G= ( k

B

T ) = F

max

L= (2 k

B

T )

and V = v ( L

3

�

Y

= ( k

B

T )

2

are the non-dimensional w ell-depth and loading rate, resp ectiv ely . The

rupture force here is de�ned as the pro duct of V and the ensem ble a v erage of the �rst time that a

particle reac hes y = 1.

Asso ciated with the Langevin equation (4) is the F-P equation [6]:

p

t

= � J

y

= f (2 ay � V t ) p g

y

+ p

y y

: (5)

where J is the probabilit y 
ux de�ned b y J = ( V t � 2 ay ) p � p

y

. W e consider the F-P equation for

p ositions within the w ell, � 1 < y < 1, and imp ose the no 
ux condition J = 0 at y = � 1, and the

absorbing b oundary condition p = 0 at y = 1. F or sim ulations, the initial data are tak en to come

from an appro ximate � -function cen tered at the w ell cen ter y = 0. The solution to the F-P system

is computed using the �nite-di�erence metho d describ ed in App endix 2. F or the F-P sim ulations,

the rupture force is de�ned as the pro duct of the loading rate V and the mean �rst exit time M (0)

through the absorbing b oundary at y = 1 for a particle b eginning at y = 0, that is F = V M (0). As

a c hec k on the n umerical sc hemes for b oth the Langevin equations and the F-P equation, rupture

forces o v er a wide range of loading rates w ere compared and found to b e in excellen t agreemen t

(not sho wn). Note that the mean �rst exit time for a F-P equation with time-dep endent p oten tial

can b e calculated from the solution p ( y ; t j 0 ; 0) to the F-P equation as sho wn in App endix 3.

The simpler mo del b eha v es qualitativ ely m uc h lik e the �rst mo del. As sho wn in Fig.4, for eac h

nondimensional w ell depth a , there is a wide range of nondimensional loading rates V o v er whic h

the rupture force sho ws v ery little sensitivit y to V . Again, for v ery high v alues of V there is a

substan tially di�eren t b eha vior; for this simpler mo del, the rupture force gro ws as V

1 = 2

for large

V .
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Figure 4: Rupture force V M (0) vs. Loading Rate V calculated from the mean-exit time M (0) for

the F okk er-Planc k equation (5) for w ell depths a = � G= ( k

B

T ) = 1, 11, 21, 31, 41, and 51 (b ottom

to top).

Mark o v Mo dels

Sim ulations with Langevin or F okk er-Planc k mo dels can b e exp ensiv e, so Mark o v mo dels are

often used to appro ximate their b eha vior. F or the one-v ariable mo del describ ed b y (4) or (5),

consider the Mark o v mo del:

dP

dt

= � k

o�

P ; (6)

where P ( t ) is the probabilit y that the ligand is b ound to the receptor at time t , and w e ha v e

ignored the p ossibilit y of rebinding. The accuracy of the Mark o v mo del in appro ximating the other

mo dels dep ends on the c hoice of the o�-rate k

o�

. It also dep ends on whether the time scale on

whic h statistical equilibrium is reac hed in (4) or (5) is fast compared to the time scale on whic h

k

o�

c hanges.

It is often assumed [1 , 4, 13 , 14 ] that the o�-rate has the form

k

o�

( F ) = k

0

exp( F =F

0

) ; (7)

where F is the applied force, and k

0

and F

0

are appropriate scale factors. This assumption is

motiv ated b y the classical Arrhenius form ula, namely that the o�-rate for a c hemical b ond is

k

o�

= �

0

exp

�

�

� G

k

B

T

�

: (8)
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where � G is the free energy of the b ond, i.e. , the heigh t of the p oten tial w ell out of whic h the

b ound molecule m ust escap e. The idea leading from (8) to (7) is that an applied force 'tilts' the

p oten tial, c hanging the heigh t of the barrier that the molecule m ust cross to un bind b y an amoun t

