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Coupled Cell Model of Border Zone Arrhythmias*

Bradford E. Peercy! and James P. Keenert

Abstract. Border zones between normal and ischemic tissue have been implicated as a cause of arrhythmic
cardiac activity. A variety of experiments with coupled cells and strips of tissue has been designed
to understand the arrhythmogenic effects of border zone currents.

In this paper, we use systems of differential equations to model an ischemic (depolarized) cell
(or region) coupled to a normal cell under a variety of conditions. For two ionic models (reduced
Hodgkin—Huxley and Luo—Rudy I), we find the boundary in parameter space between oscillatory and
nonoscillatory solutions. We find that there are regions in parameter space for which the ischemic
cell (region) is stable and inexcitable when uncoupled, but when coupled to a normal, excitable cell
the cells oscillate. We state a general principle that relates the oscillation of a forced single cell to
oscillations of the coupled system. Furthermore, in modeling drug-modified experimental dynamics
we are able to reproduce early after depolarization (EAD)-like phenomena, which has implications
in locating oscillations in the drug-free experiment. Finally, we describe a mechanism by which
oscillations in the transmembrane potential may be encountered during reperfusion.
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1. Introduction. Cardiac tissue homeostasis is maintained through a complex network of
coronary arteries distributed throughout the heart. Occlusion or blockage of a branch within
this arterial network causes downstream blood flow to cease. The deprivation of blood flow
to a region of tissue results in the loss of nutrients, such as glucose and oxygen, as well as the
accumulation of waste products. This combination of effects is termed ischemia. With the
loss of homeostasis due to ischemia, a cascade of biochemical processes occurs in the ischemic
myocardium. Many of these processes negatively affect the electrical conduction system, which
the heart uses to organize rhythmic pumping.

The size of the region of myocardium subjected to ischemic insult depends upon how distal
the occlusion is in the branching network of coronary arteries from the origin of the network.
If the occlusion occurs proximal to the origin of the network, prior to significant branching, a
large portion of heart muscle is affected upon occlusion. On the other hand, if the blockage
is much farther down the arterial tree, say, near the capillary level, possibly only a few cells
are affected.

The central area of an ischemic region is the most affected. Tissue in the periphery of
an ischemic region receives some level of collateral blood flow from the surrounding normally
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perfused myocardium. This periphery between highly ischemic and normal tissue was first
identified by Harris and Rojas [10] as the “border zone.” The portion of the border zone on the
surface of the heart is the epicardial border zone, but the border zone extends endocardially
into ventricular tissue through the midmyocardium and even to the endocardium.

It is well established [11, 3, 4] that an important biochemical effect of ischemia is the
increase of extracellular potassium (Kg). K¢ rises in a triphasic manner [4] and leads to
elevated transmembrane potentials. Additionally, coupling between cells via gap junctions
begins to decrease with the rise of intercellular proteins [2] such as lysophosphatidylcholine [6]
and long chain acylcarnitine [23] as well as with the increase of both intercellular and ex-
tracellular pH [5]. While the ischemic region is coupled to the normal tissue with normal
resting membrane potential (RMP), there is a difference in transmembrane potentials across
gap junctions. This difference induces an “injury current” across the border between ischemic
and nonischemic tissue. The injury current exists throughout the border zone where there is
a gradient of injury. Since cardiac tissue, as an excitable medium, can be forced by external
currents, an injury current may be sufficient to create ectopic activity originating at the border
zone.

High extracellular potassium and uncoupling of gap junctions in a given mass of tissue are
important manifestations of acute cardiac ischemia. Tan and Joyner [21] developed a technique
that coupled a single cardiac cell with variable resistance to a computer model cell. This
design allowed the administration of chemicals to the cardiac cell and/or the mathematical
adjustment of the model cell. Variable resistance between the cardiac cell and the model cell
was interpreted as intercellular gap junction communication strength.

The following describes experiments designed in the framework mentioned above to study
the effects of individual and combined aspects of ischemia on coupled cells. Tan, Osaka, and
Joyner [22] coupled a real ventricular cell (VC) to a passive model cell with a depolarized RMP
(=20mV, —10mV, OmV). The depolarized RMP mimicked the effect of increased extracellular
potassium on a cardiac cell. The coupling conductance was varied (0nS, 3nS, 5nS). No
spontaneous repetitive change in transmembrane potential (also termed automaticity) was
observed. Kumar and Joyner [13] later reconfirmed this result with a depolarized model
cell RMP of OmV coupled to a VC but noted that, with the application of certain drugs,
isoproterenol (synthetic catecholamine which acts to stimulate 1 and 2 adrenergic receptors),
froskolin and 8-bromo-cyclic adenosine monophosphate (which act to raise cAMP levels),
and Bay K 8644 (slow Ca?* channel agonist) to the VC, early after depolarizations (EADs)
were observed. EADs could be produced within the VC while also being connected to the
depolarized model cell only in the presence of these drugs. The change of the VC with
these drugs, which primarily affect the calcium handling, altered the dynamics to allow for
automaticity induced by the injury current.

Picard et al. [18, 20] performed experiments on strips of guinea pig cardiac tissue ex-
tending Rouet et al.’s work from 1989 [19]. Their goal was to find pharmaceutical remedies
for automaticity at the ischemic border zone by affecting the Kaprp channel. They used a
two-chamber setup where one chamber was perfused with an ischemic Tyrode’s solution con-
taining high KE{, low pH, no glucose, and a decreased partial pressure of oxygen, pOs. Their
control experiments found spontaneous electrical behavior about one fourth of the time. After
perfusion of half of the tissue preparation with the ischemic solution for 30 minutes, that part



COUPLED CELL MODEL OF BORDER ZONE ARRHYTHMIAS 3

of the tissue was reperfused with a normal solution. In the control, 92% of the preparations
exhibited spontaneous activity upon reperfusion.

These experiments attempt to understand the influence ischemic tissue exerts on nor-
mal tissue. The coupled cell experiments focus on the importance of depolarized resting
transmembrane potential in ischemic tissue and the size of the ischemic region in generating
automaticity. The strip of tissue experiments also emphasize the importance of elevated trans-
membrane potential in generating oscillations when coupled to normal tissue. However, these
experiments fall short of providing a ubiquitous mechanism for automaticity, and previous
modeling does not reproduce the automaticity observed in experiments.

The goal of this work is to understand how the depolarization of the ischemic myocardium
coupled to normal myocardium during early ischemia generates spontaneous electrical activity
independent of the normal automaticity of the heart. This is the generation of a so-called
border zone arrhythmia. To this end, we develop and study a coupled cell model with two
forms of ionics. In a subsequent paper we will provide an analysis of a one-dimensional spatial
model. These models are inspired by the above-mentioned experiments.

