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1.1.2; (a) Follows from direct verification.

(b) Follows from a). If the norm is known to be induced by an inner product, then

a) shows how to uniquely calculate the inner product.

(c) Suppose ||x|| = (
∑n
k=1 |xk|

p)1/p.

(⇐) If p = 2, then 〈x, y〉 =
∑n
k=1 xkyk induces the norm.

(⇒) If the norm is induced by an inner product, then from a)

〈x, y〉 =
1

4

(
(
n∑
k=1

|xk + yk|
p)2/p − (

n∑
k=1

|xk − yk|
p)2/p

)
. (1)

Take x = (1, 0, 0, . . . , 0), and y = 0, 1, 0, . . . , 0). Then 〈x, x〉 = 1, 〈x, y〉 = 0,

and 〈x, x + y〉 = 1
4

(
(2p + 1)2/p − 1

)
. Since for an inner product, 〈x, x + y〉 =

〈x, x〉 + 〈x, y〉, it must be that (2p + 1)2/p = 5. Since (2p + 1)2/p is a monotone

decreasing function of p which aproaches 1 for large p and is unbounded at the

origin, the solution of (2p + 1)2/p = 5 at p = 2 is unique. We conclude that p = 2.

1.1.5; Observe that with β = 〈x, y〉/||y||2, x− βy is orthogonal to y, so that

||x− αy||2 = ||x− βy||2 + ||(α− β)y||2, (2)

which is minimized when α = β. Clearly, if x = αy, then

|〈x, y〉|2 = ||x||2||y||2. (3)

If so, then we calculate directly that ||x− βy||2 = 0, so that x = βy.

1.1.6; (a) φ0 = 1, φ1 = x, φ2 = x2 − 1
3
, φ3 = x3 − 3

5
x,

(b) φ0 = 1, φ1 = x, φ2 = x2 − 1
2

= 1
2

cos(2 cos−1 x), φ3 = x3 − 3
4
x = 1

4
cos(3 cos−1 x).

(c) φ0 = 1, φ1 = x− 1, φ2 = x2 − 4x+ 2, φ3 = x3 − 9x2 + 18x− 6.

(d) φ0 = 1, φ1 = x, φ2 = x2 − 1
2
, φ3 = x3 − 3

2
x.
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1.1.7; φ0 = 1, φ1 = x, φ2 = x2− 1
3
, φ3 = x3− 9

10
x, φ4 = x4− 33

28
x2 + 27

140
, φ5 = x5− 1930

1359
x3 + 445

1057
x.

1.2.1; (a) Relative to the new basis, A =


2 3 3

1 1 2

0 0 0

 .

(b) Set C =


1 1 3

1 2 4

2 3 1

, and D =


1 0 0

0 1 1

0 −1 1

 . Then the representation of A in

the new basis is

A′ = D−1CAC−1D =


9 −10 −2

4 −5 −2

23
3
−23

3
0

 . (4)

1.2.2; (c) A =

 1 0

0 1

, and B =

 1
2

0

0 2

 have the same determinant but are not equiv-

alent.

1.2.3; (a) Notice that if ABx = λx, then BA(Bx) = λ(Bx).

(b) If AA∗x = λx, then λ〈x, x〉 = 〈AA∗x, x〉 = 〈A∗x,A∗x〉 ≥ 0.

1.2.4; If Ax = λx then λ〈x, x〉 = 〈Ax,x〉 = 〈x, ATx〉 = −〈x,Ax〉 = −λ〈x, x〉.

1.2.5; (a) R(a) = {(1, 1, 2)T , (2, 3, 5)T}, N(A) = 0, R(A∗) = R2, N(A∗) = {(1, 1,−1)T}.

(b) R(A) = R(A∗) = R3, N(A) = N(A∗) = 0.

1.2.6; (a) T =


1 1

5
0

1
3

3
5

1

0 1 0

 , T−1AT =


1 0 0

0 1 0

0 0 1
4



(b) T =

 i −i

1 1

 , T−1AT =

 −i 0

0 i

 .

(c) T =


1 0 0

−1 1 0

1
2
−1 1

 , T−1AT =


1 0 0

0 2 0

0 0 3

.
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(d) T =


1 1 1

−1 1 1

0 −
√

3 2√
3

 , T−1AT =


0 0 0

0 1
2

0

0 0 4
3

 .

1.2.7; T =

 1 2

−2 −1

 , T−1AT =

 3 0

0 6

 .
1.2.8; If x is in M , then Px = x, and if x is in the orthogonal complement of M , the Px = 0.

1.3.1; Hint: Minimize 〈Ax, x〉 with a vector of the form xT = (1,−1, z, 0).

1.3.2; (a) Prove that if the diagonal elements of a symmetric matrix are increased, then the

eigenvalues are increased as well.

