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1 Preliminaries

1.1 In tro duction

These lecture notes are based on the course that I w as teac hing at the Univ ersit y of

Utah in F all of 2002. Our main goal is to describ e v arious to ols of quasi-isometric

rigidity and to giv e (essen tially self-con tained) pro ofs of sev eral fundamen tal theorems

in this area: Gromo v's theorem on groups of p olynomial gro wth and Sc h w artz's QI

rigidit y theorem for non uniform lattices in the real-h yp erb olic spaces. W e conclude

with a surv ey of the QI rigidit y theory .

The main idea of the geometric group theory is to treat �nitely-generated groups

as ge ometric obje cts : with eac h �nitely-generated group G w e will asso ciate a metric

space, the Cayley gr aph of G . One of the main issues of the geometric group theory is

to reco v er as m uc h as p ossible algebraic information ab out G from the geometry of the

Ca yley graph. A primary obsticle for this is the fact that the Ca yley graph dep ends

not only on G but on a particular c hoice of a generating set of G . Ca yley graphs

asso ciated with di�eren t generating sets are not isometric but quasi-isometric . One

of the primary questions whic h w e will try to address is: If G; G

0

are quasi-isometric

groups, to whic h exten t G and G

0

share the same algebraic prop eries? The b est

one can hop e here is to reco v er the group G up to we ak c ommensur ability from its

geometry . The equiv alence relation of w eak commensurabilit y is generated b y t w o

op erations:

1. P assing to a �nite index subgroup (this leads to the c ommensur ability e quivalenc e

r elation ).

2. T aking �nite k ernel extensions G of a group �:

1 ! F ! G ! � ! 1

is a short exact sequence so that F is �nite.

W eak commensurabilit y implies quasi-isometry but, in general, the con v erse is false.

One of the easiest examples is the follo wing: Pic k t w o matrices A; B 2 S L (2 ; Z ) so

that A

n

6= B

m

for all n; m 2 Z n f 0 g . De�ne t w o actions of Z on Z

2

so that the

generator 1 2 Z acts b y the automorphisms giv en b y A and B resp ectiv ely . Then

the semidirect pro ducts G := Z

2

o

A

Z , G

0

:= Z

2

o

B

Z are quasi-isometric but not

w eakly commensurable. Observ e that b oth groups G; G

0

are p olycyclic . The follo wing

is unkno wn ev en for the group G ab o v e:

Problem 1. Supp ose that � is a group quasi-isometric to a p olycyclic group G . Is

� commensurable to a p olycyclic group?
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An example when quasi-isometry implies w eak commensurabilit y is giv en b y the

follo wing theorem due to R. Sc h w artz:

Theorem 2. Supp ose that G is a nonuniform lattic e acting on the hyp erb olic sp ac e

H

n

; n � 3 . Then for e ach gr oup � quasi-isometric to G , the gr oup � is we akly c om-

mensur able with G .

W e will presen t a pro of of this theorem in c hapter 7. Another example of quasi-

isometric rigidity is the follo wing corollary from Gromo v's theorem on groups of

p olynomial gro wth:

Corollary 3. Supp ose that G is a gr oup quasi-isometric to a nilp otent gr oup. Then

G itself is virtually nilp oten t , i.e. c ontains a nilp otent sub gr oup of �nite index.

Gromo v's theorem and its corollary will b e pro v en in c hapter 5.

Pro ving these theorems are the main ob jectiv es of this course. Along the w a y w e

will in tro duce sev eral to ols of the geometric group theory: coarse top ology , ultralimits,

quasiconformal mappings.

1.2 Ca yley graphs of �nitely generated groups

Let � b e a �nitely generated group with the generating set S = f s

1

; :::; s

n

g , w e shall

assume that the iden tit y do es not b elong to S . De�ne the Cayley gr aph C = C (� ; S )

as follo ws: The v ertices of C are the elemen ts of �. Tw o v ertices g ; h 2 � are

connected b y an edge if an only if there is a generator s

i

2 S suc h that h = g s

i

. Then

C is a lo cally �nite graph. De�ne the wor d metric d on C b y assuming that eac h

edge has the unit length, this de�nes the length of �nite PL-paths in C , �nally the

distance b et w een p oin ts p; q 2 C is the in�m um (same as minim um) of the lengths of

PL-paths in C connecting p to q . F or g 2 G the wor d length ` ( g ) is just the distance

d (1 ; g ) in C . It is clear that the left action of the group � on the metric space ( C ; d )

is isometric.

Belo w are t w o simple examples of Ca yley graphs.

Example 4. Let � b e free Ab elian group on t w o generators s

1

; s

2

. Then S = f s

i

; i =

1 ; 2 g . The Ca yley graph C = C (� ; S ) is the square grid in the Euclidean plane: The

v ertices are p oin ts with in teger co ordinates, t w o v ertices are connected b y an edge if

and only if exactly only t w o of their co ordinates are distinct and they di�er b y � 1.
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Figure 1: F ree ab elian group.

Example 5. Let � b e the free group on t w o generators s

1

; s

2

. T ak e S = f s

i

; i = 1 ; 2 g .

The Ca yley graph C = C (� ; S ) is the 4-v alen t tree (there are four edges inciden t to

eac h v ertex).

See Figures 1, 2.

1.3 Quasi-isometries

Let X b e a metric space. W e will use the notation N

R

( A ) to denote R -neigh b orho o d

of a subset A � X , i.e. N

R

( A ) = f x 2 X : d ( x; A ) < R g . Recall that Hausdor�

distanc e b et w een subsets A; B � X is de�ned as

d

H aus

( A; B ) := inf f R : A � N

R

( B ) ; B � N

R

( A ) g :

Tw o subsets of X are called Hausdor�-close if they are within �nite Hausdor� distance

from eac h other.

De�nition 6. Let X ; Y b e complete metric spaces. A map f : X ! Y is called

( L; A )- coarse Lipsc hitz if

d

Y

( f ( x ) ; f ( x

0

)) � Ld

X

( x; x

0

) + A (7)
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for all x; x

0

2 X . A map f : X ! Y is called a ( L; A )- quasi-isometric em b edding

if

L

� 1

d

X

( x; x

0

) � A � d

Y

( f ( x ) ; f ( x

0

)) � Ld

X

( x; x

0

) + A (8)

for all x; x

0

2 X . Note that a quasi-isometric em b edding do es not ha v e to b e an

em b edding in the usual sense, ho w ev er distan t p oin ts ha v e distinct images.