F L where L is the width of the w ell (for a quadratic w ell). According to this reasoning, the o�-rate

from the mo di�ed p oten tial w ell should b e

k

o�

( F ) = �

0

exp( �

� G � F L

k

B

T

) = k

0

exp(

F L

k

B

T

) : (9)

W e con tend that (9) is a p o or c hoice of o�-rate to use in a Mark o v mo del when F L approac hes

� G . T o supp ort this statemen t, w e examine the F-P equation for a molecule sub ject to three

forces: the force from the p oten tial w ell, a c onstant applied force F , and Bro wnian forcing:

p

t

= f (2 ay � f ) p g

y

+ p

y y

: (10)

Here p ( y ; t ) is the probabilit y densit y that the particle is at y at time t , U ( y ) = ay

2

is the binding

p oten tial, and a = � G= ( k

B

T ) and f = F L= ( k

B

T ) are the non-dimensional w ell-depth and applied

force, resp ectiv ely . Here w e supp ose that the binding site is con tained in the in terv al � 1 < y < 1,

that the b oundary y = � 1 is re
ecting, and that the b oundary y = 1 is absorbing. The o�-rate

is the recipro cal of the mean �rst exit time, that is, the mean time for a particle to reac h the

absorbing b oundary y = 1 ha ving started at the minim um of the p oten tial at y = 0. This is the

appropriate o�-rate to use in a Mark o v mo del of this pro cess pro vided that statistical equilibrium

is reac hed quic kly . T o explore ho w rapidly equilibrium is ac hiev ed for (10), w e added a source term

lo calized at y = 0 to balance an y 
ux of p past y = 1. With f constan t, the problem quic kly

reac hed equilibrium. W e stepp ed f to a new v alue and observ ed that the system reequilibrated in

times m uc h shorter than the scale on whic h the external forcing in (5) v aried.

T urning to the determination of the mean �rst exit time for (10), w e recall that for an au-

tonomous pro cess, that is, one in whic h the applied force and p oten tial are indep enden t of time,

the mean �rst exit time M ( y ) for a particle starting at y is giv en b y the solution of the ordinary

di�eren tial equation

M

00

� (2 ay � f ) M

0

= � 1 (11)

sub ject to the b oundary conditions M

0

( � 1) = 0 and M ( y ) = 0 [6]. (An e�cien t w a y to solv e this

problem is describ ed in App endix 4.) In Fig.5 w e plot this o�-rate as a function of w ell depth

for the case that the applied force f is zero. W e also plot the o�-rate predicted b y the Arrhenius

form ula, and it is eviden t that unless a � � G = ( k

B

T ) >> 1, the t w o results di�er substan tially .
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F or a less than 5, the Arrhenius form ula predicts a v alue at least an order of magnitude to o large,

and, in fact, as a ! 0, the Arrhenius v alue is more than t w o orders of magnitude to o large.
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Figure 5: Plot of k

o�

(solid curv e) and �

0

exp ( � � G= ( k

B

T )) (dashed curv e), on a logarithmic scale,

plotted as functions of a = � G= ( k

B

T ).

The fact that the Arrhenius form ula giv es a p o or appro ximation for small a mak es it not

surprising that under a constan t force, the o�-rate do es not ha v e the exp onen tial dep endence on

force giv en in (9). This is illustrated in Fig.6 in whic h the actual o�-rate determined b y solving

(11) is plotted as a function of f � ( F L ) = ( k

B

T ) for sev eral v alues of the w ell depth a . F or small f

the curv es are nearly linear (at least for a su�cien tly large), whic h indicates that for large enough a

and small enough f , the e�ect of force on the o�-rate is appro ximately exp onen tial. But this is only

v alid for f signi�can tly less than a , and in these p ortions of the curv es, the o�-rate is min uscule.

The o�-rate b ecomes signi�can t when f approac hes a and then the exp onen tial-dep endence form ula

substantial ly o v er-estimates the rate of un binding, sometimes b y man y orders of magnitude.