1.1. Outline. In section 2 we derive a model of coupled cells where “cell” may be inter-
preted as a single cell or a region of isopotential cells. The degree of ischemia is described by
the parameter vector, p. One cell, taken to be a normal cell, has no ischemia, pg, whereas
the other cell, taken to be the ischemic cell, has a variable degree of ischemia. A coupling
parameter is associated with gap junctional proteins, which span both cell membranes linking
them together electrically. The relative sizes of the normal and ischemic cells are also taken
into account. This coupled system of ordinary differential equations is studied with two differ-
ent models of transmembrane ionic currents, a reduced Hodgkin-Huxley (RHH) model, and
a Luo-Rudy I (LRI) model.

In section 3, we describe the effect of increased ischemia on an individual cell and the effect
of coupling an ischemic and normal cell of various relative sizes and coupling strengths. We
alter the RHH model to account for changes due to ischemia by allowing for changes in Ka' . In
the phase plane, the nullcline of the transmembrane potential, V', undergoes a characteristic
shift in response to the change in Kg . The LRI model is an eight variable ionic model with
explicit dependence on K, which we utilize.

Using steady state and bifurcation diagrams (state variable(s) versus parameter) and
unfolding diagrams (parameter versus parameter), we show that there are spontaneous oscil-
lations for parameters in an open region of parameter space. The oscillations observed in the
LRI model are calcium activated. We briefly discuss why this, rather than sodium activation,
is the case. From the analysis of spontaneous oscillations in both of the ionic models, a general
principle emerges: how a single cell responds to constant stimulus and constant leak relates
to oscillatory behavior of coupled cells in certain parameter ranges. We compare the results
to the coupled cell experiments [21, 22, 13, 14] and give an explanation of why oscillations are
not observed in some experiments [22, 13]. We conclude that two cells, which when uncoupled
are each stable, one excitable and the other inexcitable with elevated resting potential, can
exhibit oscillations via an injury current when coupled together.

2. Model derivation. The models of cardiac cell ionics described here are based on the
Hodgkin—Huxley formalism. The membrane of a cardiac cell is a bilipid layer that acts as a
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Icoup

Figure 1. A schematic of two cells coupled intracellularly by the coupling current, Icoup. The ionic current,
Lion, and capacitative current, I.qp, are balanced by the coupling current. Rq is the coupling resistivity. Cp, is the
membrane capacitance. Vi, and Vi, are the intracellular and extracellular potentials for region 1, respectively,
as are Vo, and Va_ for region 2. The extracellular potentials are taken to be isopotential (Vi, = Va, ).

capacitor. Through this layer, penetrating proteins act as ion-specific conductors. Figure 1
provides a schematic representation of two excitable cells coupled through an intercellular
resistance.

The total transmembrane current consisting of the ionic currents and the induced capaci-
tive current must balance the current through the intercellular resistor, I.,p. The membrane
current density is

dvi

Im: m~ 5,
C dt

+ Iiona

where Vi = Vi, — V3, C), is capacitance per unit area of membrane, and I;,, is the ionic
current density. Using Ohm’s law the intercellular current density is written in terms of the
difference in intercellular potentials and the conductance per area, d, between them,

Leoup = d(Vi; = Va,),

where d is also the inverse intercellular resistivity, Ry. The conductance, d, is associated with
the gap junctional conductance. For the currents induced from the flow of ions to balance,
the surface areas across which the various currents flow must be taken into account. If M;
represents the membrane surface area of cell 1 and A; represents the gap junctional surface
area between cell 1 and cell 2, then the balance of currents for cell 1 is

dV;
M1 <Cmdt1 + Iion) = _AiIcoup — Azd(VZ - Vli)a
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and that for cell 2 is

dVa

M2 (Cmdt + Iion) == AiIcoup = Azd(%l - ‘/2,)
We assume that the extracellular potential is isopotential (i.e., Vi, = Va,) so that the two

coupled transmembrane potential equations become

(21) M1 <6Ymdd‘;1 + Iion) - A'Ld(VQ - Vl)a

dV-
My <Cmdt2 + Iion) = Aid(Vi — Vo).

2.1. Scaling parameters. It is useful to introduce scaled parameters in (2.1). Let My be
the total membrane surface area of the system (i.e., M+ My = M), and let m be the relative
surface area of cell 1, m = %, which is a nondimensional quantity. Notice that 1 —m = %
Then (2.1) takes the form

dV;
(22) m (Cmdtl + Iion) = Xd(VQ - Vl)a

dV-
(1 - m) <Cmdt2 + Iz’on) = Xd(V1 - VvQ)a

where xy = ]f/‘[; is ratio of the gap junctional area to total membrane surface area. The ionic
current, I;,,, has many possible representations depending on what physiological model is
being considered. A discussion of several ionic models can be found in Keener and Sneyd [12].
In general, it is assumed that the ionic current has a functional nonlinear dependence on
the transmembrane potential, on gating variables and other state variables, and on state
dependent parameters. For example,

Iion - 7F(V7 w, p)/RTTh

where R, is the passive membrane resistivity, F' has units of voltage, w represents the vector
of gating variables and other state variables, and p represents a vector of parameters (i.e.,
Kar , pH, ATP, etc.) which undergo ischemia-induced biochemical changes. Incorporating this
into (2.2) yields

dV;
m <CmRmdt1 - F(V7 Wi, pO)) = XRmd(VZ - Vvl)a

dVs
(1—m) <OmRmdj — F(V,ws, p)) = XRpud(Vi — Va).

Notice that C,, R,, has units of time and R,,d is a nondimensional product of intercellular
conductance per area and passive membrane resistivity, so that scaling time by C,, R, and
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letting 6 = R,,d yield the model

(23) o (G = F(Vowrpn) ) = x00 — Vi),

(2.4 (= m0) (G2 = P(Vowa,p) ) = el - 12

The dynamics of gating variables for each of the cells are described by equations of the form
(2.5) % =g(V1,w1),

(2.6 2 v wa)

To model the effect of ischemia on the electrical interaction between cells, the degree of
ischemia parameters, p, are modified in one of the cells. For example, if p = p, a scalar,
represents K1, we let py be Kgr for a normal cell, while p is KSF for an ischemic cell with
p > po. Our goal is to understand the behavior of the above system as it depends on the
parameters m, p, and 0.

3. Model ionics. We study variation in these parameters using two forms of ionics. The
RHH model has a biophysical interpretation but is a two state variable model which is readily
studied in the phase plane. The LRI model provides a more biophysically realistic model. We
describe the effect of an increase in the degree of ischemia on an individual cell followed by
bifurcation analysis of the coupled system in relative cell size and coupling strength for each
set of ionics.