An ( L; A )-quasi-isometric em b edding is called an ( L; A )- quasi-isometry if it ad-

mits a quasi-in v erse map

�

f : Y ! X whic h is a ( L; A )-quasi-isometric em b edding

so that:

d

X

(

�

f f ( x ) ; x ) � A; d

Y

( f

�

f ( y ) ; y ) � A (9)

for all x 2 X ; y 2 Y .

W e will abbreviate quasi-isometry , quasi-isometric and quasi-isometric al ly to QI.

In the most cases the quasi-isometry c onstants L; A do not matter, so w e shall

use the w ords quasi-isometries and quasi-isometric emb e ddings without sp ecifying

constan ts. If X ; Y are spaces suc h that there exists a quasi-isometry f : X ! Y

then X and Y are called quasi-isometric . In applications X and Y will b e nonempt y ,

ho w ev er, b y w orking with r elations instead of maps one can mo dify this de�nition so

that the empt y set is quasi-isometric to an y b ounded metric space.

Exercise 10. If f : X ! Y is a quasi-isometry and g is within �nite distance from

f (i.e. sup d ( f ( x ) ; g ( x )) < 1 ) then g is also a quasi-isometry .
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Exercise 11. A subset S of a metric space X is said to b e r - dense in X if the

Hausdor� distance b et w een S and X is at most r . Sho w that if f : X ! Y is a

quasi-isometric em b edding suc h that f ( X ) is r -dense in X for some r < 1 then f is

a quasi-isometry . Hin t: Construct a quasi-in v erse

�

f to the map f b y mapping p oin t

y 2 Y to x 2 X suc h that

d

Y

( f ( x ) ; y ) � d

Y

( f ( X ) ; y ) + 1 :

F or instance, the cylinder X = S

n

� R is quasi-isometric to Y = R ; the quasi-

isometry is the pro jection to the second factor.

Exercise 12. Sho w that quasi-isometry is an equiv alence relation b et w een (nonempt y)

metric spaces.

A sep ar ate d net in a metric space X is a subset Z � X whic h is r -dense for some

r < 1 and suc h that there exists � > 0 for whic h d ( z ; z

0

) � � , 8 z 6= z

0

2 Z .

Alternativ ely , one can describ e quasi-isometric spaces as follo ws.

Lemma 13. Metric sp ac es X and Y ar e quasi-isometric i� ther e ar e sep ar ate d nets

Z � X ; W � Y , c onstants L and C , and L -Lipschitz maps

f : Z ! Y ;

�

f : W ! X ;

so that d (

�

f � f ; id ) � C ; d ( f �

�

f ; id ) � C .

Pr o of. Observ e that if a map f : X ! Y is coarse Lipsc hitz then its restriction to

eac h separated net in X is Lipsc hitz. Con v ersely , if f : Z ! Y is a Lipsc hitz map

from a separated net in X then f admits a coarse Lipsc hitz extension to X .

In some cases it su�ces to c hec k a w eak er v ersion of (9) to sho w that f is a quasi-

isometry .

Let X ; Y b e prop er metric spaces. Recall that a (con tin uous) map f : X ! Y is

called prop er if the in v erse image f

� 1

( K ) of eac h compact in Y is a compact in X .

De�nition 14. A map f : X ! Y is called uniformly pr op er if f is coarse Lipsc hitz

and there exists a distortion function  ( R ) suc h that diam ( f

� 1

( B ( y ; R ))) �  ( R ) for

eac h y 2 Y ; R 2 R

+

. In other w ords, there exists a prop er function � : R

+

! R

+

suc h

that whenev er d ( x; x

0

) � r , w e ha v e d ( f ( x ) ; f ( x

0

)) � � ( r ).

T o see an example of a map whic h is prop er but not uniformly prop er consider the

biin�nite curv e � em b edded in R

2

(Figure 3):
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Figure 3:

Lemma 15. Supp ose that Y is a ge o desic metric sp ac e, f : X ! Y is a uniformly

pr op er map whose image is r -dense in Y for some r < 1 . Then f is a quasi-isometry.

Pr o of. Let's construct a quasi-in v erse to the map f . Giv en a p oin t y 2 Y pic k a p oin t

�

f ( y ) := x 2 X suc h that d ( f ( x ) ; y ) � r . Let's c hec k that

�

f is coarse Lipsc hitz. Since

Y is a geo desic metric space it su�ces to v erify that there is a constan t A suc h that

for all y ; y

0

2 Y with d ( y ; y

0

) � 1, one has:

d (

�

f ( y ) ;

�

f ( y

0

)) � A:

Pic k t > 1 whic h is in the image of the distortion funcion � . Then tak e A 2 �

� 1

( t ).

It is also clear that f ;

�

f are quasi-in v erse to eac h other.

Lemma 16. L et X b e a pr op er ge o desic metric sp ac e. L et G b e a gr oup acting

isometric al ly pr op erly disc ontinuously c o c omp actly on X . Pick a p oint x

0

2 X . Then

the gr oup G is �nitely gener ate d; for some choic e of �nite gener ating set S of the

gr oup G the map f : G ! X , given by f ( g ) = g ( x

0

) , is a quasi-isometry. Her e G is

given the wor d metric induc e d fr om C ( G; S ) .

Pr o of. Our pro of follo ws [24, Prop osition 10.9]. Let B = B

R

( x

0

) b e the closed ball

of radius R in X with the cen ter at x

0

suc h that B

R � 1

( x

0

) pro jects on to X=G . Since

the action of G is prop erly discon tin uous, there are only �nitely man y elemen ts s

i

2

G � f 1 g suc h that B \ s

i

B 6= ; . Let S b e the subset of G whic h consists of the ab o v e

elemen ts s

i

(it is clear that s

� 1

i

b elongs to S i� s

i

do es). Let

r := inf f d ( B ; g ( B )) ; g 2 G � ( S [ f 1 g ) g :

Clearly r > 0. W e claim that S is a generating set of G and that for eac h g 2 G

` ( g ) � d ( x

0

; g ( x

0

)) =r + 1 (17)
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where ` is the w ord length on G (with resp ect to the generating set S ). Let g 2 G ,

connect x

0

to g ( x

0

) b y the shortest geo desic 
 . Let m b e the smallest in teger so that

d ( x

0

; g ( x

0

)) � mr + R . Cho ose p oin ts x

1

; :::; x

m +1

= g ( x

0

) 2 
 , so that x

1

2 B ,

d ( x

j

; x

j +1

) < r , 1 � j � m . Then eac h x

j

b elongs to g

j

( B ) for some g

j

2 G . Let

1 � j � m , then g

� 1

j

( x

j

) 2 B and d ( g

� 1

j

( g

j +1

( B )) ; B ) � d ( g

� 1

j

( x

j

) ; g

� 1

j

( x

j +1

)) < r .

