1.3.5; Supp ose A is a symmetric matrix with eigen v alues ˘

1

˘ ˘

2

¿ ˘

3

˘ : : :. Sho w that

max

hu;v i=0 hAu; ui + hAv ; v i = ˘

1

+ ˘

2

where jjujj = jj v jj = 1.

Use Lagrange m ultipliers and lo ok for extremals of

P (u; v ) = h Au; u i + hAv ; v i + ¯

1

(hu; ui Γ 1) + ¯

2

(hv ; v i Γ 1) + ¯

3 jhu; v ij

2

Differen tiate P (u; v ) with resp ect to parameters ¯

1

, ¯

2

, and ¯

3 and set the deriv ativ es

to zero to learn (as exp ected) that jjujj

2

= jjv jj

2

= 1, and hu; v i = 0. No w set

u = u

0

+ h; v = v

0

+ g , expand P (u; v ) and require that the linear terms v anish. That

is, require

Re (hAu + ¯

1 u; hi + hAv + ¯

2 v ; g i) = 0

for all g ; h . It follo ws that we must hav e

Au + ¯

1 u = 0 ; Av + ¯

2 v = 0:

In other w ords, u and v m ust b e eigen vectors for A.

No w supp ose that the normalized eigenv ectors of A are f Œ

i g with corresp onding eigen-

v alues ˘

i

. Since w e kno w that u and v m ust b e eigen vectors, we hav e that

max

hu;v i=0 hAu; ui + hAv ; v i = max

i6=j hAŒ

i

; Œ

i i + hAŒ

j

; Œ

j i

= max

i6=j

˘

i

+ ˘

j

= ˘

1

+ ˘

2

2.2.21; V erify that the w a v elet generated b y the sinc function is

W (x) = sinc(x Γ

1

2

) Γ 2 sinc(2x Γ 1):

Recall that

sinc(x) =

X

k sinc( k

2

) sinc(2x Γ k )

= sinc(2x) +

X

k o dd sinc( k

2

) sinc(2x Γ k )

so that

X

k o dd sinc( k

2

) sinc(2x Γ k ) = sinc(x) Γ sinc(2x)

It follo ws that

W (x) =

X

k

(Γ1) k

sinc( k Γ 1

2

) sinc(2x Γ k )

=

X

k

(Γ1) k +1

sinc( k

2

) sinc(2x Γ 1 Γ k )

= Γ sinc(2x Γ 1) +

X

k o dd sinc( k

2

) sinc(2x Γ 1 Γ k )

= Γ2 sinc(2x Γ 1) + sinc(x Γ

1

2

) :

8.3.15 (A new problem) Under what conditions is the in terc hange d

dt

R

b

a u(x; t)dx =

R

b

a

@ u

@ t dx

v alid?

Answ er: Use F ubini’s theorem to sho w that the in terc hange is v alid if

@ u

@ t is absolutely

in tegrable.