Solutions for the sample of the 2-nd midterm test.

1. Does the following limit exists? Explain your solution.

. 2¢ —y
lim .
(z,)—(0,0) T + 3y

Solution. The limit does not exist. To verify this claim consider the limit along

the z-axis:
. 2¢c — 0
lim =
(z,0)—(0,00 £+ 0

Now consider the limit along the y-axis:

: -y
lim = —-1/3.
(0,9)—(0,0) 0 + 3y /

The limits are different, hence the limit of the function of two variables does not exist.

2. Find the Cartesian equation corresponding to the following spherical coordi-
nates equation:

(psin(¢))” = pcos(¢).
Solution. pcos(@) = z, psin(@) = \/x% + y?, hence the equation becomes:

3. Find equation (in the form Az + By + Cz + D = 0) of the tangent plane II to
the surface 22 + y2 — 22 = 1 at the point Py = (1,1, 1).

Solution. Vf(x,y,z) = (2z,2y, —2z) = (2,2,—2). Thus we can use the vector
7 = (1,1,—1) as the normal vector. Therefore the equation of the plane is

(x,y,z)-ﬁz (1,1,1)-7,

r+y—z2=14+1-1=1.
Thus the answer is: x +y — 2z —1=0.

4. Find the critical points of the function
2 14 2
flz,y) =22 — 3V + Yy — 3z

and determine which of them are local minima, maxima, saddle points.

Solution. The function is differentiable on the whole plane, there are no boundary
points, hence the only critical points are the stationary points.

Vf(z,y) = (4z + y* — 3, —y? + 2xy). The stationary points satisfy:

Vf(z,y)=(0,0); 4z +y*—-3=0,—y>+22y=0.

From the 2-nd equation we get: either y = 0 or y = 2z. If y = 0 then z = 3/4 and
hence Py = (3/4,0) is the first stationary point. If y = 2z then 2y +y* — 3 = 0 which
has two solutions: y; = 1,90 =—-3. f y=y; =1thenzx =2, =1/2. f y =y = -3



then x = x5 = —3/2. Thus we get three critical points: Py = (3/4,0), P, = (1/2,1),
P, = (—3/2, —-3). The determinant of the 2-nd derivatives is

| 4 2y
D(p) = ‘ 2y —2y+ 2z
If P =P, we get:
D(3/4,0) = ‘ . 392 —6>0

Since f.(Py) =4 > 0, the point P, is the point of local minimum.
If P =P, we get:

4 2
D(1/2,1)_‘2 _2+1‘_—4—4——8<0
hence P; is a saddle point.
If P = P, we get:
D(-3/2,-3) = 1 70 1 19 35— _21<0
’ | -6 6-3| N

hence P, is a saddle point.

5. Use Lagrange’s method to find the minimum point(s) of the function f(z,y) =
(z —1)? + (y — 1)? subject to the constrain (z +1)(y + 1) = 0. You can assume that
the minimum exists.

Solution. Let g(z,y) = (z+1)(y+ 1), then Vg(z,y) = (y+1,2+1), Vf(z,y) =
2(z — 1,y — 1). Thus we get:

(z—1Ly—1)=Ay+Lz+1), (@+1)(y+1)=0.

If A # 0 then 2 = 1,y = 1, which contradicts the equation (z + 1)(y +1) = 0. Hence
A#0. Then (z —1)(z+1) = (y — 1)(y + 1), 2* = y?, y = +x. Substituting this to
the equation (z +1)(y+1)=0weget: z=9y,(r+1)>=0,z=—-1=yory= —u,
(z+1)(1-2)=0,22=1,z==+1,y=—+1.

Therefore we got three points where the minimum can occur: Py = (—=1,—1), P, =
(1,-1), P, = (-1,1).

Now we compare the values of f at the points where minimum can occur. f(FPy) =
(—1-1)24+(-1-1)2 =8, f(P1) = (1-1)*+(—-1-1)* =4, f(P,) = (—1-1)*+(1-1)* =
4. Since 4 < 8 we conclude that the points P, = (1,—1), P, = (—1,1) are the points
of minimum for the function f on the curve (z +1)(y +1) = 0.

Note that the minimum exists since the function f is square of the distance func-
tion from the point (1,1).



