MATHEMATICS 3210-1. Homework 11: Solutions.

December 3, 2001

1. 1. Compute (directly, using the definition) the Taylor series about the origin

for the function f(z) = ;=-. Show that the Taylor series converges to f(z) on the

interval (—1,1). Now do the computation using theorem 31.7.

Solution. First, consider the derivatives of the function f(z):

fl(x) = ﬁ, f'(x) = ﬁ,..., f™(z) = # Let’s verify the latter formula
using the induction. The assertion is true for n = 1 (the first derivative). Suppose
that

k!
f(k)(x) - W
Then
, Koo, REk+1)  (k+1)
FED (@) = (f ) () = ((1 — )kt - (1 — z)k+2 - (1 —z)k+2’
Thus f™(z) = # for all n.

Thus f(™(0) = n!. Hence the Taylor series for f equals

i f<’z'<0)xk _ ixk

k=0 k=0

To prove that the Taylor series converges to f we need to estimate the higher
derivatives of the function f.

Suppose that z € (—1,1),z # 0. I will consider the case z > 0 since the case
x < 0 is similar.

By integral for of Taylor’s theorem (theorem 31.5), for each n we have:

Note that £=f < z, hence




We will prove that there is ng € N such that the sequence nz" is decreasing for all
n > ng. Indeed,

(n+1)z"! <na” &= (n+l)r<n & z<

n+1
Note that the sequence ;%5 converges to 1, and 0 < z < 1; hence there exists ng so
that for all n > ny we have
n
r < .
n+1

Thus the sequence (nz™) is indeed decreasing for all n > ng. Since this sequence is
bounded from below by zero, it converges to some number a > 0. Thus

a= lim (n+ 1)z"*"!' = lim na"z + 2" = az,
n—oo n—oo

since the sequence ™! converges to zero. Thus a = ax, hence either a = 0 or z = 1.
Since x < 1 we conclude that ¢ = 0. Thus the sequence % converges to zero as
well, by sandwich lemma we conclude that the sequence R, (x) converges to zero too.
Hence

1 o0
7 = E =1+zx+22+2°..
—x
k=0

O
2. Section 31, # 31.2. Find the Taylor series for cos(z) and indicate why it
converges to cos(z) for z € R.
Solution. We solved this in the class.

# 31.5. Let g(z) = e ¥/** for z # 0 and ¢(0) = 0. Show that ¢ (0) = 0 for all
n. Show that the Taylor series for g agrees with g only at z = 0.
Solution. We argue similarly to the Example 3. For z # 0 we have ¢'(z) = %g(z).
I claim that n-th order derivative of g at x # 0 has the form r,(x)g(z) where r,(z) is
a rational function of x. I will prove it using the induction. The assertion is true for
2

n = 1 since Z is a rational function. Suppose that ¢¥)(z) = ry(z)g)(z) where r4(z)

is a rational function of z. Then

)g(z).

g* (@) = (ru(2)9) ()" = ri(2)g(2)+ri(2)g' () = TL($)9($)+%9($) = (ri(@)+—
Since the derivative of a rational function is again rational and the sum of two rational
functions is also rational, we conclude that 7.1 (z) = ri(z) + Z is a rational function.
Thus ¢**+Y(z) = rp41(2)g(x) where 74,1 (x) is a rational function. Thus the claim is
proven.

Now I will prove that ¢(™(0) = 0 again using induction. For n = 1 we get:

2
oy — i 9@ e
o0 =T =

I first consider the limit from the right. Note that for 0 < z < 1 we have 22 < x and
thus ;—21 < % Hence
e—l/m2 e~z

T T



—1l/x . . - 112
for z € (0,1); lim,_,o % = 0. Thus by sandwich lemma, lim, o, % =0.

To compute the limit from the left note that if + < 0 then y = —z > 0. Then

. 6—1/552 . 6_1/y2 . 6_1/y2
lim = lim = — lim =0.
z—0— xT y—=0+ —y y—0+ Yy
671/:4:2

Therefore lim,_,o “—— = 0 and hence ¢'(0) = 0.
Now suppose that f*)(0) = 0. Then

g(k—|—1)(0) — lim ’I‘k(SE‘)g(.T)

x—0 €T ’

since g®)(z) = ry(x)g(x) for x # 0. Again, consider first the limit from the right.
Then for £ > 0 we have g(z) < e~'/*. Hence it suffices to show that

—1/z

ri(z)e o

lim
z—0+ €T

The ratio T’“T(m) is a rational function R(z). Let x = 1/y. Then, as x — 0+, y — oc.
By substituting z with 1/y in the function R we get a rational function

P(y) ao+ay+..+any™
Q(y) b0+b1y+...+bdyd

Then . . )
lim R(x)eil/w — lim ay T 1Y T ... T aARY

z—0+ y—00 €y(b0 + bly + ...+ bdyd)

Since
1

lim =
y—oo by + by + ... + bgy?