3.1. Reduced Hodgkin—Huxley model. The reduced Hodgkin—-Huxley (RHH) ionic model
is a basic ionic model that includes sodium and potassium ion currents. This model is found as
a reduction of the four variable Hodgkin—Huxley model by assuming the sodium activation gate
is fast and the potassium activation gate and sodium inactivation gate are linearly related.
The two variable RHH model allows for phase plane analysis while maintaining an ionic
interpretation. The fast-slow reduction of the full four variable Hodgkin—-Huxley system is
attributed to FitzHugh [8, 9]. A more recent discussion of this reduction may be found
in [12]. The dynamics associated with the RHH system in the notation of the previous section
are

F(V,n,p) = —[gnam3,(0.85 = n)(V = Viva) + gxn*(V = Vi (p)) + g (V = V1)),
Noo(V) —n

(V)
where the parameters are specified in Appendix A (see Keener and Sneyd [12]). The potassium
Nernst potential, Vx = 25.8In(4-), depends explicitly on the parameter p, which here is
extracellular potassium. In normal conditions for the RHH model p = py = 20.

In the following section we show that an increase in extracellular potassium on the single

RHH cell results in a shift from stable to self-oscillatory dynamics followed by a return to a
stable but inexcitable, higher rest potential state. We then examine the coupled system and

determine the effects of relative size and coupling strength between a normal RHH cell and
an ischemic RHH cell.

g(Vv n) -
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Figure 2. Phase plane diagram for the RHH model. The steady state is stable with extracellular potassium
at a normal level, po = 20.

3.1.1. Single RHH cell. Consider the single cell with RHH dynamics,

(3.1) v

— = F(V.

dt ( )nap)a
dn

R V. i

Since the RHH model is a two variable model, it is useful to examine the dynamics in the phase
plane. In Figure 2 the V-nullcline, a cubic-like shape, and the n-nullcline are plotted for a
normal level of extracellular potassium, pg = 20. There is one steady state. At this parameter
value the system is excitable, meaning that when the state of a cell is shifted quickly and
sufficiently from its resting position, the state variables travel away from the steady state
before returning to rest. The direction of flow across the nullclines is designated by the arrows
in Figure 2.

The V-nullcline depends on p through the potassium Nernst potential in this model. The
effect of increasing p on the V-nullcline is shown in Figure 3 (a). As p increases, the lower
knee of the V-nullcline raises, and with it, the steady state values of both V and n increase.
The steady state transmembrane potential as a function of p, V*(p), is shown in Figure 3 (b).
This steady state solution remains stable as p increases until it undergoes a change in stability,
a bifurcation. At this bifurcation point Py, near p ~ 27.5, a pair of eigenvalues has zero real
part and nonzero imaginary part. This bifurcation is a subcritical Hopf bifurcation. Beyond
this point, the only stable solution to the system (3.1) is a large amplitude stable periodic
orbit. As p continues to increase, following the smallest steady solution V*(p), we reach a
knee of the steady state curve, which is the first of two limit point bifurcations (p ~ 31
and p ~ 24). Eventually, for a sufficiently high p-value, the steady state regains its stability
through a second, supercritical Hopf bifurcation at p &~ 63.5. The lower stable branch of the
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Figure 3. Effects of increasing p on a single RHH model cell. (a) Shift in V-nullcline. This picture shows
three different V -nuliclines corresponding to different levels of extracellular potassium (p = 20 (normal), 45,
and 80) for the RHH model. These show the depolarization of the transmembrane potential steady state as
it depends upon p. (b) Bifurcation diagram. Increase of steady state transmembrane potential as it depends
upon p in an S-shape manner for the RHH model. The squares indicate Hopf bifurcations (HBs) (p =~ 27.5 and
p = 63.5), where the steady state changes stability. The two curves emanating from the lower HB and upper
HB and ending at the homoclinic points (HCs) marked by X’s are the amplitudes of the unstable and stable
period orbits, respectively. There is a small region of overlap between the stable periodic orbit and the stable
steady state on the lower branch yielding bistability.

S-shaped steady state curve represents a stable, excitable state, and the upper stable branch
beyond the second Hopf point represents a stable, inexcitable state. The periodic solution that
exists for intermediate p-values is a self-oscillatory solution. The region between the p-value
where the stable periodic solution ends in a homoclinic orbit Pyc (p =~ 26.5) and Pp, is a
region of bistability where the stable periodic and stable steady state coexist.

Several qualitative features of ischemic tissue are reproduced by an increase in p. The
resting transmembrane potential is elevated, and the action potential amplitude is reduced as
shown in Figure 3 (b) by the decreasing amplitude of the self-oscillatory solution. For large
enough p, the dynamics of the ischemic cell are completely inexcitable (even while the cell is
not yet “dead” with V' = 0). The range of rest potential levels is appropriate for an ischemic
cell even though the extracellular potassium levels are beyond physiological levels for cardiac
tissue.

3.1.2. Coupled RHH cells. Now that we understand how the RHH dynamics of the single
cell change with variation in p, we would like to understand how the coupling strength and
mass of the individual cells affect the coupled cell dynamics. We couple two cells, one normal
and one ischemic, each with RHH model dynamics. It is clear that if p is elevated only slightly
in the ischemic cell, regardless of the coupling strength or mass differential, both cells remain
at resting states only slightly different from what would be their uncoupled resting states.
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Reduced Hodgkin—Huxley Model
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Figure 4. RHH model. The upper graph shows the steady states for the system if uncoupled (i.e., x6 =0)
with p = 80 in the ischemic cell. The lower graph shows the system coupled with x6 = 0.15, p = 80, and
m = 0.1. The ischemic cell acts as a source of current to force the normal cell into oscillation. This feeds
back to the ischemic cell causing imperceptibly small oscillations. The dashed lines are the ischemic cell’s
transmembrane potentials, while the solid line is the transmembrane potential for the normal cell.

This steady state is stable for the four state variable system.

Beyond this, however, the dynamics of the coupled system (2.3)—(2.6) are not immediately
obvious. Evidence for interesting nontrivial behavior is shown in a time course plot for the
coupled system with RHH ionics in Figure 4. Here, an ischemic cell of relative mass 1—m = 0.9
with p = 80 is uncoupled (Figure 4 (a)) and then coupled (Figure 4 (b)) by x6 = 0.15 to a
normal cell of relative mass m = 0.1 with pg = 20. When the two cells are uncoupled, both
approach their respective stable steady states, but when coupled, the normal cell is forced by
the current induced from the high resting potential of the ischemic cell, which oscillates ever
so slightly around its uncoupled state.

The behavior in Figure 4 is different in the top and the bottom subfigures, and the only
change has been to the composite coupling parameter, XE’S, causing a Hopf bifurcation. We
define a curve in parameter space along which two of the eigenvalues of the coupled system
(2.3)—(2.6) have zero real part and nonzero imaginary part as a Hopf curve. Figure 5 shows
Hopf curves in XR versus p parameter space for two size parameters, m = 0.1,0.5.