(b) Find the eigenvalues and eigenvectors of B =


8 4 4

4 8 −4

4 −4 8

, and use them to

estimate the eigenvalues of A.

1.3.3; The matrix


1 2 3

2 2 4

3 4 7

 has a positive, zero, and negative eigenvalue. Apply 1.3.2;

a).

1.4.1; (a) b must be orthogonal to (1, 1,−1)T , and the solution, if it exists, is unique.

(b) The matrix A is invertible, so the solution exists and is unique.

1.4.2; b must be in the range of P , namely M .

1.4.3; (⇒) Suppose A is invertible, and try to solve the equation
∑
αiφi = 0. Taking the

inner product with φj , we find 0 = Aα, so that α = 0, since the null space of A is zero.

(⇐) Suppose {φi} form a linearly independent set and that Ax = 0. Then 〈x, Ax〉 =

〈
∑
i xiφi,

∑
j xjφj〉 = 0, so that

∑
i xiφi = 0, implying that x = 0, so that A is invertible

(by the Fredholm Alternative).
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1.4.4; Since 〈Ax, x〉 = 〈x,A∗x〉 > 0 for all x 6= 0, the null spaces of A and A∗ must be empty.

Hence, 〈b, x〉 = 0 for all x in N(A∗) so that Ax = b has a solution. Similarly, the

solution is unique since the null space of A is empty.

1.5.1; (a) A′ = 1
3


2 −1 1

−1 2 1

0 0 0



(b) A′ = 1
24

 7 4 1

1 4 7



(c) A′ = 1
12


3 1

3 5

0 −4



(d) A′ = 1
2


−6 2 2

−5 4 1

−4 2 2



1.5.4; Q = (φ1, φ2, φ3), where φ1 = 1√
101


2

4

9

 , φ2 = 1√
505


9

18

−10

 , φ3 = 1√
5


2

−1

0

, and

R =


√

101 19√
101

28√
101

0 35√
505

25√
505

0 0
√

5

 .

1.5.7; For A =

 1.002 0.998

1.999 2.001

, singular values are
√

10 and ε
√

10 with ε = 0.001
√

10,

A′ =

 0.1 + 2
ε
√

10
0.2− 1

ε
√

10

0.1− 2
ε
√

10
0.2 + 1

ε
√

10

 =

 200.1 −99.8

−199.8 100.2

. Using instead singular values

√
10 and 0, A′ =

 0.1 0.2

0.1 0.2

 .
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1.5.9; A = PΣQwhere P = 1√
10


√

5 0 0

0 −1 −2

0 −2 1

 ,Σ =


2
√

10 0

0 3
√

10

0 0

 , Q =

 1 −1

−1 −1

,

so that A =


√

5
20

1
30

2
30

−
√

5
20

1
30

2
30

.

1.5.12; Assuming real vectors, and using Lagrange multipliers, one finds normal equations,

(Y Y T + M)AT = XY T , ATA = I, where M is an arbitrary symmetric matrix. This

system of nonlinear equations has no obvious easy solution.

2.1.3; For xn =
∑n
k=1

1
k!
, |xn − xm| =

∑m
k=n+1

1
k!
≤ 1

(n+1)!

∑m−1
k=0

1
nk
≤ 1

(n+1)!
1

1− 1
n

< 2
(n+1)!

, which

is arbitrarily small for m and n large.

2.1.4; The functions {sinnπx}∞n=1 are mutually orthogonal and hence linearly independent.

2.1.5; maxt |fn(t) − fm(t)| = 1
2
(1 − n

m
) if m > n, which is not uniformly small for m and n

large. However,
∫ 1
0 |fn(t)− fm(t)|2dt = (n−m)2

12nm2 < 1
12n

.

2.1.11;
∫ 1
0

(∫ 1
0 f(x, y)dx

)
dy = −

∫ 1
0

(∫ 1
0 f(x, y)dy

)
dx = −π

4
. Fubini’s theorem fails because∫ 1

0

(∫ 1
0 |f(x, y)|dx

)
dy =

∫ 1
0

(∫ 1
0

1
x2+y2dx

)
dy =

∫ 1
0

1
y

tan−1 1
y
dy does not exist.

2.2.1; Using w(x) = 1, p(x) = 15
16
x2 + 3

16
, with w(x) =

√
1− x2, p(x) = 8

15π
(6x2 + 1), and with

w(x) = 1√
1−x2 , p(x) = 2

3π
(4x2 + 1).

2.2.2; With the additional assumption that f(x) = α+ βx at two points x = x1 and x = x2,

x1 < x2, we must have that x2−x1 = 1
2
, and x2+x1 = 1, so that α = 3

2
f(1

4
)− 1

2
f(3

4
), β =

2f(3
4
)− 2f(1

4
).