Th us the balls B ; g

� 1

j

( g

j +1

( B )) in tersect, whic h means that g

j +1

= g

j

s

i ( j )

for some

s

i ( j )

2 S [ f 1 g . Therefore

g = s

i (1)

s

i (2)

::::s

i ( m )

:

W e conclude that S is indeed a generating set for the group G . Moreo v er,

` ( g ) � m � ( d ( x

0

; g ( x

0

)) � R ) =r + 1 � d ( x

0

; g ( x

0

)) =r + 1 :

The w ord metric on the Ca yley graph C = C ( G; S ) of the group G is left-in v arian t,

th us for eac h h 2 G w e ha v e:

d ( h; hg ) = d (1 ; g ) � d ( x

0

; g ( x

0

)) =r + 1 = d ( h ( x

0

) ; hg ( x

0

)) =r + 1 :

Hence for an y g

1

; g

2

2 G

d ( g

1

; g

2

) � d ( f ( g

1

) ; f ( g

2

)) =r + 1 :

On the other hand, the triangle inequalit y implies that

d ( x

0

; g ( x

0

)) � t` ( g )

where d ( x

0

; s ( x

0

)) � t � 2 R for all s 2 S . Th us

d ( f ( g

1

) ; f ( g

2

)) =t � d ( g

1

; g

2

) :

W e conclude that the map f : G ! X is a quasi-isometric em b edding. Since f ( G ) is

R -dense in X , it follo ws that f is a quasi-isometry .

Corollary 18. L et S

1

; S

2

b e �nite gener ating sets for a �nitely gener ate d gr oup G

and d

1

; d

2

b e the wor d metrics on G c orr esp onding to S

1

; S

2

. Then the identity map

( G; d

1

) ! ( G; d

2

) is a quasi-isometry.

Pr o of. The group G acts isometrically cocompactly on the prop er metric space

( C ( G; S

2

) ; d

2

) :

Therefore the map id : G ! C ( G; S

2

) is a quasi-isometry .
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Lemma 19. L et X b e a lo c al ly c omp act p ath-c onne cte d top olo gic al sp ac e, let G b e

a gr oup acting pr op erly disc ontinuously c o c omp actly on X . L et d

1

; d

2

b e two pr op er

ge o desic metrics on X (c onsistent with the top olo gy of X ) b oth invariant under the

action of G . Then the gr oup G is �nitely gener ate d and the identity map id : ( X ; d

1

) !

( X ; d

2

) is a quasi-isometry.

Pr o of. The group G is �nitely generated b y Lemma 16, c ho ose a w ord metric d on

G corresp onding to an y �nite generating set (according to the previous corollary it

do es not matter whic h one). Pic k a p oin t x

0

2 X , then the maps

f

i

: ( G; d ) ! ( X ; d

i

) ; f

i

( g ) = g ( x

0

)

are quasi-isometries, let

�

f

i

denote their quasi-in v erses. Then the map id : ( X ; d

1

) !

( X ; d

2

) is within �nite distance from the quasi-isometry f

2

�

�

f

1

.

A ( k ; c )-quasigeo desic segmen t in a metric space X is a ( k ; c )-quasi-isometric em-

b edding f : [ a; b ] ! X ; similarly , a complete ( k ; c )-quasigeo desic is a ( k ; c )-quasi-

isometric em b edding f : R ! X . By abusing notation w e will refer to the image of a

( k ; c )-quasigeo desic as a quasige o desic .

Corollary 20. L et d

1

; d

2

b e as in L emma 19. Then any (c omplete) ge o desic 
 with

r esp e ct to the metric d

1

is also a quasige o desic with r esp e ct to the metric d

2

.

1.4 Gromo v-h yp erb olic spaces

Roughly sp eaking, Gromo v-h yp erb olic spaces are the ones whic h exhibit \tree-lik e

b eha vior", at least if w e restrict to �nite subsets.

Let Z b e a geo desic metric space. A geo desic triangle � � Z is called R -thin if

ev ery side of � is con tained in the R -neigh b orho o d of the union of t w o other sides.

An R -fat triangle is a geo desic triangle whic h is not R -thin. A geo desic metric space

Z is called � -hyp erb olic in the sense of R ips (Rips w as the �rst to in tro duce this

de�nition) if eac h geo desic triangle in Z is � -thin. A �nitely generated group is said

to b e Gromo v-h yp erb olic if its Ca yley graph is Gromo v-h yp erb olic.

Notation 21. F or a subset S in a metric space X w e will use the notation N

R

( S )

for the metric R -neigh b orho o d of S in X .

Belo w is an alternativ e de�nition of � -h yp erb olict y due to Gromo v.
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Let X b e a metric space (whic h is no longer required to b e geo desic). Pic k a

base-p oin t p 2 X . F or eac h x 2 X set j x j

p

:= d ( x; p ) and de�ne the Gr omov pr o duct

( x; y )

p

:=

1

2

( j x j

p

+ j y j

p

� d ( x; y )) :

Note that the triangle inequalit y implies that ( x; y )

p

� 0 for all x; y ; p ; the Gromo v

pro duct measures ho w far the triangle inequalit y if from b eing an equalit y .

Exercise 22. Supp ose that X is a metric tree. Then ( x; y )

p

is the distance d ( p; 
 )

from p to the segmen t 
 = xy .

In general w e observ e that for eac h p oin t z 2 
 = xy

( p; x )

z

+ ( p; y )

z

= j z j

p

� ( x; y )

p

: (23)

In particular, d ( p; 
 ) � ( x; y )

p

.