The shaded region is the set of parameter values at which oscillations are guaranteed. The

solid curves, HB; and HBo, are Hopf curves. The dotted curves, LP; and LP5, are limit point
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Figure 5. Unfolding diagrams for ’fy—f versus p at fixed m = 0.1 and m = 0.5. The shaded region is the
set of parameter values at which oscillations are guaranteed. The solid curves, HB1 and HB2, are Hopf curves.
The dotted curves, LP1 and LPs, are limit point curves. The dashed curve is a secondary Hopf curve. There
is a curve of homoclinc bifurcations (which intersects the starred points). The points along this curve, one of
which is labeled HC, are the p-values for a given XW& at which the periodic solution emanating from HB2 becomes
homoclinic. Since HC is below HBy, between HC and HB1 in p is a region of bistability. The lower Hopf curve,

HB:1, and homoclinic points, HC, also shift upward for increasing m except for being pinned at the p-axis.
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curves along which a real eigenvalue is zero. The dashed curve is a secondary Hopf curve. The
Hopf curves and limit point curves were calculated using Auto97 bifurcation software [7]. The
star points, one of which is labeled HC, are the p-values for a given Xmé at which the periodic
solution emanating from HB9 becomes homoclinic. Since HC is below HBj in p for a given xﬁﬁ’
between HC and HB; is a region of bistability. Depending upon the initial conditions, the
system approaches either the steady state solution or the periodic orbit. As m increases, the
upper Hopf curve, HBy, shifts outward (outside of picture frame) increasing the upper bound
on the oscillatory region. The lower Hopf curve, HB1, and homoclinic points, HC, also shift
upward with increasing m except for being pinned at the p-axis. This increases the lower
bound on oscillations for each XE'S > 0.

Looking more closely in a neighborhood of the p-axis in Figure 6, we see an interval in p in
which the uncoupled ischemic cell is self-oscillatory, p € [P,,, P,,] = [27.5,63.5]. For small m
we expect the normal cell to have little effect on the ischemic cell so that as the coupling
(x6) increases we expect [P,,, P,,] to remain an oscillatory region, which it indeed does (see
Figure 6 (a)). Interestingly, for p > P,, and coupling sufficiently large, we find another
instability region which extends to the HBg curve (see Figure 5 (a)). This region corresponds
to oscillatory dynamics from two coupled cells that if uncoupled would each approach their
stable rest states. Figure 4 shows an example of cells in such a parameter region.

As m increases (see Figure 6 (b)), the HB; curve rises away from Xﬁé = 0, indicating that
the reduced ischemic cell needs higher p-values to begin oscillating. For m large enough (see
Figure 6 (c)) the HB; curve coalesces with the LPy curve and disappears above X%—V&lues
denoted by the Bogdonov—Takens bifurcation point, BT;. The boundary for the instabil-
ity region is then the LPy curve for XE‘S above BTp. (See Appendix B in [16] for further
details.)

Figure 7 shows the time course for a relatively small ischemic cell (m = 0.1) coupled not all
that strongly (x6 = 0.455) to a normal cell that produces oscillatory dynamics in the normal
cell. There are regions in coupling versus p for a wide range of relative sizes m which produce
oscillations. Futhermore, a stable excitable normal RHH cell and a stable inexcitable RHH cell
when coupled sufficiently strongly may produce large scale oscillations in the normal cell. The
implication for large m is that even a small amount of ischemia in a region sufficiently coupled
with unaffected tissue may be sufficient to elicit extrasystolic action potentials independent of
normal pacing. For small m the ischemic cell remains at its resting potential while supplying
a sufficient current to the normal cell to cause oscillations (see Figure 7).

3.2. Luo—Rudy | model. The Luo—Rudy I (LRI) model [15] is designed specifically for
cardiac cell dynamics and includes many specific physiological features thereof. The state
variables in the LRI model are the transmembrane potential, gating variables, and intracellular
calcium. The dynamics are governed by eight differential equations for these state variables
where V' is the transmembrane potential; m, h, and j are sodium channel activating, fast
inactivating, and slow inactivating gating variables, respectively; d and f are calcium channel
activating and inactivating gating variables, respectively; x is a potassium channel inactivating
gating variable; and Cla; is intracellular concentration of calcium. The governing equations
governing are given in Appendix B.

3.2.1. Single LRI cell. We examine the single cell with LRI dynamics,
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Figure 6. Unfolding diagrams for %’ versus p at fited m = 0.1, m = 0.5, m = 0.9 zoomed into small ’%.
(a) and (b) focus on the region closer to the p-axis of Figure 5 (a) and (b), respectively. (¢) For m = 0.9, the
slope of the HB1 curve has dramatically increased compared to (a) and (b) and the curve ends in a Bogdonov—
Takens, BT1, bifurcation. With the loss of the HB1 curve, the boundary for purely oscillatory solutions becomes
the limit point curve, LPy. Between the HC points and the LP1 curve there exists a region of bistability. There
is a curve of saddle-node of periodics bifurcations (which intersects the plus points). This creates a narrow strip
for which there is bistability (either with a steady state or periodic solution). However, the basin of attraction
is small for the emanating stable periodic orbit as not to affect the stability diagram appreciably. As coupling
increases, the unstable periodic solution from the saddle-node of periodics interacts with the stable periodic that
disappears in the homoclinic bifurcation. This initiates at the coupling value where the Hopf bifurcations cross

transversally.
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Reduced Hodgkin—Huxley Model
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Figure 7. RHH model. The upper graph shows the steady states for the system if uncoupled (i.e., x6 =0)
with p = 90 in the ischemic cell. The lower graph shows the system coupled with x6 = 0.455, p = 90, and
m = 0.9. The elevated resting transmembrane potential acts as a source of current to force the normal cell into
oscillation which in turn perturbs the potential of the ischemic cell into a small amplitude oscillation about its
elevated resting transmembrane potential. The dashed line is the ischemic cell transmembrane potential, while
the solid line is the transmembrane potential for the normal cell.

dv o
dw

= V N
o = 9. a@),

where @ = [m, h, j,d, f,z,Ca;]".

This particular physiological model has explicit dependence on K(J{ through the potassium
Nernst potential and the potassium channel conductance. The single cell steady state dia-
gram for the LRI model is shown in Figure 8. The resting transmembrane potential depends
monotonically on p = K", and although it becomes more depolarized as p increases, it never
loses its stability (compare with the RHH steady state diagram Figure 3 (b)). Along with
the increase in resting potential, the single ischemic cell also loses excitability as exhibited
in Figure 9. The lack of self-oscillatory behavior of a single LRI cell for elevated p-values
allows us to test whether or not this behavior is necessary for the coupled system to generate
oscillations.