2.2.3; (a) g(x) = ax+bx3 +cx5, where a = 105
8π5 (π4−153π2 +1485) = 3.10346, b = − 315

4π5 (π4−

125π2 + 1155) = −4.814388, c = 693
8π5 (π4 − 105π2 + 945) = 1.7269.

(b) g(x) = 3.074024x− 4.676347x3 + 1.602323x5. A plot of g(x) is barely distinguish-

able from sin πx on the interval −1 ≤ x ≤ 1.

2.2.4; Use integration by parts to show that the Fourier coefficients for the two repre-

sentations are exactly the same for any function which is sufficiently smooth.
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2.2.6; b) Write φn+1 − Anxφn =
∑n
k=0 βkφk, and evaluate the coefficients by taking inner

products with φj , and using part a).

2.2.12; Direct substitution and evaluation of the x integral yields h(t) =
∑∞
k=−∞ fkgke

ikt.

2.2.13; Use direct substitution and the fact that 1
N

∑N−1
j=0 e2πijk/N = 1 if k is an integer multiple

of N (including 0), and = 0 otherwise.

2.2.14; Rewrite the definition of the discrete Fourier transform as a matrix multiplication.

Show that the matrix is orthogonal.

2.2.16; 23 = 31⊕ 15⊕ 7 where ⊕ means ”add without carry”.

2.2.17; (by induction) Suppose that Wal(n, 1 − x) = (−1)nWal(n, x). Then, if 0 < x < 1
2
,

Wal(2n, 1 − x) = (−1)nWal(n, 1 − 2x) = (−1)2nWal(n, 2x) = Wal(2n, x). Similarly,

if 0 < x < 1
2
, then Wal(2n + 1, 1 − x) = (−1)n+1Wal(n, 1 − 2x) = −Wal(n, 2x) =

Wal(2n+ 1, x) as needed.

2.2.18; The relevant identites are:

(a) 2i⊕ 2j = 2(i⊕ j)

(b) 2i⊕ (2j + 1) = 2i⊕ 2(j − 1) + 1 = 2(i⊕ (j − 1) + 1) − 1

(c) (2i + 1) ⊕ (2j + 1) = (2(i − 1) + 1) ⊕ (2(j − 1) + 1) = 2(i − 1) ⊕ 2(j − 1) =

2((i− 1)⊕ (j − 1))

2.2.19; Hint: Find the binomial representation of xj , given the binomial representation of j,

and use this information in the representatio of Wal(k, xj) and Wal(j, xk).

2.2.24; (a) Differentiate the expresion
∫ 1
0

(∑N
i=0 fiφi(x) + αiψi(x)

)2
dx with respect to αj , set

the derivative to zero, and reexpress these equations in matrix notation.

3.1.1; Use Leibniz rule to differentiate the expression u(x) =
∫ 1
0 y(x − 1)f (y)dy +

∫ 1
x x(y −

1)f(y)dy twice with respect to x’

3.2.1; Find a sequence of functions whose L2 norm is uniformly bounded but whose value at

zero is unbounded. There are plenty of examples.
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3.2.2; The proof is the same for all bounded linear operators; see top of page 107.

3.2.3; The null space is spaned by u = 1 when λ = 2, therefore solutions exist and are unique

if λ 6= 2, and solutions exist (but are not unique) if λ = 2 and
∫ 1/2
0 f(t)dt = 0.

3.2.4; The null space is spanned by u = x when λ = 3, therefore solutions exist and are

unique if λ 6= 3, and solutions exist, but are not unique, if λ = 3 and
∫ 1
0 tf(t)dt = 0.

3.2.5; The null space is spanned by φ(x) = cos jx if λ = j
π
. Therefore, if λ 6= j

π
for j =

1, · · · , n, the solution exists and is unique, while if λ = j
π

for some j, then a solution

exists only if
∫ 2π
0 f(x) cos jxdx = 0.

3.3.1; u(x) = f(x) + λ
∫ 2π
0

∑n
J=1

1
j−nπ cos jt cos jxf(t)dt = sin2 x − λ

2
π

2−λπ cos 2x, provided

λ 6= 2
π
. For λ = 2

π
, the least squares solution is u(x) = 1

2
.

3.3.2; u(x) = 1
3−6λ

P0(x) + 3
3−2λ

P1(x) + 10
15−6λ

P2(x), provided λ 6= 3
2
, 5

2
.

Remark: It is helpful to observe that x2 + x = 1
3
P0(x) + P1(x) + 2

3
P2(x).

3.4.1; (a) Eigenfunctions are φn(x) = sinnπx for λn = 1
n2π2 .

3.4.2; (a) φ1(x) = sin x, λ1 = π
2
, φ2(x) = cos x, λ2 = απ

2
.

(b) φn(x) = sinnx, λn = π
2(n−1)2

, for n ≥ 2.

