MATHEMATICS 2270. Homework # 9: Solutions.
Total=60 points.

1. [10 points] Consider the vector space
V' = Span{sin(t), cos(t)}

with the basis: B = {f(t) = sin(t) — cos(t), g(t) = sin(¢) + 2cos(¢)}. Compute the
coordinates of the function 2sin(t) — cos(t) with respect to the basis B.

Solution. There are two solutions of this problem.
Solution 1. The coordinates of the function 2sin(t) — cos(t) with respect to the
basis A := {sin(t), cos(t)} are (2,—1). The coordinates of the vectors f and g with

respect to the basis A are:
1 1
a=] 2 o= |5 ]

Thus the transition matrix from the A—coordinates to the B—coordinates is the inverse

of
1 1
il
112 -1
—1 _
5= 3 [ 11 } '
Hence the coordinates of the function h(t) = 2sin(t) — cos(t) with respect to the basis
B are: . . /
oy 12 —1][ 21 1[5] [5/3
S[h]A_3[1 1 -1 3|1] " [1/3])"

Thus the coordinates are (5/3,1/3).
Solution 2. To find coordinates of the function A in ine B-coordinates we have
to find numbers a and b satisfying the equation

h(t) = af(t) + bg(t),

1.e.

ie.,

2sin(t) —cos(t) = a(sin(t) —cos(t)) +b(sin(t)+2 cos(t)) = (a+b) sin(t)+(2b—a) cos(t),

a+b=2
—a+2b= -1
Solving this system we get:

a+b=2 a+b=2 a=2-(1/3)=5/3
{0+3b:1 ‘:*{ b=1/3 ‘:’{ b=1/3

1.e.

Hence the coordinates are (5/3,1/3). O

2. [10 points| Determine whether or not the following collection of vectors spans
PQZ

{p(t) =1 + 1, po(t) = 2t + 1, p3(t) = 2+ 2t + 2, pu(t) = —1* + 2t}



Wint: first find dimension of the space Span{p 1(t), p2(t), ps(t), ps(t)}.)
Solution. Let’s write down the matrix A whose columns are the coordinates of
the polynomials py, ..., p4 with respect to the standard basis:

0
2
-1

N DN

1
0
1

O N =

Dimension of Span{p;(t), p2(t), ps(t), ps(t)} is the rank of the matrix A. To compute
the rank of A let’s apply the Gauss-Jordan method:

1 1 2 0 1120
A=10 1 1 1 |=/[0111
0 -1 -1 -1 0 00O

Hence the reduced row eachelon form of A has two nonzero rows, therefore rank(A) =
2. Thus dimension of Span{p:(t), p2(t), ps(t), ps(t)} equals 2 while the space P, is 3-
dimensional. Therefore the vectors p;(t), p2(t), p3(t), p4(t) do not span P;. O

3. [10 points] Find matrix representation, rank and nullity of the linear transfor-
mation 7" : P, — P, which is given by the formula:

T(p(z)) = zp(x)

Here P is the space of polynomials by + bz of degree < 1 (with the standard basis
{1,z}) and P, is the space of polynomials ag + a1z + aoz? of the degree at most 2
with the standard basis {1, z, z%}.

Solution. The images of the basis polynomials under 7" are z(1) = x = 0(1) +
1(x)+0(2?) and z(z) = 2% = 0(1)+0(x)+1(2?). The coordinates of these polynomials
with respect to the standard basis therefore are (0, 1,0) and (0,0, 1). By putting them
as columns we get the matrix representing 7'

0 0
A=11 0
01

The reduced echelon form of this matrix is

10
01
00
Hence rank equals 2 and the nullity equals 2 — 2 = 0. O

4. 84.3, # 2. [10 points] Are the matrices

11 12 2 3 14
S PR PR ER ) R Y

linearly independent?
Solution. The easy way to solve this problem is to notice that

A4—A3:A1.

2



Hence
—A1+O'A2—A3+A4:O,

which means that the matrices are not linearly independent. More difficult solution is
to write down coordinates C', Cs, C3, C4 of these matrices with respect to the standard
basis in the space of matrices (i.e. matrices E;; which have 1 in the position ij and
zero elsewhere) and then compute dimension of the span of the resulting vectors in
R*. The 4 x 4 matrix C with the columns C;, Cs, Cs3, Cy is

— = =

1121 112 1 112 1
c 0113 011 3 011 3
1023571001 17001 -1

035 7 00 2 —2 000 0

Hence rank of C equals 3, therefore the span of the matrices Ay, ..., A4 is 3-dimensional.
Since we have 4 elements in a 3-dimensional space, they must be linearly depen-
dent. O

5. §5.5, # 6. [10 points]
(a) Consider an m X n matrix P and n X m matrix Q). Show that

trace(PQ) = trace(QP).

Solution. Let a;; and b;; denote the entries of the matrices P and () respectively.
Then

trace(PQ) = Z ai;bji,
(]
where the sum is taken over all choices of indices 7, 7. Analogously,

trace(QP) = Z bijaj = Zajibija
i’j ’L,]

where the sum is taken over all choices of indices i,j. Therefore the summands

appearing in trace(P(Q) are the same as the summands appearing in trace(QP).

Hence trace(PQ) = trace(QP). O
(b) Compare the following inner products in R™*":

(A, B) = trace(AT B),

and
((A, B)) = trace(ABY).

Solution. Since for each square matrix S we have trace(S) = trace(ST), we get:
(A, B) = trace(AT B) = trace((AT B)") = trace(BT (AT)T) = trace(BT A).
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The latter equals to trace(ABT), according to part (a). Thus

(A,B) =((A,B)). O

6. §5.5, # 9. [10 points] Recall that a function f : R — R is called even if
f(=t) = f(t) for all . The function f is called odd if f(—t) = —f(¢) for all ¢.

Show that if f is an odd continuous function and ¢ is an even continuous function
then these functions are orthogonal as elements of the space C[—1, 1], where the inner

product is given by (f, g) = ﬁl f(t)g(t)dt.
Solution. Let’s make the change of variables ¢ = —s in the integral:

/_1 f(t)g(t)dt = N f(—S)g(—s)d(—s) _

t=—1

= [ s = [ reas

=1 s=—1
(recall that reversing direction of the integration changes the sign of the integral).
Hence

[ swsteii=— [ sra1as

which means that the integral equals zero. Thus (f, g) = 0 and therefore f is orthog-
onal to g. O