3.2.2. Coupled LRI cells. There is interesting behavior when two LRI model cells are
coupled. Figure 10 (a) shows the uncoupled dynamics of the LRI model for p = 60, while (b)
shows the two cells from (a) coupled with xé = 0.005 and m = 0.1. In this example, there is
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Figure 8. Steady state transmembrane potential as a function of K§ for the LRI model.

no self-oscillatory behavior in the ischemic cell so that the oscillation of the coupled system
results from the coupling of the two cells.

To understand where in parameter space these oscillations occur we create unfolding di-
agrams. The unfolding diagrams in p and coupling strength for the LRI model dynamics
were found numerically using Auto97 bifurcation software [7]. These regions represent the
parameter values at which ischemic cells couple to normal cells, both of which are otherwise
stable, and induce oscillations. As shown in Figure 11, the enclosed oscillatory region slightly
increases when m is increased before collapsing as m — 1 (not shown).

Figure 12 shows the transmembrane potentials of normal, V}, and ischemic, V5, cells along
a one-dimensional slice through the unfolding diagram in Figure 11 (c). As xﬁé decreases for
fixed m = 0.9, the pair of Hopf points shift to higher p-values until they cross. Here the stable
oscillation is lost and only the stable steady state remains for larger coupling. Uncoupled the
normal cell has a steady state at V; = —84 and the ischemic cell has the steady state curve
as shown in Figure 8. However, for y6 = 0.1 and m = 0.9 each of the resting potentials
is affected. V5 increases with increasing p but at a lower rate compared to the uncoupled
steady state, while V] increases as p increases due to the coupling rather than remaining
constant. For p large enough a subcritical Hopf bifurcation gives rise to a rapid transition
to stable oscillations in both cells. The amplitude of the stable periodic oscillation reaches a
maximum in V7 of about —10mV. These oscillations collapse as p increases through a second,
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Figure 9. LRI model. (a) Result of a single 5ms stimulus for normal cell parameters from resting conditions
(V* =~ —84). (b) Result of a single 5ms stimulus for elevated extracellular potassium (p = 60) from resting
conditions (V* = —23). With elevated extracellular potassium, the cell is inexcitable and decays exponentially
back to rest following the brief stimulus.

supercritical Hopf bifurcation. Since the unstable branch of periodic solutions emanating from
the subcritical Hopf bifurcation exists in only a small neighborhood below the Hopf point, it
is reasonable to take this Hopf point as a boundary (albeit approximate) in p on significant
oscillatory dynamics.

3.2.3. Comparison with experiments. To compare the oscillatory regions found from the
LRI model quantitatively with experiments, we translate experimental conductance parame-
ters into model parameters. Assuming an average cardiac cell has the dimensions 100 pm x
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Figure 10. LRI model. The upper graph shows the steady states for the system if uncoupled (i.e., x6 =0)
with K = 60 in the ischemic cell. The lower graph shows the system coupled with x6 = 0.005, KE)" = 60mM,
and m = 0.1. The ischemic cell effectively remains at its resting potential with only imperceptible oscillations,
while it acts as a source of current to force oscillations on the normal cell.

20 pm x 5 pm, then the average surface area for a cell is 5200 pm?. Also assuming gap junc-
tions are located only on the cell ends and cover a quarter of the surface area (50 pm?), then
X (ratio of gap junctional surface area to total surface area) is about 0.01. Peters et al. [17]
quantified the surface area covered by gap junctions per cell volume for normal human my-
ocytes as 0.0051 ym?/pm3. Using the typical cardiac cell dimensions yields the experimentally
determined x ~ 0.01, which is consistent with our estimate.

Tan, Osaka, and Joyner [22] were unable to find oscillatory behavior when coupling a
real VC to a passive model cell with an elevated (depolarized) RMP. They used a variety
of coupling conductances (0nS, 3nS, 5nS) which correspond to xé ~ (0,0.2,0.35) based on a
resting membrane resistivity of 7 x 103Qcm? and a total membrane area of 10* ym? (roughly
twice 5200 pm?).

ap junction area . .
_ &P ) x gap junctional conductance/area

total surface area
X resting membrane resistivity

gap junction conductance X resting membrane resistivity

total membrane area

The coupled cells were of similar size which corresponds to m & 0.5. So the coupling
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Figure 11. LRI model. Unfolding diagrams for

m

versus p at fixred m = 0.1, m = 0.5, m = 0.9.

conductances from [22] correspond to x% ~ (0,0.4,0.7). The resting potentials for the passive
model cell used were (—20mV, —10mV, 0mV). Assuming the effect on V5" from V; is negligible,
V5" corresponds to p ~ 65. In Figure 11 (b), the range of XE‘S with oscillatory behavior at p = 65
is about 0.05 < XR‘S < 0.06 (coupling conductance between 0.36nS and 0.43nS), and there is
no oscillation for p-values corresponding to V5" = 0mV or —10mV. Since the oscillatory range
—20mV is small and at small conductances, it is reasonable to conclude that this
region was not found in experiments.

for V5
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Coupled LRI Cells
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Figure 12. LRI model. Bifurcation diagrams for p versus Vi (thick, dark) and Vo (thin, light) at m = 0.9
and x6 = 0.1.

3.2.4. Calcium upstroke in coupled LRI system. The oscillations that are seen from the
LRI model in Figure 10 are calcium-induced action potentials, that is, the calcium current
produces the upstroke of the action potential rather than the sodium current. The sodium
current and calcium currents are plotted in Figure 13. It seems reasonable then that enhancing
the calcium handling with drugs as Kumar et al. [14] did would elicit calcium-induced action
potentials. The effect of these drugs on the LRI model is not clear, but presumably they would
act to expand the region of oscillation in xmé versus p space, due to enhanced excitability of the
calcium mechanism. Further discussion of this in relation to the mechanism of the calcium
upstroke is found in section 5.

4. Forced single cell to coupled cell dynamics. For small m, in both the RHH and LRI
models the ischemic cell acts in one direction to send current to a normal cell without much
return effect. The normal cell feels a constant depolarizing current and a constant conductance
leak current. In this section we give a theory relating the forced oscillation of a single cell to
oscillations of a coupled system. A technical theorem is stated in Appendix C.
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Figure 13. LRI model. The sodium (dashed) and calcium (solid) currents for the normal cell’s potential
time course in Figure 10.