(c) There are no eigenvalues or eigenfunctions.

(d) φn(x) = sin anx, λn = 1
a2
n
, where an = (2n+1)π

2
.

3.4.3; λn = 8
n2π2 is a double eigenvalue with φn(x) = sin nπx

2
, ψn(x) = cos nπx

2
for n odd.

3.5.1; u(x) = f(x) +
∫ x
0 e

x−tf(t)dt = ex when f(x) = 1.

3.5.2; u(x) = f(x) +
∫ x
0 sin(t− x)f(t)dt = cos x when f(x) = 1.

3.5.3; u(x) = f(x) +
∫ x
0 sin(x− t)f(t)dt = ex when f(x) = 1 + x.

3.5.4; u(x) = f(x) + 2λ
2−λ

∫ 1/2
0 f(t)dt = x + λ

4(2−λ)
when f(x) = x, provided λ 6= 2.

3.5.5; u(x) = f(x) + 3
5

∫ 1
0 xtf(t)dt = x when f(x) = 5x

6
.
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4.1.1; (a) Use that Sk(x) = 1
2

sin(k+ 1
2

)πx

sin πx
2

for −1 < x < 1, and then observe that
sin πx

2
πx
2
Sk(x) is

a delta sequence according to the text.

4.1.4; Observe that χ =
∫ x
−∞ ψ(x)dx is a test function, χ(0) = 0, so that χ = xφ for some

test function φ. Hence, ψ(x) = d
dx

(xφ(x)).

4.1.5; u(x) = c1 + c2H(x) + c3δ(x).

Hint: Show that a test function ψ is of the form ψ = d
dx

(x2φ) if and only if
∫∞
−∞ ψdx =∫∞

0 ψdx = ψ(0) = 0.

4.1.7; Hint: Set u = xv, so that x2v′ = 0, and then u(x) = c1x + c2xH(x) (using that

xδ(x) = 0).

4.1.8; u(x) = c1 + c2H(x).

4.1.11; In the sense of distribution, χ′(x) = δ(x)−δ(x−1), since 〈χ′(x)φ(x)〉 = −〈χ(x), φ′(x)〉 =

−
∫∞
∞ χ(x)φ′(x)dx = −

∫ 1
0 φ
′(x)dx = φ(0)− φ(1).

4.1.12; (a) For distributions f and g, deine 〈f ∗ g, φ〉 = 〈g, ψ

rangle, where ψ(t) = 〈f(x), φ(x+ t)〉.

(b) δ ∗ δ = δ(x).

4.2.1; g(x, t) = −x for 0 ≤ x ≤ t, g(x, t) = g(t, x).

4.2.2; U(x) = x is a solution of the homogeneous problem. There is no Green’s function.

4.2.3; g(x, t) =
cosα(1

2
−|x−t|)

sin α
2

provided α 6= 2nπ.

4.2.4; g(x, t) = (2t− t2 − 1)x for 0 ≤ x < t ≤ 1, and g(x, t) = g(t, x).

4.2.5; u = 1 satisfies the homogeneous problem. There is no Green’s function.

4.2.6; g(x, t) =

 −
x
5
(3t5/2 + 2)for0 ≤ x < t

− t3/2

5
(3x+ 2x−3/2)forx > t

4.2.9; u(x) =
∫ 1
0 g(x, t)f(t)dt − λ

∫ 1
0 g(x, t)dt + α(1 − x) + βx, where g(x, t) = x(t − 1) for

0 ≤ x < t ≤ 1, g(x, t) = g(t, x).
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4.2.10; u(x) =
∫ 1
0 g(x, t)f(t)dt − λ

∫ 1
0 g(x, t)dt where g(x, t) = 1

3
(x + 1)(t − 2) for 0 ≤ x < t,

and g(x, t) = g(t, x).

4.2.11; u(x) =
∫ 1
0 g(x, t)f(t)dt− λ

∫ 1
0 g(x, t)dt where g(x, t) = 1

2n
xn(tn − t−n) for 0 ≤ x < t ≤

1, g(x, t) = g(t, x).

4.2.12; g(x, t) = −1
2
e−|t−x|, and u(x) = λ

2

∫∞
−∞ e

−|t−x|u(t)dt−
∫∞
−∞

1
2
e−|t−x|f(t)dt.

4.3.2; L∗v = −(p(x)v′)′ + q(x)v with p(0)v(0) = p(1)v(1), and p(0)v ′(0) = p(1)v′(1).L̂u =

−(pu′)′ + qu− p(1)(u′(0)− u′(1))δ(x− 1) + p(1)(u(1)− u(0))δ′(x− 1).

4.3.3; L∗v = v′′−4v′−3v with v′(0) = 0, v′(1) = 0.L̂u = u′′+4u′−3u+(4u(0)+u′(0))δ(x)−

(4u(1) + u′(1))δ(x− 1).