The Mark o v mo del can giv e a go o d appro ximation to the rupture forces calculated from the

F-P equation but only if the appropriate o�-rate is used. One w a y to do this is to tabulate

the o�-rates obtained b y solving (11) for a range of w ell-depths and forces, and to use these

(in terp olated appropriately) in a n umerical solution of the Mark o v mo del. That is, in an y timestep

of the n umerical solution of (6), use the tabulated o�-rate appropriate for the w ell-depth and the

instan taneous v alue of the force F = V t .

Fig.7 sho ws results of this pro cess along with rupture forces predicted using the exp onen tial

o�-rate form ula (7) in a Mark o v mo del, and the rupture forces predicted b y the F-P mo del (5).

Tw o things are eviden t: F rom the left panel w e see that the Mark o v mo del with the correct o� rate

10
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, on a logarithmic scale, as a function of f = F L= ( k

B

T ), for w ell

depths a = � G= ( k

B

T ) = 1, 11, 21, 31, 41, and 51 (top to b ottom). Dashed lines sho w the o�-rate

predicted b y the exp onen tial expression (7) with k

0

and F

0

c hosen so eac h dashed line has the same

v alue and slop e as the corresp onding solid curv e at F = 0.

predicts rupture forces in go o d agreemen t with the F-P mo del. F rom the righ t panel, w e see that

with the exp onen tial o�-rate the Mark o v mo del predicts rupture forces that are quan titativ ely and

qualitativ ely di�eren t than those computed from the F-P equation.

Conclusion

By comparison with solutions to F okk er-Planc k and Langevin mo dels for molecular un binding

under dynamic forcing, w e sho w that a Mark o v mo del with an appropriate un binding rate k

o�

can giv e accurate predictions of ho w the mean rupture force v aries with the loading rate. The

appropriate un binding rate can b e obtained b y solving b oundary v alue problems for the mean

breaking time for a b ond sub ject to constan t force. On the other hand, a Mark o v mo del, suc h as

the one prop osed in [3 , 5 ], that assumes the un binding rate gro ws exp onen tially with the applied

force, substan tially o v erestimates the un binding rate at eac h force and substan tially underestimates

the mean rupture force, esp ecially for b onds c haracterized b y deep p oten tial w ells. The use of suc h

Mark o v mo dels for in terpreting exp erimen tal un binding data, whic h has b ecome fairly standard,

needs to b e re-though t in view of these observ ations.

Mark o v mo dels based on the exp onen tial o�-rate predict an (appro ximately) logarithmic de-

p endence of mean rupture force on loading rate for a single-w ell binding p oten tial. In practice,

exp erimen tal data for rupture force v ersus the logarithm of loading rate usually do not lie along a

single line, but often seem to lie on di�eren t lines for di�eren t p ortions of the loading rate range

11
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Figure 7: Rupture force vs. Loading rate. Left: Comparison of rupture forces predicted b y

the F okk er-Planc k equation (*) and the Mark o v mo del (solid curv e) with the correct o�-rates

determined b y in terp olating tabulated o�-rate v alues from the solution of solving (11). Righ t:

Comparison of rupture forces predicted b y Mark o v mo del with the correct o� rate (solid curv e)

and with the exp onen tial o�-rate (dashed curv e). In b oth panels, curv es from b ottom to top

corresp ond to w ell-depths a =1, 11, 21, 31, 41, and 51. The solution for the exp onen tial o�-rate

w as computed from the analytic form ula for the mean �rst-exit time [8 , 15 ].

in v estigated. F or suc h m ulti-phasic cases, t w o or more di�eren t logarithmic functions are �t to the

data, with eac h function used for a subset of loading rates. Eac h of the logarithmic functions is

in terpreted as corresp onding to a distinct w ell through whic h the system m ust pass on the w a y

to un binding. In some cases, this in terpretation has b een corrob orated b y further exp erimen ts in

whic h the addition of an inhibitor eliminates one of the phases in the data ( e.g. , [4 ]. Our results

suggest that this approac h should b e used with caution. Lo ok, for example, at the top curv e in

Fig.(7), imagine that a half dozen or so data p oin ts w ere tak en in the loading rate range 10

� 1

to

10

4

. It w ould b e tempting to �t them using t w o straigh t line segmen ts, that is, b y t w o di�eren t

logarithmic functions of loading rate and to infer that these corresp ond to t w o energy w ells. Y et

this data comes from a binding p oten tial with a single w ell, so suc h an inference w ould b e incorrect.