Assumption Al. Suppose the system

dv;
(4.1) 7~ F(Vi, w1, po) = —dVi + Loy,
dWl
o =9V, w1)

exhibits oscillations in transmembrane potential for some d and some I,),.
Assumption A2. Suppose the system

dVa

(4.2) o F(Va,we,p) =0,
dwy
272 (Vs

has a steady state (V5 (p), wi(p)) such that dV5 (p) = Lupp-

Then the coupled system (2.3)—(2.6) for %5 = d exhibits oscillations in transmembrane
potential provided % is sufficiently small. If V(p) increases as p increases without bound
and dV5 (po) < Iapp, then there must exist a p at which dV5'(p) = Igpp.
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Figure 14. Unfolding diagram for the RHH single cell. (a) The Hopf bifurcation curve for the single RHH
cell with changes in applied current, I.pp, and leak conductance, d. (b) The Hopf bifurcation diagram for the
single RHH cell with changes in fized potential, V5, and leak conductance, d. Subfigure (b) is obtained by
plotting d versus Vo' = Iapp/d. The shaded regions are parameter regions with oscillatory dynamics.

In other words, if applying a constant current and leak current with fixed leak conductance
forces a normal cell into large scale oscillations, and if a second cell has a depolarized steady
state transmembrane potential in the appropriate range, then the depolarized cell induces
large scale oscillations in the normal cell. This occurs for an appropriate range of coupling
conductances provided the normal cell is sufficiently small relative to the ischemic cell.

We now wish to verify that the theory applies to the two models described earlier. To
verify the two assumptions Al and A2, we consider the unfolding diagrams in the parameters
Iopp and d and the unfolding diagrams in the parameters V5 = I,,,/d and d for the two sets of
ionics. Figure 14 (a) shows that a single cell with RHH dynamics has oscillations for a region
in d versus I, satisfying Assumption Al. Figure 14 (b) shows where d versus V5" = I,,,/d
yields oscillations so that if the RHH steady state of equations (4.2) is located in the shaded
region, Assumption A2 is satisfied. From Figure 3 we see there is a range of p-values with
V5 in the shaded region for which the theory applies in which oscillations exist in the coupled
system (2.3)—(2.6).

Similarly, for LRI dynamics, Figure 15 (a) shows a region in d versus I, where oscillations
satisfying Assumption Al occur. Figure 15 (b) shows where d versus V5 = I,p,/d yields
oscillations so that if the LRI steady state of equations (4.2) is located in the shaded region,
Assumption A2 is satisfied. Figure 8 shows a range of p-values for which V5 is in the shaded
region of Figure 15 (b).

For sufficiently small m the coupled system should behave similarly to the single cell under
appropriate forcing. In Figure 16, we compare the single cell bifurcation diagram of Figure
14 (b) with the bifurcation diagram for the coupled cells from Figure 5 (a). There are two
mechanisms by which the coupled cells may become unstable. The first has already been
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Figure 15. Unfolding diagram for the LRI single cell. (a) d versus I.pp for the LRI model. Inside the
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Figure 16. Comparison between the oscillatory region of a single cell and that of the coupled system for
the RHH model. (a) The single cell bifurcation diagram as in Figure 14 (b) but with dashed lines added. The
ischemic cell is self-oscillatory when its rest potential lies between the dashed lines. (See text.) (b) The coupled

cell bifurcation diagram as in Figure 5 (a).

described as a forcing on a normal cell. The second mechanism is from the self-oscillation of
the ischemic cell which may occur upon elevation of p. The dashed lines in Figure 16 (a), also
denoted by the Hopf bifurcation squares in Figure 3 (b), are those transmembrane potentials
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Figure 17. Comparison between the region of oscillation based on the applied and leak currents and the
coupled system with m = 0.1 in the LRI model. (a) The forced single cell oscillatory region. (b) The coupled
system oscillatory region.

between which the ischemic cell oscillates when uncoupled from the normal cell. The oscilla-
tory regions in Figure 16 (a) and (b) are remarkably similar, as expected.

As shown in Figure 17 for the LRI model, there is an almost exact correspondence between
the curve derived from the single system in Figure 17 (a) and the curve obtained with the
coupled systems and small m (m = 0.1) in Figure 17 (b). These results confirm the validity
of the theory.

5. Discussion.

5.1. Calcium current. We have shown that excitable cells oscillate for certain ranges of
applied and leak currents, but the morphology of the oscillations in the LRI model is distinct
from those induced by a periodic current stimulus. This difference in morphology stems from
the suppression of the inward sodium current during a fixed applied current so that the action
potentials are driven only by the inward calcium current.

The fact that the oscillations in the coupled cell LRI model are driven by calcium can
be understood from the steady state gating dependence on the transmembrane potential. In
Figure 18 the infinity curves for m, h, d, and f are plotted. At the normal steady state,
the m gate is closed, while the h gate is open. Following a stimulus that suddenly raises the
transmembrane potential, the m gate opens rapidly with time constant 7,,, while the h gate
begins to close slowly with a time constant 73,. Early in the action potential the h gate closes
shutting off the sodium current. As the transmembrane potential begins to rise from the
sodium current, the potassium and calcium gates are opened on a slower time scale. The
d activation gate of the calcium channel begins to open slowly, while the f inactivation gate
closes even more slowly, allowing a calcium current. Gate responses of potassium channels



COUPLED CELL MODEL OF BORDER ZONE ARRHYTHMIAS 23

1 o
0.8’ l’
0.6 i
e '
®8 l'
e '
0.41 )
0.2¢ N
—900 -50 0 50
\"

Figure 18. Infinity gating curves for the LRI model. (a) ho 1s the solid curve, while meo is the dashed
curve. The joo curve lies almost exactly on the hoo curve. (b) foo is the solid curve, while doo is the dashed

curve.

are activated and potassium flows out of the cell in an outward current. The slow change in
the balance between the inward calcium current and outward potassium current makes up the
rest of the action potential in the LRI model. Finally, the transmembrane potential returns
to rest where the gates reset.

Under the conditions studied here with a normal cell coupled to a cell with elevated
resting transmembrane potential, the dynamics of the normal gates are altered. The resting
transmembrane potential is raised slowly in the normal cell due to electrotonic coupling. If the
resting transmembrane potential of the normal cell is raised above —55mV, then the sodium
current is never triggered, because the h gate is never opened. On the other hand, the calcium
curves, do, and fs, provide a window where both gates are open for an interval of V. For the
oscillation shown in Figure 10, the rest potential of the normal cell is raised to about —55mV
closing the h gate while the m gate remains closed, but at the same time the d gate is opened
while the f gate is also open, which activates the calcium current. This is the calcium current
that causes the autocatalytic increase in V.

The my and ho curves for the RHH model are as shown in Figure 19. Since h, is
approximated by 0.85 — no, the hy curve does not asymptote to 1 or 0 as V gets large
negative or large positive, respectively. However, it is clear that there is a substantial window
where both m and h are activated. This leads to a sufficient sodium current to achieve
threshold and allow for an oscillatory action potential at elevated rest potentials.