4.3.4; (a) g∗(x, t)w(x) = g(t, x)w(t)

(b) u(t) =
∫ b
a g(t, x)f̂(x)dx.

4.3.6; This follows from 4.3.2.

4.3.9; Require
∫ 2π
0 f(x) sinxdx = α, and

∫ 2π
0 f(x) cosxdx = β.

4.3.10; Require
∫ 1
0 f(x)dx = −β.

4.3.11; Require
∫ 1

2
0 f(x) sinπxdx = β + πα.

4.3.12; Require
∫ 1
0 f(x)dx = α− β.

4.4.1; g(x, t) = tx+ 1
2
(t− x) + 1

12
− 1

2
(x2 + t2), for 0 ≤ x < t ≤ 1, g(x, t) = g(t, x).

4.4.2; g(x, t) = ( 1
2

+ t2(4t− 3))(x− 1
2
) + 1

4
− t

2
− x2

2
− xH(t− x).

4.4.3; g(x, t) = − 1
8π2 cos 2π(x− t)− x−t

2π
sin 2π(x− t)− 1

4π
sin 2π(t− x).

4.4.4; g(x, t) = 2x
π

cos x sin t + 2t
π

sin x cos t − 1
π

sin x sin t − 2H(t − x) sinx cos t − 2H(x −

t) cosx sin t.

4.4.5; g(x, t) = 9
5
xt− x− xt

2
(x2 + t2) for x < t, g(x, t) = g(t, x).

4.4.6; g(x, t) = 1
2

ln(1− x) + 1
2

ln 91 + t) + 1
2

for −1 ≤ x < t ≤ 1, g(x, t) = g(t, x).
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4.4.7; u(x) = 1
8

cos 2x+ (β − α)x
2

2π
+ αx− π2

3
(α + β

2
).

4.4.8; u(x) = − 3
π
x cosx + cos x+ 1

32
sin 3x− 3

2π
sin x.

4.4.9; u(x) = 0.

4.5.1; u(x) = α−β
6
− α

2
+ αx + β−α

2
x2 +

∑∞
n=1

bn
n2π2 cosnπx, where bn = −2

∫ 1
0 (f(x) + α −

β) cosnπxdx.

4.5.4; No eigenfunction expansion solution exists.

4.5.5; u(x) = αx+ β − απ +
∑∞
n=1 an cos(2n− 1)x

2
, where an = − 8

π(2n−1)2
1−cos(2n−1)π

2

(2n−1)2/2−1
.

4.5.6; u(x) = − c
9
(3

2
x2 − b

2
x. Solution is exact if a + c

3
= 0.

4.5.7; u(x) = −cL2(x) + (b+ 4c)L1(x), where L1(x) = 1− x, and L2(x) = 1
2
(x2− 4x+ 2) are

Laguerre polynomials.

4.5.8; (Use Hermite polynomials) U9x) = (− c
5
x− bx

3
− a− 4c

5
)ex

2/2.

4.5.9; Eigenfunctions are φn(x) = sin nπ
2

(x+ 1), λ = n2π2

4
, so an = 0 for n even, an = − 1

π
4n
n2−4

for n odd.

4.5.12; For λ = 4π2, eigenfunctions are 1, cos 2πx, sin 2πx. For λ = 4π2n2 with n > 1, eigen-

functions are cos 2πnx and sin 2πnx.

5.1.1; a) y = constant.

5.1.2; y(x) = 1
2
(x2 − 3x+ 1)

5.1.10; The Euler-Lagrange equation is d4y
dx4 − y = 0.

5.2.2; uxx = 0 and µ1uxxx − µ2ux = 0 at x = 0, 1.

5.2.3; If u is the vertical displacement of the string, require ρutt = µ1
∂
∂x

ux√
1+u2

x

subject to the

boundary conditions mutt + ku = µ1
ux√
1+u2

x

at x = 0, and mutt + ku = −µ1
ux√
1+u2

x

at

x = 1.

6.1.1; a) f(−3) = −i
√

84, f( 1
2
) = −

√
7
8
, f(5) = −

√
20.
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6.1.3; (a) z = π
2

+ 2nπ − ln(2±
√

3)

(b) z = 2nπ + i ln(
√

2 + 1), z = (2n+ 1)π + i ln(
√

2− 1).

6.1.4; ii = e−(n/2+2nπ) for all integer n, ln(1 + i)iπ = −π2(1
4

+ 2n) + iπ
2

ln 2, arctan 1 has no

value.

6.1.7; The two regions are |z| < 1 and |z| > 1; There are branch points at w = ±1.

6.2.1; f(z) = 15−8i
4(z−2)2(z− i

2
)
.

6.2.2;
∫
C f(z)dz = −2π

√
19(15)1/3e−iπ/3

6.2.4; Use that f(z) = z1/2 is an analytic function.