Supp ose no w that X is � -h yp erb olic in the sense of Rips. Then the Gromo v pro duct

is \comparable" with d ( p; 
 ):

Lemma 24.

( x; y )

p

� d ( p; 
 ) � ( x; y )

p

+ 2 � :

Pr o of. The inequalit y ( x; y )

p

� d ( p; 
 ) w as pro v en ab o v e; so w e ha v e to establish

the other inequalit y . Note that since the triangle �( pxy ) is � -thin, for eac h p oin t

z 2 
 = xy w e ha v e

min f ( x; p )

z

; ( y ; p )

z

g � min f d ( z ; px ) ; d ( z ; py ) g � � :

By con tin uit y , there exists a p oin t z 2 
 suc h that ( x; p )

z

; ( y ; p )

z

� � . By applying

the equalit y (23) w e get:

j z j

p

� ( x; y )

p

= ( p; x )

z

+ ( p; y )

z

� 2 � :

Since j z j

p

� d ( p; 
 ), w e conclude that d ( p; 
 ) � ( x; y )

p

+ 2 � .

No w de�ne a n um b er �

p

2 [0 ; 1 ] as follo ws:

�

p

:= inf

� 2 [0 ; 1 ]

f � j8 x; y ; z 2 X ; ( x; y )

p

� min (( x; z )

p

; ( y ; z )

p

) � � g :

Exercise 25. Supp ose that X is a geo desic metric space. Sho w that X is zero-

h yp erb olic (in the sense of Rips or Gromo v) i� X is a metric tree.
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Exercise 26. If �

p

� � for some p then �

q

� 2 � for all q 2 X

X is said to b e � -hyp erb olic in the sense of Gr omov , if 1 > � � �

p

for all p 2 X .

The adv an tage of this de�nition is that it do es not require X to b e geo desic and this

notion is manifestly QI-in v arian t:

If X ; X

0

are quasi-isometric and X is � -h yp erb olic in the sense of Gromo v then X

0

is

�

0

{h yp erb olic in the sense of Gromo v. In con trast, QI in v ariance of Rips-h yp erb olicit y

is not a priori ob vious. W e will pro v e QI in v ariance of Rips-h yp erb olicit y in the

corollary 70 as a corollary of Morse lemma.

Lemma 27. (Se e [28, 6.3C])If X a ge o desic metric sp ac e which is � -hyp erb olic in

Gr omov's sense then X is 4 � -hyp erb olic in the sense of R ips and vic e-versa.

In what follo ws, w e will refer to � -h yp erb olic spaces in the sense of Rips as b eing

� -h yp erb olic.

Here are some examples of Gromo v-h yp erb olic spaces.

1. Let X = H

n

b e the h yp erb olic n -space. Then X is � -h yp erb olic for appropriate

� . The reason for this is that the \largest" triangle in X is an ideal triangle, i.e. a

triangle all whose three v ertices are on the b oundary sphere of H

n

. All suc h triangles

are congruen t to eac h other since I som ( H

n

) acts transitiv ely on triples of distinct

p oin ts in S

n � 1

. Th us it su�ces to v erify thinness of a single ideal triangle in H

2

,

the triangle with the ideal v ertices 0 ; 2 ; 1 . I claim that for eac h p oin t x on the arc

b et w een 0 and m the distance to the side 
 is < 1. Indeed, since dilations with cen ter

at zero are h yp erb olic isometries, the maximal distance from x to 
 is realized at the

p oin t m = 1 + i . Computing the h yp erb olic length of the horizon tal segmen t b et w een

m and i 2 
 w e conclude that it equals 1. Hence d ( x; 
 ) � d ( m; 
 ) < 1. See Figure 4.

R emark 28 . By making more careful computation with the h yp erb olic distances one

can conclude that sinh( d ( m; 
 )) = 1.

2. Supp ose that X is a complete Riemannian manifold of sectional curv ature � � <

0. Then X is Gromo v-h yp erb olic. This follo ws from Rauc h-T op onogo v comparison

theorem. Namely , let Y b e the h yp erb olic plane with the curv ature normalized to

b e = � < 0. Then Y is � -h yp erb olic. Let � = �( xy z ) b e a geo desic triangle

in X . Construct the c omp arison triangle �

0

:= �( x

0

y

0

z

0

) � Y whose sides ha v e

the same length as for the triangle �. Then the triangle �

0

is � -thin. Pic k a pair

of p oin ts p 2 xy ; q 2 y z and the corresp onding p oin ts p

0

2 x

0

y

0

; q

0

2 y

0

z

0

so that

d ( x; p ) = d ( x

0

; p

0

) ; d ( y ; q ) = d ( y

0

; q

0

). Then Rauc h-T op onogo v comparison theorem

implies that d ( p; q ) � d ( p

0

; q

0

). It immediately follo ws that the triangle � is � -thin.
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x
1

1 2

g

0

2
H

m

Figure 4: Ideal triangle �(0 2 1 ) in the h yp erb olic plane: d ( x; 
 ) � d ( m; 
 ) < 1 .

1.5 Ideal b oundaries

Supp ose that X is a prop er geo desic metric space. In tro duce an equiv alence relation

on the set of geo desic ra ys in X b y declaring � � �

0

i� they are asymptotic i.e. are

within �nite distance from eac h other. Giv en a geo desic ra y � w e will denote b y

� ( 1 ) its equiv alence class. De�ne the ide al b oundary of X as the collection @

1

X of

equiv alence classes of geo desic ra ys in X . Our next goal is to top ologize @

1

X . Note

that the space of geo desic ra ys (parameterized b y arc-length) in X has a natural

compact-op en top ology (w e regard geo desic ra ys as maps from [0 ; 1 ) in to X ). Th us

w e top ologize @

1

X b y giving it the quotien t top ology � .

W e no w restrict our atten tion to the case when X is � -h yp erb olic.

Then for eac h geo desic ra y � and a p oin t p 2 X there exists a geo desic ra y �

0

with the initial p oin t p suc h that � ( 1 ) = �

0

( 1 ): Consider the sequence of geo desic

segmen ts p� ( n ) as n ! 1 . Then the thin triangles prop ert y implies that these

segmen ts are con tained in a � -neigh b orho o d of � [ p� (0). Prop erness of X implies

that this sequence sub con v erges to a geo desic ra y �

0

as required.