The LRI model does not have a sodium based upstroke at high RMPs but does allow
for calcium to play that role, while the RHH model has sodium upstrokes at higher resting
potentials. It is not clear that these represent actual differences between cardiac cells and
neural cells or are merely differing features of these models.

The effect of calcium handling drugs such as BAY K 8644 used in the experiments of
Kumar and Joyner [13] is meant to be like a sympathetic nervous stimulation. The study
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Figure 19. The infinity curves for the RHH model. hoo is the solid curve, while moo is the dashed curve.

of Kumar and Joyner assessed the effect of these types of drugs on normal cells coupled
to depolarized cells. They found that enhancing the calcium handling of normal cells and
coupling them to depolarized cells induced EADs—EADs that Tan and Joyner could not find.
As in Kumar and Joyner, we “add” this effector to the normal cell and couple it with an
ischemic cell. The enhancement of the calcium handling by BAY K 8644 changes the position
of the gating curves. According to Adachi-AkaHane, Cleeman, and Morad [1], “the Ca?"-
channel agonist (-)-BAY K 8644 enhanced Ca?*-channel current (I¢,), shifted the activation
curve by —10mV, and significantly delayed its inactivation.” A shift of the activation curve
by —10mV is accomplished in the LRI model by shifting doo (V) to doo(V — Vipipe), where
Visnife = —10mV. The result is a larger window beneath the do, and fo curves, implying a
larger window current (see Figure 20).

Figure 21 shows a closed region for the d.-shifted system in which the only solution is
oscillatory. Compare this region to Figure 11 (b). The oscillatory solution parameter region
for the dyo-shifted system is found at much lower, more physiological p-values with the range
of p-values greatly reduced. The coupling strength at which the system oscillates is also
higher. The amplitude and baseline potentials of the oscillatory solution seen in Figure 22
correspond qualitatively with EADs in Kumar and Joyner. Unlike the unshifted system, as
coupling decreases below the enclosed parameter region of oscillatory solutions, the region of
bistability between stable steady state expands (see Figure 23). The potential for important
hysteretic behavior is available. And, like the RHH model (cf. Figure 5 at HC points), in a
narrow neighborhood (not shown) just below the lower Hopf curve (outside of the region of
oscillation) bistability exists between a stable oscillatory solution and a stable steady state.
Oscillatory solutions exist only for very low levels of p for small coupling. However, it is not
clear how large the basin of attraction is for this solution.

Using the theoretical adjustment implied by the experimental drug BAY K 8644, we
have found a region in parameter space which may be related to the EADs observed in the
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Figure 21. The LRI model with ds-shift. The closed region is where there are only oscillatory solutions.

Kumar and Joyner work. This suggests that reducing the coupling and increasing the ischemia
parameters in the drug-free experiment (see Figure 5 (b)) should produce the oscillations that
Tan and Joyner were unable to find.

5.2. Reperfusion. Even if arrhythmias do not occur during the onset of ischemia, there
is a likelihood of arrhythmias occurring upon reperfusion such as observed in the Picard and
Rouet experiments [18, 20]. We have shown that there exists a region in parameter space where
the solution to (2.3)—(2.6) is oscillatory. However, during an ischemic event the parameters
are dynamic. Figure 24 shows a potential trajectory through parameter space consistent with
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Figure 22. The LRI model with deo-shift. The time course initiated from normal steady state shows
oscillations in the nonischemic drug affected region (-) and the ischemic region (- -). Coupling is 0.09 and
p = 23 for equal cell mass.
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Figure 23. Bifurcation diagram for the coupled LRI model cells with de-shift in the normal cell for coupling
of 0.04. Vi is the S-shaped curve. Between the Hopf bifurcations there is a region of bistability.

changes in the parameters on the appropriate relative time scales.

Beginning at normal conditions there is no ischemia and coupling is relatively strong.
After the onset of ischemia, the level of ischemia rises while the coupling remains constant.'
The degree of ischemia then plateaus. For example, recall the trajectory of extracellular
potassium during ischemia: a rapid rise is followed by a plateau followed by a slow gradual

!Coupling is related to the degree of ischemia, but the difference in time scales of the uncoupling of gap
junctions as compared to other chemical results of ischemia (i.e., extracellular potassium increase) permits the
independence assumption.
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Figure 24. Coupled same-size LRI cells. Ischemic onset leading to gap junction uncoupling followed by
reperfusion. The reperfusion trajectory intersects the region of oscillatory solutions gemerating a reperfusion
arrhythmia.

rise. At this point in time, gap junctions begin uncoupling, causing a decrease in coupling
strength. Upon reperfusion the degree of ischemia returns toward its nonischemic initial state
but at a different coupling strength. If the uncoupling is sufficient, the trajectory of return to
normalcy may intersect the oscillatory parameter region. This scenario illustrates a possible
mechanism for reperfusion arrhythmias. Further experimentation is needed to corroborate
this reperfusion arrhythmia mechanism.

6. Conclusion. A simple parametric change to ionic models recreates several features
of ischemic tissue such as elevated transmembrane potential and shorter action potential
duration. We couple an ischemic cell with this type of ischemic modification to a normal
cell in two separate systems of ionics. We show that with both models there is a region in
parameter space in which the normal cell oscillates. Furthermore, there are parameter regions
in which coupled ischemic and normal cells oscillate, but when these cells are uncoupled,
they are individually nonoscillatory. The ischemic cell while uncoupled maintains an elevated,
stable, inexcitable resting potential. The normal cell is stable and excitable. We compare the
coupled cell results in order to experiment and show that the models may assist in locating
previously unobserved oscillatory behavior.

When normal cells are coupled to even small ischemic cells there is potential for auto-
maticity. If an ischemic cell is large relative to a normal cell, there is little feedback from
the normal cell to the ischemic cell. The normal cell reacts as a forced single cell subject to
an applied constant current and a leak current. This observation leads to the small m limit
theory. This theory is for general ionic forms though the two sets of ionics we study here ex-
emplify the theory. An interesting observation is that for the LRI model, the oscillations were
calcium-induced and had no sodium current component. The explanation for this is found
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in the window currents for each of these ions. Modeling a drug-induced augmentation of the
calcium window current suggested by experiments leads to the prediction that the parameter
location of oscillatory behavior in the drug experiment is at higher coupling and lower ischemic
levels than the drug-free experiment.

A mechanism for reperfusion arrhythmias is established based on the difference in time
scales of elevation of extracellular potassium and uncoupling of gap junctions. Further exper-
imentation will be necessary to confirm this reperfusion arrhythmia mechanism.