6.2.6;
∫
|z|=1/2

z+1
z2+z+1

dz = 0

6.2.7;
∫
|z|=1/2 exp[z2 ln(1 + z)]dz = 0. (There is a branch point at z = −1.)

6.2.8;
∫
|z|=1/2 arcsin zdz = 0 (There are branch points at z = ±1.)

6.2.9;
∫
|z|=1

sin z
2z+i

dz = π sinh 1
2

6.2.10;
∫
|z|=1

ln(z+2)
z+2

dz = 0

6.2.11;
∫
|z|=1 cot zdz = 2πi

6.2.13; Hint: Use the transformation z = ξρ where ρ = 1
α

and apply the Phragmen-Lindelof

theorem to g(ξ) = f(z).

6.3.5; φ+ iψ = a− 2
3
(b− a)− 4i(b−a)

3π
ln(z−1

z+1
)

6.3.6; φ+ iψ = 4(b−a)
3π

ln(z−1
z+1

)− i2
3
(b− a)

6.4.1;
∫∞
−∞

dx
ax2+bx+c

= 2π√
4ac−b2

6.4.2;
∫∞
0

x sinx
a2+x2dx = π

2
e−|a|

6.4.3;
∫∞
0

dx
1+xk

= π
k sin π

k

6.4.4;
∫∞
0

dx
(x+1)xp

= π
sinπp
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6.4.5;
∫∞
1

x

(x2+4)
√
x2−1

dx = π
2
√

5

6.4.6;
∫∞
0

√
x

x2+1
dx = π√

2

6.4.8;
∫ π
−π

x sinx
a2−2a cos x+1

dx = 2πi
a

(H(a− 1) ln a− ln(a+ 1))

6.4.9;
∫∞
−∞

eiωx

cosh x
dx = π

cosh ωπ
2

6.4.11;
∫∞
0

dx
x2+x+2

= 1
4

ln
√

2− 3
4
√

7
(arctan

√
7− π)

6.4.12;
∫ 2π
0 ln(a+ b cos θ)dθ = 2π ln(a+

√
a2−b2

2
). Hint: Differentiate the integral with respect to

b, and evaluate the derivative.)

6.4.13;
∫∞
0

sinαx
sinhπx

dx = 1
2

tanh α
2

6.4.14;
∫ π
0 ln(sin x)dx = −π ln 2

6.4.15;
∫∞
0

ln(1+x2)
1+x2 dx = π ln 2

6.4.20;
∫∞
0 t−1/2eiµtdt =

√
π
|µ|

exp(iπ
4

√
µ
|µ|

)

6.5.4; f(y) = sinαπ
π

d
dy

∫ y
0

T (x)
(y−x)1−αdx. Hint: One of the ways to solve this problem is to use

Laplace transforms and the convolution theorem.

6.5.6; W (Jν , Yν) = 2
πz

6.5.9 Yn(z) = 2n

nπ

Γ(n+1)
zn

+ higher order terms.

6.5.11; Use that
∑∞
n=−∞ Jn(z)tn = e(t−1/t)z/2

6.5.26; Period =
√

21
g
B(1

2
, 1

4
) =

√
21
g

Γ( 1
2

)Γ(1
4

)

Γ( 3
4

)

7.1.2; (a) λ with |λ| < 1 is residual spectrum, with |λ| = 1 is continuous spectrum, and

with |λ| > 1 is resolvent spectrum.

(b) Note that L2 = L∗1. λ with |λ| < 1 is residual spectrum, with |λ| = 1 is continuous

spectrum, and with |λ| > 1 is resolvent spectrum.

(c) λn = 1
n

for positive integers n are point spectrum, there is no residual spectrum

since L3 is self adjoint, and λ 6= 1
n

is resolvent spectrum, λ = 0 is continuous

spectrum.
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7.1.3; Hint: Show that {xn} with xn = sinnθ is an improper eigenfunction.

7.1.4; Show that φ(x) = sinµx is an eigenfunction for all µ. Notice that the operator is not

self-adjoint.

7.2.1; δ(x− ξ) = 2
∑∞
n=1 sin(2n−1

2
πx) sin(2n−1

2
πξ)

7.2.2; δ(x− ξ) = 2
π

∫∞
0 cos kx cos kξdk

7.2.3; δ(x− ξ) = 2
π

∫∞
0 sin k(x+ φ) sin k(ξ + φ)dk where tan φ = k

α
.

7.2.7; (a) −iµF (µ)

(b) −F (µ)
iµ

(c) eiµkF (µ)

(d) F (µ+ k)

7.2.8;
∫∞
x ex−sf ′(s)ds

7.2.9; Use the convolution theorem to find u(x) = f(x)− 4
3

∫∞
−∞ f(t)e−3|x−t|dt.