Lemma 29. (Asymptotic r ays ar e uniformly close). L et �

1

; �

2

b e asymptotic ge o desic

r ays in X such that �

1

(0) = �

2

(0) = p . Then for e ach t ,

d ( �

1

( t ) ; �

2

( t )) � 2 � :

Pr o of. Supp ose that the raus �

1

; �

2

are within distance � C from eac h other. T ak e

12



T � t . Then (since the ra ys are asymptotic) there is � 2 R

+

suc h that

d ( �

1

( T ) ; �

2

( � )) � C :

By � -thinness of the triangle �( p�

1

( T ) �

2

( � )), the p oin t �

1

( t ) is within distance � �

from a p oin t either on p�

2

( � ) or on �

1

( T ) �

2

( � ) . Since the length of �

1

( T ) �

2

( � ) is � C

and T � t , it follo ws that there exists t

0

suc h that

d ( �

1

( t ) ; �

2

( t

0

)) � � :

By the triangle inequalit y , j t � t

0

j � � . It follo ws that d ( �

1

( t ) ; �

2

( t )) � 2 � .

Pic k a base-p oin t p 2 X . Giv en a n um b er k > 2 � de�ne a top ology �

k

on @

1

X

with the basis of neigh b orho o ds of a p oin t � ( 1 ) giv en b y

U

k ;n

( � ) := f �

0

: d ( �

0

( t ) ; � ( t )) < k ; t 2 [0 ; n ] g ; n 2 R

+

where the ra ys �

0

satisfy �

0

(0) = p = � (0).

Lemma 30. T op olo gies � and �

k

c oincide.

Pr o of. 1. Supp ose that �

j

is a sequence of ra ys emanating from p suc h that �

j

=2

U

k ;n

( � ) for some n . If lim

j

�

j

= �

0

then �

0

=2 U

k ;n

and b y the previous lemma,

�

0

( 1 ) 6= � ( 1 ).

2. Con v ersely , if for eac h n , �

j

2 U

k ;n

( � ) (pro vided that j is large enough), then the

sequence �

j

sub con v erges to a ra y �

0

whic h b elongs to eac h U

k ;n

( � ). Hence �

0

( 1 ) =

� ( 1 ).

Example 31. Supp ose that X = H

n

is the h yp erb olic n -space realized in the unit

ball mo del. Then the ideal b oundary of X is S

n � 1

.

Lemma 32. L et X b e a pr op er ge o desic Gr omov-hyp erb olic sp ac e. Then for e ach p air

of distinct p oints � ; � 2 @

1

X ther e exists a ge o desic 
 in X which is asymptotic to

b oth � and � .

Pr o of. Consider geo desic ra ys �; �

0

emanating from the same p oin t p 2 X and asymp-

totic to � ; � resp ectiv ely . Since � 6= � , for eac h R < 1 the set

K ( R ) := f x 2 X : d ( x; � ) � R ; d ( x; �

0

) � R g

is compact. Consider the sequences x

n

:= � ( n ) ; x

0

n

:= �

0

( n ) on �; �

0

resp ectiv ely .

Since the triangles � px

n

x

0

n

are � -thin, eac h segmen t 


n

:= x

n

x

0

n

con tains a p oin t

within distance � � from b oth px

n

; px

0

n

, i.e. 


n

\ K ( � ) 6= ; . Therefore the sequence of

geo desic segmen ts 


n

sub con v erges to a complete geo desic 
 in X . Since 
 � N

�

( � [ �

0

)

it follo ws that 
 is asymptotic to � and � .
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De�nition 33. W e sa y that a sequence x

n

2 X con v erges to a p oin t � = � ( 1 ) 2 @

1

X

in the cone top ology if there is a constan t C suc h that x

n

2 N

C

( � ) and the geo desic

segmen ts x

1

x

n

con v erge to a geo desic ra y asymptotic to � .

F or instance, supp ose that X = H

m

in the upp er half-space mo del, � = 0 2 R

m � 1

,

L is the v ertical geo desic from the origin. Then a sequence x

n

2 X con v erges � in

the cone top ology i� all the p oin ts x

n

b elong to the Euclidean cone with the axis L

and the Euclidean distance from x

n

to 0 tends to zero. See Figure 5. This explains

the name c one top olo gy .

m

m-1

n

R

0

L

x

H

Figure 5: Con v ergence in the cone top ology .

Theorem 34. 1. Supp ose that G is a hyp erb olic gr oup. Then @

1

G c onsists of 0, 2

or c ontinuum of p oints.

2. The gr oup G acts by home omorphisms on @

1

G as a uniform con v ergence

group , i.e. the action of G on T r ip ( @

1

G ) is pr op erly disc ontinuous and c o c omp act,

wher e T r ip ( @

1

G ) c onsists of triples of distinct p oints in @

1

G .

2 Coarse top ology

The goal of this section is to pro vide to ols of algebraic top ology for studying quasi-

isometries and other concepts of the geometric group theory . The class of b ounde d

ge ometry metric c el l c omplexes pro vides a class of spaces for whic h application of

algebraic top ology is p ossible.
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A metric space X has b ounde d ge ometry if there is a function � ( r ) suc h that eac h

ball B ( x; r ) � X con tains at most � ( r ) p oin ts. F or instance, if G is a �nitely generated

group with w ord metric then G has b ounded geometry .

A metric c el l c omplex is a cell complex X together with a metric.

A metric cell complex X

0

is said to ha v e b ounde d ge ometry if:

(a) Eac h ball B ( x; r ) � X in tersects at most � ( r ; k ) cells of dimension � k .

(b) Diameter of eac h k -cell is at most c

k

, k = 1 ; 2 ; 3 ; :::: .

Example 35. Let M b e a compact simplicial complex. Metrize eac h simplex to

b e isometric to the standard simplex with unit edges in the Euclidean space. Note

that for eac h m -simplex �

m

and its face �

k

, the inclusion �

k

! �

m

is an isometric

em b edding. This allo ws us to de�ne a path-metric on M so that eac h simplex is

isometrically em b edded in M . Lift this metric to a co v er X of M giv es X structure

of a metric cell complex of b ounded geometry .

Recall that quasi-isometries are not necessarily con tin uous. W e therefore ha v e to

appro ximate quasi-isometries b y con tin uous maps.