. agtary+ ...+ apy™
lim =
y—>00 ey

7

0

we conclude that

lim R(z)e”/* =0.
z—0+4

To get the limit from the left make the substitution x = —t, then R(—t) = F(t)
is again a rational function of ¢ and

lim R(z)e %" = lim R(—t)e /¥ == lim F(t)e /¥ =0.
r—0— t—0+ t—0-+

Thus y

=+ (0) = lim re(@e

z—0 s

In particular, the Taylor series for the function g(z) is zero. The function g is
positive for all z # 0, hence g(z) agrees with the Taylor series only for z = 0. O

3. Section 32, # 32.1, 32.2, 32.8.

# 32.1 Find the upper and lower Darboux integrals for f(x) = z*® on [0, b].
Solution. We first prove a couple of claims.

Claim. Y1 = (0, 9)%



Proof. Let’s verify this using the induction on n. For n = 1 we get 1 = 1 which is
true.
Suppose that 3% . = (3%, 4)2. We want to prove that

k+1 k+1
Y= (> i)
=1 =1
Equivalently,
k k+1 k+1 k+1
O o)+ E+1°= (O i)+ E+1)) =02 +20 ik +1) + (k+1)%
=1 =1 =1 =1

By using the induction hypothesis, the latter is equivalane to

k+1 k+1 k+1

O i+ (k+1° =0 +20 )k +1)+ (k+ 1) <

k+1P=(+1)*+2k+1)(1+2+ ... +k) <
(k+1)?=(k+1)+2(14+2+...+k) &= (k+1)°=(k+1)=2(1+2+...+k) =

k(k+1
% =1+2+..+k.
The last is a true equality, hence we are done by the induction. O

Corollary.
Z 3 Ll)‘ -

We now start computing the upper and lower Darboux integrals.

Let P be a partition tg = 0 < ¢; < ... < t, = b. Then sup(f|p,_,u)) = f(t;) =3
and inf(fp,_, 1) = f(ti1) = t2_,. We consider only the partitions P, of [0,b] into
equal intervals, i.e.,

=1ib/n.

We will prove that limU(f, P,) = lim L(f, P,) = U(f) = L(f), thus by theorem 32.5,
U(f) = L(f). Hence it suffices to consider only the partitions of the above form.
Then

- bt (n(n+1))2
P, = th(ti Zz3b4/n =7 Zz 1+2+ 4+n)? = n4w'
i=1

Similarly,

P =)t (ti—tig) =) (i—1)°"/n".
=1 =1
Since Y (i —1)* = (D1, #°) — n®, we get

(f, )_24( (TL+1)) _bZ:S :bz(n(n—zl))2—b4/n=U(f,Pn)—b4/n.

4 n n




Note that

1 2
lim b*/n =0, lim w =1
n—o0 n—0o0 n
Thus
: : b
Jim L(f, Pa) = lim U(f, ) = &
Thus U(f) = L(f) = ¥. O

# 32.2. Let f(z) = z for rational = and f(z) = 0 for irrational z.

(a) Compute the upper and lower Darboux integrals for f on [0, b].

(b) Is f integrable on [0, b]?

Solution. Let P :ty =0 < t; < ... < t, = b be a partition of [0,b]. Then the
upper Darboux sum for this partition is

U(f,P)= ETLSUP(fhtH,ti])(ti —ti1).
i=1

Since each interval [t;_i, ;] contains a sequence of rational numbers which converges
to t;, the supremum of the function f on [t;_1,%;] is f(¢;). Thus

U(f,P) = Znti(ti —ti1).

Similarly, since each interval [¢;_i,¢;] contains an irrational number, the infimum of
the function f on [t;_1, ;] is zero. Thus

L(f,P) = 0.

Among all the partitions P : tg = 0 < t; < ... < t,, = b the partition with the maximal
sum

Z ntz (tz - tz’—l)

i=1

is the partition with equal distances ¢; — t;_1 = % For such partition

b bib b . Pan+1) ¥®n+1
U(f,P)zZntiﬁ: n——=-—% ni=— ( 5 )25 .
i=1

nn n? n n

i=1 i=1

n

The sequence 2t is decreasing and it converges to 1. hence
n b

2

U(f) = nf U(f, P) = ©.

Thus U(f) = b?/2. In particular, U(f) # L(f) and hence f is not integrable on
[0, b]. O

# 32.8. Show that if f is integrable on [a,b] then f is integrable on every interval
[c,d] C [a, b].



Proof. 1 first consider the case d = b, a < ¢ < b. Recall that f if integrable on [a, b] if
and only if for each € > 0 there exists § > 0 so that for each partition T" of [a, b] with
mesh(T') < §, we have

U(f,T)—L(f,T) <e.

Let P, @ be partitions of [a, ¢], [c, b] of the mesh < §. Then T'= P U @ is a partition
of [a,b] of mesh < §. Then

U(f,T) = L(f,T) =U(f, P) = L(f, P) + U(},Q) — L(f,Q) <.

Since both numbers U(f, P)—L(f, P) and U(f, @) — L(f, Q) are positive, we conclude
that

U(faP) —L(f,P) < G’U(va) _L(faQ) <€
Hence f is integrable on both [a,c| and [c,b]. To get the general case note that
integrability of f on [a, b] implies integrability of f on [a, d] (by what we just proved).
In turn, integrability of f on [a, d] implies integrability of f on [c, d]. O