7.3.3; (a) u(x) =
∫ x
0 f(y)K(x− y)dy where K = L−1( 1

1+L(k(x))
).

(b) f(t) = sinπα
π

d
dt

∫ t
0 τ

α−1T (t− τ)dt

7.3.5; M = 1
s

7.3.6; M [(1 + x)−1] = π
sinπs

.

7.3.7; M [e−x] = Γ(s)

7.3.8; M = 1
1−s

7.3.9; M [eix] = isΓ(s)

7.3.10; M [cos x] = 1
2

cos πsΓ(s)

7.3.12; F (µ) =
∫∞
0 rf(r) sinµrdr, rf(r) = 2

π

∫∞
0 F (µ) sinµrdµ.

7.4.2; Let un =
∑
j gnjfj where gnj = 0, n ≤ j, gnj = µ

µ2−1
(µn−j−µj−n) where µ2−λµ+1 = 0.
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7.5.1; u1(x) =

 cos x, x > 0

cosh x, x < 0
u2(x) =

 sin x, x > 0

sinh x, x < 0

7.5.3; Eigenvalues are λ = −µ2 where tanhµ = − µ
A+µ

, µ > 0.

7.5.4; λ2 = A− µ where tan a
√
A− µ =

√
A−µ
µ

.

7.5.9; R = −e2ik1a k2 cos k2a+ik1 sin k2a
k2 cos k2a−ik1 sin k2a

where ki = ω
ci

.

7.5.9; Tr(k) = (ik−2)(ik−1)
(ik+2)(ik+1)

7.5.15; R = −e−2ika (ik+tanh a)(ik−1)
(ik−tanh a)(ik+1)

. There is one bound state at k = −i tanh a if a < 0 having

u(x) = (tanh a− tanh x)etanh a(x−a).

8.1.3; (a) Require
∫∞
−∞

∫∞
−∞ x(φt + cφx)dxdt = 0 for all test functions φ(x, t).

(b) If u = f(x − ct), make the change of variables ξ = x + ct, η = x − ct to find∫∞
−∞

∫∞
−∞ x(φt + cφx)dxdt =

∫∞
−∞

∫∞
−∞ f(ξ)φηdξdη = 0 since

∫∞
−∞ φηdη = 0.

8.1.4; G(z, z0) = − 1
2π

ln | z−z0
zz0−1

|.

8.1.7; (a) Using the Fourier transform in x, G(x, y, x0, y0) = − 1
2π

∫∞
−∞ exp(−ik(x−x0)) cosh k(y0−a) sinh ky

a cosh ka
dk

for y > y0.

(b) Using Fourier series in y, G(x, y, x0, y0) =
∑∞
n=1

1
aλn

exp(−λn|x−x0|) sinλny sinλny0

where λn = 2n+1
2

π
a
.

8.1.9; Suppose f(θ) =
∑∞
n=0 an cosn(θ − φn) then u(r, θ) =

∑∞
n=0 an(a

r
)n cosn(θ − φn) =

1
2π

∫ 2π
0 f(θ)dθ + 1

π

∑∞
n=1(a

r
)n
∫ 2π
0 f(φ) cosn(θ − φ)dφ. This infinite sum can be summed

by converting the cosine to complex exponentials and using geometric series.

8.1.14; Using Mellin transforms u(r, θ) = 1
2π

∫∞
0 e−ik ln r G(k) sinh kθ−kF (k) cosh k(θ−π)

k cosh kπ
dk where F (k) =∫∞

0 eik ln r f(r)
r
dr,G(k) =

∫∞
0 eik ln r g(−r)

r
dr.

8.1.17; Eigenfunctions are Jn(µnk
r
R

) sinnθ for n > 0. Thus, eigenvalues are the same as for

the full circle, with n = 0 excluded.

8.1.19; Eigenfunctions are φnm(φ, θ) = P n
m(cos θ) sinnφ (or cos nφ) with λnm = 1

R

√
m(m+ 1).
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8.1.22; Eigenfunctions are u(r, θ, φ) = 1√
r
Jm+1/2(µmk

r
R

)P n
m(cos θ) cosnφ with eigenvalues λmk =

(µmk
R

)2, where Jm+1/2(µmk) = 0 for m ≥ n. Note that µ01 = π, µ11 = 4.493, µ21 =

5.763, µ02 = 2π, µ31 = 6.988, etc.

8.2.6; Hint: Compare the relative amplitudes of the harmonics in the two cases.

8.2.7; For a rectangle with sides a and b, ω = λ
2π

= 1
2

√
1
a2 + 1

b2
. Set A = ab, and find that the

minimum is at a =
√
A.