Lemma 36. Supp ose that X ; Y ar e b ounde d ge ometry metric c el l c omplexes, Y is

uniformly c ontr actible, and f : X ! Y is a c o arse ( L; A ) -Lipschitz map. Then ther e

exists a (c ontinuous) c el lular map g : X ! Y such that d ( f ; g ) � C onst , wher e C onst

dep ends only on ( L; A ) and the ge ometric b ounds on X and Y .

Pr o of. The pro of of this lemma is a protot yp e of most of the pro ofs presen ted in this

section. W e construct g b y induction on sk eleta of X . First, of all, for eac h v ertex

x 2 X

(0)

w e let g ( x ) denote a p oin t in Y

(0)

whic h is nearest to f ( x ). It is clear

that d ( f ( x ) ; g ( x )) � const

0

, where const

0

is an upp er b ound on the diameter of the

top-dimensional cells in Y . Note that if x; x

0

b elong to the b oundary of a 1-cell in

X then d ( g ( x ) ; g ( x

0

)) � LC onst

1

+ A + 2 const

0

, where C onst

1

is an upp er b ound on

the diameter of 1-cells in X .

Inductiv ely , assume that g w as constructed on X

( k )

. Let � denote a k + 1-cell

in X . Then, inductiv ely , diam ( g ( @ � )) � C

k

and d ( f ; g j X

( k )

) � C

0

k

. Then, using

uniform con tractibilit y of Y , w e extend g to � so that diam ( g ( � )) � C

0

k +1

. Then

d ( f ; g j X

( k +1

)) � C

0

k +1

+ LC onst

k

+ A . Since X is �nite-dimensional the induction

terminates after �nitely man y steps.
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2.1 Ends of spaces

In this section w e review the (historically the �rst) coarse top ological notion. Let

X b e a lo cally compact connected top ological space (e.g. a prop er geo desic metric

space). Giv en a compact subset K � X w e consider its complemen t K

c

. Then the

system of sets �

0

( K

c

) is an in v erse system:

K � L ) �

0

( L

c

) ! �

0

( K

c

) :

Then the set of ends � ( X ) is de�ned as the in v erse limit

lim

K � X

�

0

( K

c

) :

The elemen ts of � ( X ) are called ends of X . Analogously , one can de�ne \higher ho-

motop y groups" �

1

i

( X ; x

�

) at in�nit y of X b y considering in v erse systems of higher

homotop y groups: This requires a c hoice of a system of base-p oin ts x

k

2 K

c

repre-

sen ting a single elemen t of � ( X ). The in v erse limit of this sequence of base-p oin ts,

x

�

2 � ( X ), serv es as a \base-p oin t" for the homotop y group �

1

i

( X ; x

�

).

Here is a more do wn-to-earth description of the ends of X . Consider a nested

sequence of compacts K

i

� X ; i 2 N (for instance, if X is a prop er metric space tak e

K

R

:= B

R

( p ) for �xed p 2 X ). F or eac h i pic k a connected comp onen t U

i

� K

c

i

so that U

i

� U

i +1

. Then the nested sequence ( U

i

) represen ts a single p oin t in � ( X ).

Ev en more concretely , pic k a p oin t x

i

2 U

i

for eac h i and connect x

i

; x

i +1

b y a curv e




i

� U

i

. The concatenation of the curv es 


i

de�nes a prop er map 
 : [0 ; 1 ) ! X .

Call t w o prop er curv es 
 ; 


0

: R

+

! X equiv alen t if for eac h compact K � X there

are p oin ts x 2 
 ( R

+

) ; x

0

2 


0

( R

+

) whic h b elong to the same connected comp onen t of

K

c

. The equiv alence classes of suc h curv es are in bijectiv e corresp ondence with the

ends of X , the map ( U

i

) 7! 
 w as describ ed ab o v e.

See Figure 6 as an example. The space X in this picture has 5 visibly di�eren t

ends: �

1

; :::; �

5

. W e ha v e K

1

� K

2

� K

3

. The compact K

1

separates the ends �

1

; �

2

.

The next compact K

2

separates �

3

from �

4

. Finally , the compact K

3

separates �

4

from

�

5

.

T op olo gy on � ( X ) . Let � 2 � ( X ) b e represen ted b y a nested sequence ( U

i

). Eac h U

i

de�nes a neigh b orho o d N

i

( � ) of � consisting of all �

0

2 � ( X ) whic h are represen ted

b y nested sequences ( U

0

j

) suc h that U

0

j

� U

i

for all but �nitely man y j 2 N .

Lemma 37. If f : X ! Y is an ( L; A ) -quasi-isometry of pr op er ge o desic metric

sp ac es then f induc es a home omorphism � ( X ) ! � ( Y ) .

16



K
K

K

1

2

3

X

e
1

e
2

e
3

e
5

e
4

Figure 6: Ends of X .

Pr o of. Note that for eac h b ounded subset B � Y the in v erse image f

� 1

( B ) is again

b ounded. Although for a connected subset C � X the preimage f ( C ) is not nec-

essarily connected, the R := L + A -neigh b orho o d N

R

( f ( C )) is connected. Th us w e

de�ne a map f

�

: � ( X ) ! � ( Y ) as follo ws. Supp ose that � 2 � ( X ) is represen ted b y

a nested sequence ( U

i

). Without loss of generalit y w e ma y assume that for eac h i ,

N

R

( U

i

) � U

i � 1

. Th us w e get a nested sequence of connected subsets N

R

( f ( U

i

)) � Y

eac h of whic h is con tained in a connected comp onen t V

i

of the complemen t to the

b ounded subset f ( K

i � 1

) � Y . Th us w e send � to f

�

( � ) represen ted b y ( V

i

). It follo ws

from the construction that By considering the quasi-in v erse

�

f to f it is clear that f

�

has in v erse map (

�

f )

�

. It is also clear that b oth f

�

and (

�

f )

�

are con tin uous.

If G is a �nitely generated group then the space of ends � ( G ) is de�ned to b e the set

of ends of its Ca yley graph. The previous lemma implies that � ( G ) do es not dep end

on the c hoice of a �nite generating set.

Theorem 38. Pr op erties of � ( X ) :

1. � ( X ) is c omp act, Hausdor� and total ly disc onne cte d.

