MATHEMATICS 3220. Homework # 1: Solutions.

§8.1, # 10. (a) [20 points| Prove that ¢;-norm and the sup-norm
are norms, i.e. they satisfy:

(1) ||x|| > 0 for each x € R* with equality if and only if x = 0.

(2) ||ox]|| = |af - ||x]| for each o € R.

(3) lIx+ ¥l < |Ix|| + |ly|| for all vectors x,y € R".

Proof. First, consider the ¢;-norm, ||x|; = Y ., |z;]. Since |z;| > 0
for each ¢, the sum of these numbers would be also nonnegative, hence
Ix|li = >oi || > 0. If x = 0 then clearly ||x||; = 0. If x # 0 then
there is a coordinate, say, x; such that |z;| > 0. Hence

n
Ixlls = zi] > |z > 0.
i=1

This proves (1). For each oo € R we have:

n n n
laxlly = lazil =) lallail = lal Y |z:| = |al - [Ix]|1.
i=1 i=1 i=1

This proves (2). By the triangle inequality in R we have:

n

I +ylle =) lzi+ul <3 Jwal + ) lil = Il + [yl
=1 =1

1=1

This proves (3).

Now consider the sup-norm, ||x||c = max{|z;|,7 = 1,...,n}. Since
|z;| > 0 for each ¢, max{|z;|,i=1,...,n} > 0. If x = 0 then |z;| = 0 for
each i, hence max{|z;|,i = 1,...,n} = 0. If x # 0, then, say, |z;| # 0.
Thus

%]l = max{|z;|,i =1,...,n} > |z;| > 0.

This proves (1). For each oo € R we have:
|lox||oo = max{|a| - |z;],i =1, ...,n};

I%||co = max{|z;|,i =1,...,n}

The maximum in the latter is achieved on, say, 1 = k, i.e.
[1x[loo = |z ].
Thus || - |xg| > |« - |z;| for each 7, hence
o] - [X[loo = |e] - |2k = max{|e] - |2i],0 =1, ...,n} = ||ax]|.

This proves (2). Suppose that x,y € R", ||xX||oc = |Zk|, [|¥|lcc = |Yrml-
Then for each ¢ we have:

1z +yi| < x| + |yl < |2n] + [Ym| = [[%]loo + [[¥]]oo-



Figure 1:

Thus
1%+ ¥lloo = max{|z; +yil,7 =1, ..., n} <[[x[oo + [|¥[]oo-
This proves (3).

(b) [20 points] Describe what the open balls in R? look like with
respect to the nonEuclidean norms || - |1, * ||co-
Solution. We will describe the open ball of radius R > 0 centered
at the origin,
Br(0) ={v e R*: ||v|]; < R}

1 = 1,7 = oc. First we consider the ¢;-norm.
Br(0) = {(z,y) € R : [z] + |y| < R}.

We decribe the ball Bg(0) in each of the coordinate quadrants in R?.
In the first quadrant (z > 0,y > 0) the inequality |z|+|y| < R becomes

r+y<R <= y<R-=z

which decribes the region in the first quadrant that is contained below
the line y = R — x (this is a line segment with the slope —1 connecting
the points (R,0) and (0, R)). Similarly, in the second quadrant, (z <
0,y > 0) the inequality |z| + |y| < R becomes

—r+y<R << y<R+z.

This describes the triangle in the second quadrant which is contained
below the line y = R + y. Similarly, in the third quadrant (z <
0,y < 0) we get the triangle above the line y = —x — R; in the
fourth quadrant (z > 0,y < 0) we get the triangle above the line
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y = ¢ — R. Combining these answers we get the square with the ver-
tices (R, 0), (0, R), (—R,0), (0, —R), see Figure 1.

Now consider the sup-norm. The open ball of radius R > 0 centered
at the origin is

Bg(0) = {(z,y) € R* : max(|z, |y|) < R}.

Saying that max(|z|, |y|) < R is the same as to say |z| < R and |y| < R.
We again consider one coordinate quadrant at a time. In the first
quadrant we get the region

{(z,y) : 0 < 2,0 <y,max(z,y) < R} ={(z,y) : 0<z < R,0<y < R}.

The latter is the square with the vertices (0,0), (R,0), (R, R), (0, R).
Similarly, we get R-by-R-squares in each coordinate quadrant. Hence
Bgr(0) in the sup-norm is the square with the vertices (R, R), (—R, R),
(-R,—R), (R, —R), see Figure 2.

Figure 2:

The balls with centers at other points P = (a,b) of R? are obtained
by parallel translation (along the vector (a,bd)) of the balls with the
center at (0,0), since

v € BR(0) <= |[(v+ (a,b)) — (a,b)||; < R <= v+ (a,b) € Bg(0).
Hence these balls are again squares with the vertices:
(a+ R,b),(a,b+ R),(a — R,b),(a,b— R)
(for the ¢;-norm) and with the vertices:
(a+R,b+R),(a+R,b—R),(a—R,b—R),(a — R,b— R)

(for the sup-norm).



