MATHEMATICS 3220. Homework # 11: Solutions.

§11.4, # 7. [10 points]. Suppose that V is open in R*, H C V is compact convex subset;
f:V =5 Risin C*(V) and Vf(a) = 0 for some a € H. Prove that there exists a constant
M such that

[f(x) = f(a)] < M|x - a|*,

forallx € H.
Note that the problem was misstated in the textbook, the assumption a € H was omitted.
Alternatively, one can assume that V' is convex.

Solution. Recall that we have Taylor’s formula:
1
f(x) = f(a) = DV f(ash) + ;0P f(c;h), h=x —a,

for some c in the segment [a,x] C H. Since Vf(a) = 0, DV f(a;h) = Vf(a) - h = 0. Thus
we get:
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Since f € C*(V), each function 3 f,.,, is continuous on V, hence it is bounded on the compact
set H by a constant M. Thus

f(x) - f(a)] < M|x—al?. O

§11.5, # 1(b). [10 points]. Prove that for the following function f the inverse function f !
exists and is differentiable on some nonempty open set containing a and compute Df~!(a):

f(u,v) = (u+ v,sin(u) + cos(v)),a = (0, 1).
Solution. First, consider the equation f(u,v) = (0,1):
u+v=0, sin(u)+ cos(v)=1,

v=—u, sin(u)+cos(u)=1

The equation sin(u) + cos(u) = 1 has solutions ¢, = 27n and u, = 27n + 7. (One can
actually see that these are the only solutions, although we do not need this: by squaring the
equation sin(u) + cos(u) = 1 we get:

sin®(u) + cos®(u) + 2sin(u) cos(u) = 1,



sin(u) cos(u) = 0.

Hence either sin(u) = 0 or cos(u) = 0. In the former case cos(u) = 1, in the second case
sin(u) = 1. This leaves us with the solutions ¢, = 2mn and u, = 2mn + %).
Thus we get solutions p, = (t,, $n) = (271, —27n) and q, = (Un, vp) =

(2mn + 5, —2mn — 5); f(Pa) = a, f(as) = 2.
Let’s compute D f(py):

Df(pn) = [cosl(tn) —sirll(sn) ] N [ i ‘1) ] '

The determinant of this matrix equals —1, hence it is invertible and the inverse matrix equals

0 1
A= [ o ] |
This is sufficient to solve the problem: by the inverse function theorem there exists an
inverse function f~! defined on an open ball around a such that f~!(a) = (0,0) (here I am

taking n = 0 but you can take any integer n you like). The total derivative at a of this
inverse function equals
0 1
4= [ o }

For the sake of completeness let’s consider the other sequence of solutions:
a, = (2mn + 5, —27n — 5). Then

Df(qn) = [Coséun) —sii(vn) } B [(1) 1 } '

The determinant of this matrix is 1 and its inverse is
1 -1
B= [ b } .

Thus by the inverse function theorem there exists an inverse function f~! defined on an open

ball around a such that f~'(a) = (5,—%) (here I am taking n = 0 but you can take any

integer n you like). The total derivative at a of this inverse function equals

1 -1
-[3 7]
Note that both answers A and B for the total derivative of inverse function at a are correct.

§11.5, # 1(c). [10 points|. Prove that for the following function f the inverse function f~!
exists and is differentiable on some nonempty open set containing a and compute Df'(a):

fu,v) = (uwv,u’® +v%),a = (2,5).
Solution. We again start by solving the equation f(u,v) = (2,5):

wo = 2,u’ +v? = 5.



To see that there are no other solutions make the substitution v = 2/u and get u*>+ -5 =5
or
u' + 4 = 5u’.

This is an equation of order 4, hence it cannot have more than 4 solutions, thus we have
found all the solutions. Now let’s compute the total derivative:

Df(u,v) = [;u 27; }

Hence
A1:Df(1,2):[§ i] Azsz(—l,—Q)Z[:g :H’

A3=Df(2,1):[}1 g] A4:Df(—1,—2):[;11 :;}

The determinants of these matrices are equal to 6,6, —6, —6 respectively. Hence the total
derivatives are invertible for all points p; = (1,2),p2 = (—1,—-2),p3 = (2,1), ps = (=2, —1).
Thus by the inverse function theorem there are functions ¢1, g2, g3, g4 inverse to f and defined
on a small ball around a so that g;(a) = p;, each g; is differentiable at a and

Dgi(a) = AT :é _42 _21 ’
DgQ(a)ZAer:% _24 _12 :
poiw= a5 =1[ 2 2]
Dgy(a) = Aj" —é _24 _12