2. Supp ose that G is a �nitely-gener ate d gr oup. Then � ( G ) c onsists of 0, 1, 2 p oints

or of c ontinuum of p oints. In the latter c ase the set � ( G ) is p erfe ct: Each p oint is a

limit p oint.
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3. � ( G ) is empty i� G is �nite. � ( G ) c onsists of 2-p oints i� G is virtual ly (in�nite)

cyclic.

4. j � ( G ) j > 1 i� G splits nontrivial ly over a �nite sub gr oup.

All the prop erties listed ab o v e are relativ ely trivial except for the last one: if

j � ( G ) j > 1 then G splits non trivially o v er a �nite subgroup, whic h is a theorem of

Stallings [51]. F or the pro of of the rest see for instance [5, Theorem 8.32].

Corollary 39. 1. Supp ose that G is quasi-isometric to Z then G c ontains Z as a

�nite index sub gr oup.

2. Supp ose that G splits nontrivial ly as A � B and G

0

is quasi-isometric to G . Then

G

0

splits nontrivial ly as H �

F

E (amalgamate d pr o duct) or as H �

F

(HNN splitting)

wher e F is a �nite gr oup.

Theorem 40. Supp ose that G is a hyp erb olic gr oup. Then ther e exists a c ontinuous

e quivariant surje ction

� : @

1

G ! � ( G )

such that the pr eimages �

� 1

( � ) ar e c onne cte d c omp onents of @

1

G .

2.2 Rips complexes and coarse connectedness

Let X b e a metric space of b ounded geometry , R 2 R

+

. Then the R -R ips c omplex

Rips

R

( X ) is the simplicial complex whose v ertices are p oin ts of X ; v ertices x

1

; :::; x

n

span a simplex i� d ( x

i

; x

j

) � R for eac h i; j . Note that the system of Rips complexes

of X is a direct system Rips

�

( X ) of simplicial complexes:

F or eac h pair 0 � r � R < 1 w e ha v e a natural em b edding �

r ;R

: Rips

r

( X ) !

Rips

R

( X ) and �

r ;�

= �

R;�

� �

r ;R

pro vided that r � R � � .

One can metrize Rips

R

( X ) b y declaring eac h simplex to b e isometric to a regular

Euclidean simplex with unit edges. Note that the assumption that X has b ounded

geometry implies that Rips

R

( X ) is �nite-dimensional for eac h R . Moreo v er, Rips

R

( X )

is a metric cell complex of b ounded geometry .

The follo wing simple observ ation explains wh y Rips complexes are useful for ana-

lyzing quasi-isometries:

Lemma 41. L et f : X ! Y b e an L -Lipschitz map. Then f induc es a (c ontinuous)

simplicial map Rips

d

( X ) ! Rips

Ld

( Y ) for e ach d � 0 .
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Pr o of. Consider an ( m � 1)-simplex � in Rips

d

( X ), the v ertices of � are p oin ts

x

1

; :::; x

m

within distance � R from eac h other. Since f is L -Lipsc hitz, the p oin ts

f ( x

1

) ; :::; f ( x

m

) are within distance � LR from eac h other, hence they span a simplex

�

0

of dimension � m � 1 in Rips

Ld

( Y ). The map f sends v ertices of � to v ertices of

�

0

, extend this map linearly to the simplex � . It is clear that this extension de�nes a

(con tin uous) simplicial map of simplicial complexes Rips

d

( X ) ! Rips

Ld

( Y ).

De�nition 42. A metric space X is coarsely k -connected if for eac h r there exists

R � r so that the mapping Rips

r

( X ) ! Rips

R

( X ) induces a trivial map of �

i

for

0 � i � k .

F or instance, X is coarsely 0-connected if there exists a n um b er R suc h that eac h

pair of p oin ts x; y 2 X can b e connected b y an R -c hain of p oin ts x

i

2 X , i.e. a c hain

of p oin ts where d ( x

i

; x

i +1

) � R for eac h i . Note that for k � 1 coarse k -connectedness

of X is equiv alen t to the prop ert y that Rips

R

( X ) is k -connected for su�cien tly large

R .

Prop erties of the direct system of Rips complexes:

Lemma 43. L et r ; C < 1 , then e ach simplicial spheric al cycle � of diameter � C

in Rips

r

b ounds a disk of diameter � C + d within Rips

r + C

.

Pr o of. Pic k a p oin t x 2 � . Then Rips

r + C

con tains a simplicial cone � ( � ) o v er � with

the origin at x . Clearly � ( � ) � r + C .

Corollary 44. L et

f ; g : Rips

d

1

( X ) ! Rips

d

2

( Y )

b e L -Lipschitz within distanc e � C fr om e ach other. Then ther e exists d

3

� d

2

such

that the maps f ; g : Rips

d

1

! Rips

d

3

( Y ) ar e homotopic via a homotopy whose tr acks

have lengths � C

0

= C

0

( C ; d

1

; d

2

; L ) .

Pr o of. Construct the homotop y via induction on sk eleta using the previous lemma.

W e will refer to the maps f ; g ab o v e as b eing c o arsely homotopic . In the same

w a y one de�nes coarse homotop y equiv alence b et w een the direct systems of Rips

complexes.

Corollary 45. Supp ose that f ; g : X ! Y b e L -Lipschitz maps within �nite distanc e

fr om e ach other. Then they induc e c o arsely homotopic maps Rips

d

( X ) ! Rips

Ld

( Y )

for e ach d � 0 .
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Corollary 46. if f : X ! Y is a quasi-isometry, then f induc es a c o arse homotopy-

e quivalenc e of the R ips c omplexes: Rips

�

( X ) ! Rips

�

( Y ) .

Corollary 47. Co arse k -c onne cte dness is a QI invariant.

Pr o of. Supp ose that X

0

is coarsely k -connected and f : X ! X

0

is an L -Lipsc hitz

quasi-isometry with L -Lipsc hitz quasi-in v erse

�

f : X

0

! X . Let 
 b e a spherical

i -cycle in Rips

d

( X ), 0 � i � k . Then w e ha v e the induced spherical i -cycle f ( 
 ) �

Rips

Ld

( X

0

). Since X

0

is coarsely k -connected, there exists d

0

� Ld suc h that f ( 
 )

b ounds a singular i + 1-disk � within Rips

d

0

( X

0

). Consider no w

�

f ( � ) � Rips

L

2

d

( X ).

