Math 3210-2. L’Hopital’s Theorem.

Theorem 1. Let 7o € R, I an open interval containing xo or having
xo as one of its boundary points. Suppose that f, g are differentiable on
I —{xo} and g(x) # 0 and ¢'(x) # 0 for each x € I — {xo}. Suppose
also that

A= i = i
wEI,l:?i)aco f(ﬂ?) wEI,laIcI—l)wo g(m)

is either 0 or £oo. Then if the limit

1
B= 1m 1% crR
z€l,x—xo g’(:L‘)

exists then

B= lim @

z€l,x—xo m
Proof. 1 will prove this theorem only in several special cases. Namely,
we shall assume that I = (a,xg) (i.e., our limits are from the left) and
9, B € R
Case 1. A = 0. This is the easiest case. Let ¢ > 0. Start by
choosing § > 0 such that

!
|f,(c) — B| < ¢/2
g'(c)
for all ¢ € (xg — 0,¢) (such § exists since B = limy_,,, J;;gg) We will

show that for each = € (z9 — 6, 2¢) we also have:

f(z)

\M—B|<e.

For z € (zq— 0, xo) pick a sequence x, € (x,xy) such that lim, ,, z, =
xo. Since g(z) # 0 and

lim g(z,) = A=0,

n—o0

there exists ng € N such that g(z) — g(x,) # 0 for all n > ny. Thus we
can use the generalized mean value theorem and find (for each n > nyg)
a point ¢, € (z,z,) such that

f,(cn) — f(‘r) — f(xn)
g'(cn) g(z) — g(zn)

|fx)_f($n) B|:|fl(cn)

Fe) B| < ¢€/2. (2)

f(@) = flza) _ f(2)
n—00 g(m) - g(xn) g(:v)




Therefore there exists n € N so that

F@) = fa) _f(a),
0@ g gy =% ®)

We now apply the triangle inequality for the points He)Jlen) J@) B

9(z)—g(zn)’ g(z)’
and get (from the inequalities (2) and (3)):

f (@)
—~ —B|<€/24+€/2=c¢.
S - Bl< 2t
Thus, for each € > 0 we found d > 0 such that
9(z)

for all x € (g — J,zp). This proves that

B= tim 1@
z=z0= g(x)
Case 2. A = co. Our arguments in this case are somewhat similar
to what we had before. We will need

Lemma 4. Suppose that F' : (a,b) — R is a function and lim, _,,_ F(x) #
C € R. Then there ezists a sequence T, — b— so that the limit
lim, o F(x,) = L exists (here L € R) and L # C.

Proof. 1 will prove this lemma for C' € R and leave the cases C' =
00, C' = —o0 as exercises. Since lim,_,,— F/(z) # C, there exists n > 0
so that for each n € N we can find z,, € (b — 1/n,b) such that

|F(zn) = C| 2 1.

The sequence F'(x,) contains a subsequence F'(x,;) which either con-
verges to some L € R or diverges to L = 400 or diverges to L = —oo0.
Note that in each case L ¢ (C' —n,C +n) since |F(z,) — C| > n. Thus
we get Tn, — b— such that lim; ,,, F(zn;) = L # C. Renaming this
subsequence to (z,) we get the assertion of lemma. O

Thus (by using the above lemma), if for each sequence x, — xo—

such that
im 1) _ e g
n—00 g(;r;n)

f(=z)

9(z)
Hence our goal is to show that L = B for the above sequence (z,). Let
e > (0. Choose 6 > 0 such that

H (c)
g'(c)
for all ¢ € (xg — d,20). Since lim,_,,, f(zr) = oo, there exists = €
(xg — 9, z9) so that f(z) # 0. Similarly, there exists ny € N such that

we also have B = L, then lim, ,, _ = L = B and we are happy.

_B| <€/2,f(C)>0,
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g(x) — g(z,) # 0 for all n > ng. Thus as before we use the generalized
mean value theorem and find (for each n > ng) a point ¢, € (z,z,)

such that
flea) _ fl@) = f(za)
g'(cn) 9(x) — g(zn) .

Since ¢, € (z,x,) C (z9 — d,x9), we also have:

f(.T) B f(xn) fl(cn)

0@ =@y 217 e

— Bl <¢/2 (5)

For each nonzero X,Y € R we have:

n—oo Y — g (L‘n) n—00 Y/g(xn) -1 —1

L.

) = lim, 4,00 g(x,) = 00.) We apply this to X =
f(z) #0,Y = g(z) # 0. Hence
W ga) —glem)

I first consider the case L € R. Then there exists ny € N so that for all

n > ng we have:
|f (z) — f(zn)
g9(z) — g(zn)
Using the triangle inequality we see that the inequalities (5) and (6)
imply

—L| < €/2. (6)

|IL—B|<e€/2+¢/2=cE.

Since this is true for each € > 0 we get: L = B and we are done.
If L =+00 (or L =—00), then

fi(ea) _ F(x) = f(za)
g,(cn) g(x) - g(mn)

>B+e

for all n > ng. This contradicts the inequality (5). O



