MATHEMATICS 2210-3. Homework 12: Solution.

April 2, 2001

1. Problems # 2, 6 from Section 16.5. Each problem is worth 20 points.

Problem 2. Compute the mass M and the center of mass of the lamina S
bounded by the curves y = 0,y = v/4 — 22 where the density of the lamina is §(z, y) =
Y.

Solution. The graph y = v/4 — 22 is the upper semi-circle of the circle of radius
2 centered at the origin. Thus the lamina S is the upper half-disk of the radius 2
centered at the origin. We compute the integrals using the polar coordinates.

y

Figure 1:

O=m r=2
M = // ydxdy :/ / r? sin(f)drdf =
S 6=0 r=0
=2 v

/ T 2y / " n(0)d6 = [ /32— cos(B)]F = 8/3- 2 = 16/3.
r=0 [}

=0

O=n pr=2
M, = // zydzdy = / / 73 sin(0) cos(0)drdf =
S =0 r=0
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Similarly,



/0 rdr /0 " in(0) cos(9)do = [r* /4]3[% sin2(9)]7 = 4 % 0=0.

(You can also notice that the equality M, = 0 follows from the symmetry in y-axis.)

O=m pr=2
M, = // yidxdy = / / 3 cos®(0)drdf =
s 6=0 Jr=0

2 ™ 1 1
/ r3dr/ cos?(0)df = [r*/4]3 - [50 + 1 sin(20)]§ = 47 /2 = 27.
0 0
The center of mass equals
(z,y) = (My/M, My/M) = (0,27/(16/3)) = (0,37/8).

Problem 6. Compute the mass M and the center of mass of the lamina S
bounded by the curves y = 0,y = €*,2 = 0,2 = 1 where the density of the lamina is
z,y) =2—x+y.

Solution. See Figure 2 for the sketch of the lamina.

y

Figure 2:

=1 y=e® =1
M = // 6(z,y)dzdy =/ / 2 -z +yldydz =/ [(2—2)y+y*/2]3=5 da =
S =0 y=0 T

=0

_ /0 (2= w)er + ¢ /2)do = /0 (27 + ¢ 2)do - /0 petds

The first integral equals

2" + X /4]t = 2e +€?/4—2 —1/4 = 2e + € /4 — 2.25.
0



The second integral can be computed using the integration by parts:

1 1 1
/ retdr = / zde® = [ze”]; —/ efdr=e—[e"]j=e—e+1=1.
0 0 0
Hence
1 1
M:/ (26$+62w/2)d$—/ re®dr = 2e + /4 —2.25 — 1 = 2e + €*/4 — 3.25.
0 0

We now compute the center of mass.

=1 y=e?®
M, = // zé(z,y)dzdy = / / z(2 — z + y)dydzx =
S =0 y=0
=1

/w— (22 — 2%)y + 2y? /2= dz = /o ((2z — 2%)e” + ze® /2)dx

=0
We now compute the three integrals:

1 1
/ 2ze”dr = [2xe"]; — 2/ e’dr =2e—2(e—1) =2.
0 0

1 1
/ r’e’dr = [z%e"]) — / 2ze’dr = e — 2.
0 0

1 1 1 1
/ re” [2dx = [$€2m/4](1)_/ e’ [4dx = €*[4—[e** /8], = €*/4—e?/8+1/8 = gez—i-é.
0 0

Thus 1. 1 33 1
MJ;:Q— —2 —2 _ = — — _2_
(e )+8e tg=g —etge

=1 y=e®
M, = // yo(z,y)dzdy = / / y(2 — z +y)dydx =
S =0 y=0
r=1

/ (@2 + /3 de =

o=1 1 1 1 1 1
/ (2 — 2)e* /24 €7 /3dx = / e dr — — / re*dx + — / e d,
z 0 2 Jo 3 Jo

=0
We now compute the three integrals:

/1 sz 1[ 21]1 1( 2 1)
e r = —|€ = —(e” — .
0 2t 079

1 1

—/ xe%dajzlez—kl.

2/, 8¢ %

1 [t 1

3/0 e?’zdng(eg’—l).

Thus 1 1., 1 1 3. 1. 53

M o= (62— 1) — 22— 2 L (3 1) = 2p2 4 28 _ 22
y=ge -l —ge gl =) =ge g — 0
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The center of mass equals

3B _e+ le? 3¢2 4 le3 — 33
7 ) — M;c M. M. /M) = 8 8 8 9 72 ]
(7,9) = (Ma/ M, My /M) = (5 e s 355 50 4 0.25¢2 — 3.5

2. Problems # 2, 4 from Section 16.6.
Problem 2. (10 points) Compute area of the part of the plane 3z — 2y + 6z = 12
that is bounded by the planes z = 0,y = 0 and 3x + 2y = 12.

/ 3x-2y+62=12

T

3x-2y+6z=12 3x+2y=12

Figure 3:

Solution. The surface whose area we have to compute projects to the triangle T’
in zy-plane with the vertices (0, 0), (4, 0), (6,0). See Figure 3. The plane 3z—2y+62z =
12 is the graph of the function

flz,y)=2—2/2+y/3.

7
2+ 2+1=/1/44+1/94+1= 5
Note that Area(T) =4-6/2 =12. Hence

7 12-7
Area = éArea(T) =— = 14.

Problem 4. (20 points) Compute area of the part of the surface z = /4 — y? in
the first octant that is directly above the disk z? + %2 < 4 in the zy-plane.

Remark. Actually, the textbook is asking for area of the part of the surface
2 = y/4 — 9?2 in the first octant that is directly above the circle 22 + y? = 4 in
the xy-plane. This part of the surface is actually a curve, hence its area is zero.
Everybody who gave this answer should get the full credit for this problem, I think
however that this was a misprint.

Solution. Let R = {z,ylz > 0,y > 0,22 + y? < 4}. f(x,y) = /4 — 92, f =0,
—Y

N

4

fy:



dmdy =

Area—// 1+f2dxdy—//
//\/:dxdy_/w/ 4yrdxdy—/y_ozdy:4,

3. Problems # 2, 4, 10 from Section 16.7.

Problem 2. (10 points) Evaluate the iterated integral

7 2x z—1
/ / / dzdydz.
-3J0 y

/ym_ldz:(x—l)—y.

[ @y =12+ @ 1l = 20 22— ) = 2

7 2x z—1 7
/ / / dzdydz = / —2zdz = [—2%])"; = —49 + 9 = —40.
—-3J0 y -3

Note that this integral is negative: it DOES NOT compute the volume of a solid
(because of the bounds of integration)!

Solution.

Problem 4. (10 points) Evaluate the iterated integral

5 pd 2
///6$y2z3dxdydz.
0o J2J1

// /6xy2z3dxdydz—/ 3dz/ 3y2dy/ 2xdx =

= [2*/4)3[y®]" ,[2*]} = (625/4)(64 + 8)(4 — 1) = 33750.

Solution.

Problem 10. (10 points) Sketch the solid. Write the iterated integral for

//Sf(x,y,Z)dV

where S = {(z,9,2): 0< 2 < /4—42,0<y<2,0<2<3}.

Solution. To sketch the solid note that this is the region between the planes
2z = 0,z = 3 and directly above the quarter of the disk z? 4+ y? < 4 which is in the
first quadrant (in zy-plane). See Figure 4.

//Sf(a:,y, Z)dV=/03/02/OMf(a},y, z)dzdydz.



o y%a

Figure 4:



