MATHEMATICS 2210-3. Homework 7: Solutions.

Febuary 26, 2001

1. Problems # 4, 8, 15 from Section 15.3.
Problem 4. (10 points) Compute the limit:
i zy —y°
im —
(@y)—(-12) (T +y + 1)2
Solution. Note that

lim  (zy— %) =(-1)2 - (2)* = -10
lm @y =) = (<12 )
(since zy — y? is a polynomial function of x,y and each polynomial function is con-
tinuous). Similarly:

lim (z+y+1)2=(-1+2+1)>=4#0.
(z,9)—(-1,2)
Hence we have a limit of a ratio of two functions where both numerator and denom-
inator have limits and the limit of the denominator is non-zero; thus

i zy—y* =10
im

= = —92.5.
(@)= (-1,2) (T + 7y + 1)2 4

Problem 8. (10 points) Compute the limit:

im L —y
(@)(-12) 2% + 2
Solution. Recall that z* — y* = (22 + 4?) (22 — y?), hence
4 4

. r -y . 2 2 2 2
im ——— = lim T — =(—-1)—-2°"= -3,
(@y)(-1,2) 22 4 12 (y,w)a(—l,z)( v)=(=1)

(since 2% — y? is a polynomial function and is therefore continuous).

Problem 15. (10 points) Show that the limit does not exist:

lim i
(z,9)—(0,0) 2 + y?



Solution. We first consider the limit along the z-axis:

20 0
wl—I>r(lJ 2402
Now consider the limit along the line x = y:
lim — " — lim = = 1/2 40
wl—I>r(l)x2+x2_zl—I>T(l)2_ '
The limits are different, therefore the limit

lim Y
(@.9)—(0,0) 2% + y?

does not exist.

2. # 6, 12 from Section 15.4.
Problem 6. (10 points) Compute the gradient of the function:

f(z,y) = sin’(z%y).

Solution. By the chain rule we have:

ﬂ_ . 97 9 2 8(3”29)_ © 20 2 N 2
e 3sin”(z°y) - cos(z”y) e 3sin”(z7y) - cos(z”y)(2zy).
Similarly,
2
of = 3sin’(z%y) - cos(z%y) - UCarl) = 3sin®(2%y) - cos(z%y)(?).
y Ay
Hence 9% 8
Vi=( / f) = 3sin®(2%y) cos(z?y) (2zy, 2).

oz’ dy

Problem 12. (10 points) Find the gradient and the tangent plane to the graph
of the function f(z,y) at the point p = (2, —2). Here f(z,y) = 23y + 3zy>.
Solution. f(p) =8(—2)+6(4) = 8.

g—ﬁ = %(x?’y + 3zy?) = 32y + 3y°.
g—g = aﬁy(f’y + 3zy?) = 2° + 62y.

At the point p = (2, —2) we get:
V/(2,-2) = (12(—2) + 12,8 — 24) = (—12, —16).
Therefore the tangent plane at p is

z=—12z — 16y — (—12(2) — 16(—2)) + 8 = —12z — 16y.