8.2.8; For a square of side L, the fundamental eigenvalue is λ =
√

2 π
L

, whereas for a circle

of radius R the fundamental eigenvalue is λ = 2.40482
R

. Take πR2 = L2 and use that

2πω
c

= λ.

8.2.11; Construct the Green’s function from H
(1)
0 (λ|r − ξ|) with λ = ω

c
, and then the solution

is proportional to (up to a scalar constant) ψ(r, θ) = 1√
r
eiλr sin(λa sin θ)

λ sin θ
for large r.

8.3.7; x = ln 2
√

2D
ω

= 0.82m, t = ln 2
ω

= 3.47× 106s = 40 days.

8.4.1; un(t) = exp(−(2 sin(π/k)
h

)2) sin(2nπ
k

). If we set n = kx
L

, and h = 1
k
, we have in the limit

k → ∞, u(x, t) = exp(−4π2

l2
) sin(2πx

L
), which is the correct solution of the continuous

heat equation with periodic initial data.

8.4.2; un(t) = Jn(− t
h
)

8.4.5; un(t) = J2n(2t
h

)

8.4.6; k(ω) = cos−1(1− ω2h2

2
)

9.4.5; anWn = α(z)
2

(z − 1
z
)

10.2.1; En(x) = e−x

Γ(n)

∑∞
k=0(−1)k Γ(n+k)

xk+1 .

10.2.3;
∫ 1
0 e

ixtt−1/2dt =
√

πi
x

+ eix√
π

∑∞
k=0(−1)k−1 Γ(k+1/2)

xk+1 .

10.3.1; E1(x) = e−x
∑∞
k=0(−1)k k!

xk+1 .

10.3.2;
∫∞
0

e−zt

1+t4
dt =

∑∞
k=0(−1)k (4k)!

z4k+1 .
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10.3.2;
∫ 1
0 e
−xtt−1/2dt =

√
π
x
− e−x

√
π
∑∞
k=0

1
xk+1Γ(1/2−k)

.

10.3.6;
∫∞
0 extt−tdt =

√
2πyey(1− 1

24y
− 23

576y2 + · · ·), where y = ex−1.

10.3.8;
∫ π
0 e

xt2t−1/3 cos tdt = 1
2

∑∞
k=0

(−1)k

(2k)!
Γ(k+1/3)
xk+1/3 .

10.3.11; b)
∑n
k=0

(
n

k

)
k!n−k =

√
nπ
2

to leading order for large n.

10.3.13;
∫∞
0 txe−t ln tdt =

√
2πxx+1e−x ln x( 1

2x3/2 −
1

24x5/2 + · · ·).

10.4.1;
∫
C
ek(z2−1)

z−1/2
dx = 2πie−3k/4 − 2ie−k

∑∞
j=0(−4)j Γ(j+1/2)

kj+1/2 .

10.4.3; I(x) =
√

π
x
e−2x/3(1− 5

48x
+ 385

4608x2 +O(x−3))

10.4.4; Jn(z) =
√

2
zπ

cos(z − nπ
2
− π

4
)− 4n2−1

8

√
2
z3π

sin(z − nπ
2
− π

4
) +O(z−5/2)

10.4.6;
∫ 1
0 cos(xtp)dt = 1

p
( i
x
)1/pΓ1

p
)− ieix

px
.

10.4.10; Jn(λk) = 0 for λk = K − 4n2−1
8K

+O(K−2) where K = (2k + n+ 3)π
2
.

10.5.1;
∫ b
a f(x)eikg(x)dx = f(α)Γ( 4

3
)(kg

(3)(α)
6

)2/3eikg(α).

12.1.3; With τ = ε2t, µ = ε3λ the Landau equation is Aτ = 1
2
A(λ− A2).

12.1.4; u(t) = A0√
1+ 3

4
A0εt

sin(t+ φ0) +O(ε)

12.2.4; u(t) = 1
1+t

+O(ε), v(t) = −1
(1+t)2

+ e−t/ε +O(ε)

12.3.3; u(t) = − tan−1(t) + ε1/2 exp( −t
2ε1/3

)
(

1
3

sin(
√

3t
2ε1/3

)− cos(
√

3t
2ε1/3

)
)

+ 1
4
ε1/322/3 exp(21/3(t−1)

ε1/3
)

12.3.7; (a) u(x) = x
x+1
− tanh( x

2ε
− tanh−1(2

3
)).

(b) u(x) = 4 x−1
2x−3
− 2 tanh(x−1

ε
+ tanh−1(1

4
))

(c) u(x) = H(x− 1
4
) 4x−1

5(x+1)
+ 2

5
(1−H(x− 1

4
))11−4x

2x−3
− 4

5
tanh( 2

5ε
(x− 1

4
)) where H(x) is

the usual Heaviside function.

12.3.8; u(x) = α+β−1
2

+ ε ln(cosh(2t−α+β−1
2ε

)) +O(ε)
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