Math 2210-3. Solutions for the 1-st Test.

1. For which values of ¢ are the following vectors orthogonal:

U =(2t,t—1,2) and ¥ = (1,¢,1).

Solution. Vectors are orthogonal when their dot product is zero. 0 = vV =

(2t,t — 1,2) - (1,t,t) = 2t +¢* —t + 2t = t* + 3t. The equation #* + 3t = 0 has
two solutions: ¢ = 0 and ¢t = —3. Hence the vectors are orthogonal when ¢t = 0,
t=-3. 0

2. Sketch the curve y = e . Compute the curvature of this curve at the point
P, = (0,1). Bonus: on the same picture sketch the circle of curvature at the point
FB,.
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Solution. y' = —2ze %", y" = —2¢~*" + 4z2¢*". The intersections with the

coordinate lines: (0,1) (with the y-axis), y(xz) > 0 for all z, hence no intersection
with the z-axis. The function y(z) is increasing for x > 0 (since y' > 0 for z < 0)
and is decreasing for x > 0. As x — 00, the function converges to zero. Hence the
r-axis is the horizontal asymptota in the both directions. The sketch is above.

At z = 0 we get: y'(0) =0, y"(0) = —2. Hence the curvature equals:
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Hence the curvature at Py equals 2.

Bonus: To sketch the curvature circle recall that the radius of the curvature equals

1/k = 1/2. The center of the curvature circle is on the head of the vector of I_(>(O) /k?
(whose tail is at Py). The vector of curvature I_() is orthogonal to the curve, has
the magnitude £ = 2 and is directed towards the convex side of the curve. Hence
|I?(O)/k2| = 1/2, and the center of the circle of curvature is at the point (0,1/2).

3. Find equation of the plane Which contains the points
A=(1,1,1), B=(0,1,0) and C = (3,

Solution. Let @ = ﬁ (1,0,1), @ (3,4,4). Then the normal vector
to the plane is given by the cross- product.
=U XV = (—4,-1,4).

The equation of the plane is X 7= @ T
-4z —y+42=1(0,1,0) - (—4,—-1,4) = —1.



Hence the equation of the plane is: —4x —y 4+ 4z = —1 (or 4z +y — 4z = 1). O

4. Find the symmetric equation of the line L which contains the point Py = (2,3, 1)
and which is perpendicular to the plane x 4+ y = 0.

Solution. The normal vector to this plane is ¥ = (1,1,0). Since the line L is
perpendicular to the plane, this line is parallel to the vector . Thus we know a
point Py = (2,3,1) on the line L and the vector v = (1,1,0) = (a,b,c) along this
line. In general, if we are given such data, the symmetric equation has the form:

r—2 y—-3 =z-1

a b c

However in our case ¢ = 0 and we cannot divide by zero! On the other hand, since
¢ = 0, each point on the line satisfies z — 1 = 0. Hence we get the equations:
r—2 y-—3
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or
r—2=y—-3, z=1

5. Sketch the vector ¥ + ¥ — 2_>w _
Solution. First sketch @ + ©'. Then compute —2w by reversing the direction
of W and expanding it by 2. Finally use the triangle rule to add the vector —2w to

v+ .

g

utv