Appendix A. RHH parameters.
Table of values for the RHH model

Symbol Function Value (units)

R Ideal gas constant 8.315J mol~! - K—!
T Temperature 300K

F Faraday’s constant 96.49 x 10% C - mol~!
JNa Max sodium channel conductance 120 (mho)

K Max potassium channel conductance 36 (mho)

gL Leak channel conductance 0.3 (mho)

VNa Sodium Nernst potential 56 (mV)

VL Leak (composite) Nernst potential —54.4 (mV)

Vi Potassium Nernst potential AL In(£) (mV)
K; Intercellular potassium concentration 397 (mM)

moo(V) Steady state open probability for the #ﬂﬁz(v)

sodium channel activation gate

am (V)  Rate of sodium channel activation gate 0.1(V+40)/(1—exp(—(V+40)/10))
opening

Bm(V)  Rate of sodium channel activation gate 4exp(—(V+65)/18)
closing

neo(V)  Steady state open probability for the —&x0d

potassium channel activation gate

(V) Time constant for the potassium channel m
activation gate dynamics

an(V)  Rate of potassium channel activation gate 0.01(V+55)/(1—exp(—(V+55)/10))
opening

Bn(V)  Rate of potassium channel activation gate 0.125exp(—(V+65)/80)
closing
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Appendix B. LRI parameters. The equations and parameters for the LRI model.

Parameter name

Symbol  Value

Intracellular potassium K; 145mM
Extracellular sodium Na, 140mM
Intracellular sodium Na; 18mM

Na/K permeability ratio PRygx 0.01833

Ideal gas constant R 8.315J mol~1 - K~!

Temperature T 310K

Faraday’s constant F 96.49 x 10% C - mol~!
Variable name Symbol

Transmembrane potential

Sodium activation gating variable
Sodium fast inactivation gating variable
Sodium slow inactivation gating variable
Calcium activation gating variable
Calcium inactivation gating variable
Potassium activation gating variable

B Aas >3 <

Intracellular calcium Ca;

Nernst potential Symbol Value

Sodium Wa 54.4mV

Calcium Vi 7.77 — 13.02871og(Ca;)

Potassium Vk % log((Ky + PRynoxNao)/(K; + PRyox Na;))
Potassium VK1 % log(K,/K;)

Potassium Vkp %%

Background Vi —59.87

29
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Probabilities for gating variables

For V. < —40

ap, = 0.135exp((80 + V) /(—6.8))

aj = (—1.2714 x 105 exp(0.2444V)

— 3.474 x 107° exp(—0.04391V))
(V +37.78)/(1 4+ exp(0.311(V + 79.23)))

br, = 3.56 exp(0.079V) + 3.1 x 10° exp(0.35V)

bj = 0.1212exp(—0.01052V") /(1 + exp(—0.1378(V + 40.14)))
For V > 40

ap = 0

a; = 0

b, = 1/(0.13(1 + exp((V + 10.66) /(—11.1))))

bj = 0.3exp(—2.535 x 1077V) /(1 + exp(—0.1(V + 32)))
For all V

am = 0.32(V +47.13) /(1 — exp(—0.1(V + 47.13)))

by, = 0.08 exp(—V/11)

aq = 0.095exp(—0.01(V —5))/(1 + exp(—0.072(V — 5)))

by = 0.07exp(—0.017(V 4 44)) /(1 + exp(0.05(V + 44)))

af = 0.012exp(—0.008(V +28))/(1 + exp(0.15(V + 28)))

by = 0.0065 exp(—0.02(V + 30))/(1 + exp(—0.2(V + 30)))
For V' > —100

x; = 2.837(exp(0.04(V +77)) — 1)/

((V 4+ 77) exp(0.04(V + 35)))

For V' < —100

xXr; = 1
ap = 0.0005 exp(0.083(V + 50)) /(1 + exp(0.057(V + 50)))
by = 0.0013 exp(—0.06(V + 20)) /(1 + exp(—0.04(V + 20)))
ap = 1.02/(1 + exp(0.2385(V — Vi1 — 59.215)))
byt = (0.49124 exp(0.08032(V — Vi1 + 5.476))
+ exp(0.06175(V — Vi — 594.31)))/
(1 4+ exp(—0.5143(V — Vi1 +4.753)))
Kp conductance K, =1/(1+ exp((7.488 —V)/5.98))

Channel conductance Symbol and value

Sodium gNa = 23m>hj
Calci ; = 0.09d
N Clum 9si / Membrane capacitance
Potassium g = 0.282/K,/5.4zxx; o —1
Potassium IK1 = 0'6047‘/[(0/5'4%?%“ m__
Potassium 9grp = 0.0183K,,

Background gy = 0.03921
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Currents Symbol and value Equations

Sodium Ing = gna(V — Vng)

Calcium Isi = gsi(V — Vsi) = —1/Cr(Ing + Isi + Ix + Ik1 + Igp + 1)
Potassium  Ix = gx(V — Vi) dy _ yeo—y

Potassium Ic1 = g1(V — Vi) d — 7y

Potassium  Ixp = grp(V — Vip) dCoi = —10"*Ig; +0.07(10~* - Ca;)
Background I = g,(V — V)

fOI‘ Yy € {m7h7.j7 da fvx} and Yoo = ay/(ay —+ by>7 Ty — 1/(ay + by)

Appendix C. Small m limit theorem.

Theorem C.1. Let LY(T™) be the space of periodic functions on R™ of period T with bounded
L' norm on [0,T). Let z,y € L*(T™) and H,G : L*(T™) — LY(T") be C' maps. Let' = %.

Assumption A3. Suppose

y —H(y)=1—-Dyy

has a periodic solution, Y (¢), for some constant matrix D; € R™*™ and constant vector I € R".
Assumption A4. Suppose

¥ —G(x)=0

has the steady state solution, x*, such that I = Djz*.
Then the coupled system

(C.1) my(y' — H(y)) = b1(z — y),
ma(z' = G(x)) = b2y — x)

has a periodic solution for % sufficiently small with my and m, scalars and matrices 6; =
myD; fori=1,2.

Proof outline. We look for periodic solutions (y,z) € L*(T™) x L*(T™) that are extended
from the periodic solution (Y'(t),0) when ¢ = * = 0 to ¢ > 0. To do this we transform
our nonlinear problem using the Lyapunov—Schmidt method into an invertible linear problem
plus higher order terms. We then invoke the implicit function theorem which yields a unique
perturbed solution (Y + hj(e€), ha(e)) for sufficiently small e. For details see [16].

Now we relate Theorem C.1 to the coupled system (2.3)-(2.6). Let y = (V4,w1)T and
z = (Vo,w2)? with H(y) = (F(y,p0),9(y))" and G(z) = (F(z,p),g(z))". Also let Dy,
D, and M each be such that D%’l =d = XE‘S, D}’ = 0 otherwise, D%’l = %, Dy’ =0
otherwise, and M1 = 1, M; ; = 0 otherwise. With this choice, there is coupling only in the
transmembrane potential equation.
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