The problem is that the app earance of m ulti-phasic data do es not necessarily imply a m ulti-w ell

binding p oten tial.
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App endix 1: Numerical Solution of Langevin Equation

Solutions of the Langevin equations are appro ximated n umerically using the simple Euler sc heme

[10 ]. Letting X

n

denote an appro ximation to X ( � ) at time � = n � � , and using similar notation

for the other v ariables, the sc heme is:

X

n +1

= X

n

+

k

l

�

X

( Z

n

� X

n

)� � �

k

s

�

X

( X

n

� Y

n

� r

0

)� � (12)

Y

n +1

= Y

n

�

F

n

b

�

Y

� � +

k

s

�

Y

( X

n

� Y

n

� r

0

)� � +

�

2 k

B

T � �

�

Y

�

1 = 2

G (0 ; 1) (13)

Z

n +1

= Z

n

+

v

k

l

� � (14)

with F

n

b

= F

max

( Y

n

= 2 L )(1 � tanh ( 
 ( Y

n

� L )). In (13), G (0 ; 1) denotes a Gaussian random v ariable

with mean 0 and v ariance 1. F or eac h sim ulation, N sample paths are follo w ed and used to deriv e

statistics. N is c hosen to b e su�cien tly large that statistics are meaningful, and the timestep � � is

c hosen to b e su�cien tly small that further reductions in it cause negligible c hanges. The parameter


 is c hosen so that the cuto� o ccurs o v er a distance small compared with the w ell-width L .

App endix 2: Numerical Solution of F okk er-Planc k Equation

Consider the F okk er-Planc k equation (10) on � 1 � y � 1 with no-
ux b oundary condition at

y = � 1 and absorbing b oundary condition p = 0 at y = 1. Let y

i

= i � y for i = � I ; � I + 1 ; : : : ; I

where I � y = 1, and denote b y p

n

j

an appro ximation to the a v erage of p ( y ; t ) o v er the i

th

cell

y

i

� � y = 2 � y < y

i

+ � y = 2 at time t

n

= n � t . ( p

n

� I

is the a v erage o v er the half-cell [ � 1 ; � 1 + � y = 2]).

The 
ux has an adv ectiv e part A = ( V t � 2 ay ) p and a di�usiv e part � p

y

. W e use a conserv ativ e

di�erence appro ximation to (10) in whic h the di�usiv e 
ux across the righ t end y

i +1 = 2

of the i

th

cell is appro ximated b y the cen tered-di�erence quotien t � p

y

� � ( p

i +1

� p

i

) = � y and the adv ectiv e


ux is appro ximated b y the up wind form ula:

A

n

i +1 = 2

=

8

<

:

( V t

n

� 2 ay

j +1 = 2

) p

n

i

( V t

n

� 2 ay

i +1 = 2

) > 0

( V t

n

� 2 ay

j +1 = 2

) p

n

i +1

( V t

n

� 2 ay

i +1 = 2

) < 0 :

F or the di�usiv e terms w e use Crank-Nicolson time discretization while for the adv ectiv e terms w e

use an explicit form ulation. The resulting form ula for p

n +1

i

for i = � I + 1 ; : : : ; I � 1 is

p

n +1

i

� p

n

i

� t

=

1

� y

�

A

n

i � 1 = 2

� A

n

i +1 = 2

�

+

1

� y

2

�

p

n +1

i � 1

� 2 p

n +1

i

+ p

n +1

i +1

+ p

n

i � 1

� 2 p

n

i

+ p

n

i +1

�

: (15)
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The equation for i = � I is somewhat di�eren t b ecause of the b oundary condition J = 0 at y = � 1,

and b ecause the p

n

� I

is the a v erage o v er a cell of width � y = 2. F or i = I , w e set p

n

I

= 0 for all n to

enforce the absorbing b oundary condition there.

App endix 3: Mean First Exit Time with a Time-dep enden t P oten tial

The mean �rst exit time for a F okk er-Planc k system with a time- indep endent p oten tial is usually

calculated b y solving a b oundary v alue problem deriv ed from the asso ciated bac kw ard F okk er-

Planc k equation [6 ]. This approac h do es not extend to time-dep enden t p oten tials, so here w e sho w

ho w to determine the mean �rst exit time from the solution of the forw ard F okk er-Planc k equation

for a problem with a time-dep enden t p oten tial.

F or the domain 
 = f y : � 1 < y < 1 g , consider the F okk er-Planc k equation p

t

= � J

y

, where

p = p ( y ; t j y

0

; t

0

) is the probabilit y of �nding a particle at lo cation y at time t giv en that it w as at

p osition y

0

at time t

0

. The b oundary conditions are J = 0 at y = � 1 and p (1 ; t j y

0

; t

0

) = 0. De�ne

G ( y ; t ) =

R

1

� 1

p ( x; t j y ; 0) dx and observ e that if T ( y ) is the random v ariable for the time at whic h a

particle that starts at y lea v es the domain 
, then Pr( T (y) > t) = G(y ; t). Set g ( y ; t ) = � G

t

( y ; t ),

and note that Pr ( T (y) > t) =

R

1

t

g(y ; s)ds and Pr( T (y) < t) =

R

t

0

g(y ; s)ds, so that g ( y ; t ) is the

probabilit y distribution function for the random v ariable T ( y ). Hence one expression for the mean

�rst exit time M ( y ) is

M ( y ) =

Z

1

0

tg ( y ; t ) dt =

Z

1

0

t

Z

1

� 1

p ( x; t j y ; 0) dxdt: (16)

Here, p ( x; t j y ; 0) can b e found b y solving p

t

= � J

y

with initial condition p ( x; 0 j y ; 0) = � ( x � y ).

By noting that g ( y ; t ) = �

R

1

� 1

p

t

( x; t j y ; 0) dx =

R

1

� 1

J

x

( p ( x; t j y ; 0)) dx = J ( p (1 ; t j y ; 0)), w e obtain a

second expression for M ( y ):

M ( y ) =

Z

1

0

sJ ( p (1 ; s j y ; 0)) ds: (17)

In computations, w e use discrete analogues of b oth (16) and (17) and con tin ue our sim ulations

un til suc h time that the maxim um of p ( y ; t j 0 ; 0) for y 2 
 is less than a small tolerance. A t that

time, the t w o expressions for M (0) giv e v alues that are essen tially equal, as is exp ected with the

conserv ativ e sc heme w e use to solv e the F okk er-Planc k equation.

App endix 4: Solution of Equation (11).

An analytic solution of Eq(11) with the b oundary conditions M

0

( � 1) = 0 and M (1) = 0

can b e deriv ed easily but it complicated to ev aluate and is therefore not particularly useful. A

straigh tforw ard w a y to solv e the problem is to write (11) as a system of �rst-order di�eren tial

equations

14



M

0

( y ) = N ( y ) ; (18)

N

0

( y ) = (2 ay � f ) N ( y ) � 1 : (19)

Solving this system with conditions M ( � 1) = 0 and N ( � 1) = 0 giv es a function, call it M

0

( y ),

whic h satis�es (11) and the b oundary condition M

0

( � 1) = 0, but not the b oundary condition

M (1) = 0. The function M ( y ) = M

0

( y ) � M

0

(1) satis�es (11) and the b oundary conditions at b oth

y = � 1 and y = 1. Numerical solutions to the system (18-19) for � 1 � y � 1 with the 'initial

conditions' M ( � 1) = N ( � 1) = 0 are easily computed using an y standard metho d for sti� ordinary

di�eren tial equations [7 ].
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