The b oundary of this singular disk is a singular i -sphere

�

f ( 
 ). Since

�

f � f is homotopic

to id within Rips

d

00

( X ), d

00

� L

2

d , there exists a singular cylinder � in Rips

d

00

( X )

whic h cob ounds 
 and

�

f ( 
 ). Note that d

00

do es not dep end on 
 . By com bining �

and

�

f ( � ) w e get a singular i + 1-disk in Rips

d

00

( X ) whose b oundary is 
 . Hence X is

coarsely k -connected.

Our next goal is to �nd a large supply of examples of metric spaces whic h are

coarsely k -connected.

De�nition 48. A b ounded geometry metric cell complex X is said to b e uniformly

k -c onne cte d if there is a function  ( k ; r ) suc h that for eac h i � k , eac h singular

i -sphere of diameter � r in X

( i +1)

b ounds a singular i + 1-disk of diameter �  ( k ; r ).

F or instance, if X is a �nite-dimensional con tractible complex whic h admits a co-

compact cellular group action, then X is uniformly k -connected for eac h k .

Here is an example of a simply-connected complex whic h is not uniformly simply-

connected. T ak e S

1

� R

+

with the pro duct metric and attac h to this complex a 2-disk

along the circle S

1

� f 0 g .

Theorem 49. Supp ose that X is a metric c el l c omplex of b ounde d ge ometry such that

X is uniformly n -c onne cte d. Then Z := X

(0)

is c o arsely n -c onne cte d.

Pr o of. Let 
 : S

k

! Rips

R

( Z ) b e a spherical m -cycle in Rips

R

( Z ), 0 � k � n .

Without loss of generalit y (using simplicial appro ximation) w e can assume that 
 is a

simplicial cycle, i.e. the sphere S

k

is giv en a triangulation � so that 
 sends simplices

of S

k

to simplices in Rips

R

( Z ) so that the restriction of 
 to eac h simplex is a linear

map. Let �

1

b e a k -simplex in S

k

. Then 
 (�

1

) is spanned b y p oin ts x

1

; :::; x

k +1

2 Z

whic h are within distance � R from eac h other. Since X is uniformly k -connected,

there is a singular k -disk 


1

(�

1

) con taining x

1

; :::; x

k +1

and ha ving diameter � R

0

,

where R

0

dep ends only on R . Namely , w e construct 


1

b y induction on sk eleta: First
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connect eac h pair of p oin ts x

i

; x

j

b y a path in X (of length b ounded in terms of R ),

this de�nes the map 


1

on the 1-sk eleton of �

1

. Then con tin ue inductiv ely . This

construction ensures that if �

2

is a k -simplex in S

k

whic h shares an m -face with �

1

then 


2

and 


1

agree on �

1

\ �

2

. As the result, w e ha v e \appro ximated" 
 b y a

singular spherical k -cycle 


0

: S

k

! X

( k )

(the restriction of 


0

to eac h �

i

equals 


i

).

See �gure 7 in the case k = 1.

X

g  (        )k+1
D'

'g  (     )k
S

'g  (D)

g(D)

g(     )k
S

Figure 7:

Since X is k -connected, the map 


0

extends to a cellular map 


0

: D

k +1

! X

( k +1)

.

Let D denote the maximal diameter of a k + 1-cell in X . F or eac h simplex � � D

k +1

the diameter of 


0

( � ) is at most D . W e therefore can \push" the singular disk 


0

( D

k +1

)

in to Rips

D

( Z ) b y replacing eac h linear map 


0

: � ! 


0

( � ) � X with the linear map




00

: � ! 


00

( � ) � Rips

D

( Z ) where 


00

( � ) is the simplex spanned b y the v ertices of




0

( � ). This yields a map 


00

: D

k +1

! Rips

D

( Z ). Observ e that the map 


00

is a

cellular map with resp ect to a sub division �

0

of the initial triangulation � of S

k

.

Note ho w ev er that 
 and 


00

j S

k

are di�eren t maps. Let V denote the v ertices of a

k -simplex � � S

k

; let V

00

denote the set of v ertices of �

0

within the simplex �. Then

the diameter of 


00

( V

00

) is at most R

0

. Hence 
 ( V ) � 


00

( V ) is con tained in a simplex

in Rips

R + R

0

( Z ). Therefore, b y taking � = R + D + R

0

w e conclude that the maps


 ; 


00

: S

k

! Rips

�

( Z ) are homotopic. See Figure 8. Th us the map 
 is nil-homotopic

within Rips

�

( Z ).

Corollary 50. Supp ose that G is a �nitely-pr esente d gr oup with the wor d metric.

Then G is c o arsely simply-c onne cte d.

Corollary 51. (Se e for instanc e [5, Pr op osition 8.24]) Finite pr esentability is a QI

invariant.
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"ggHomotopy between    and     .

g   (     )" k
S

g(     )k
S

Figure 8:

Pr o of. It remains to sho w that eac h coarsely 1-connected group G is �nitely pre-

sen table. The Rips complex X := Rips

R

( G ) is 1-connected for large R . The group

G acts on X prop erly discon tin uously and co compactly . Therefore G is �nitely pre-

sen table.

De�nition 52. A group G is said to b e of t yp e F

n

( n � 1 ) if its admits a cellular

action on a cell complex X suc h that for eac h k � n : (1) X

( k +1)

=G is compact. (2)

X

( k +1)

is k -connected. (3) The action G y X is free.

Example 53. (See [3].) Let F

2

b e free group on 2 generators a; b . Consider the group

G = F

n

2

whic h is the direct pro duct of F

2

with itself n times. De�ne a homomorphism

� : G ! Z whic h sends eac h generator a

i

; b

i

of G to the same generator of Z . Let

K := K er ( � ). Then K is of t yp e F

n � 1

but not of t yp e F

n

.
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Th us, analogously to Corollary 51 w e get:

Theorem 54. (Se e [29, 1.C2]) T yp e F

n

is a QI invariant.

Pr o of. It remains to sho w that eac h coarsely n -connected group has t yp e F

n

. The

pro of b elo w follo ws [34 ]. W e build the complex X on whic h G w ould act as required

b y the de�nition of t yp e F

n

. W e build this complex and the action b y induction on

sk eleta.

(0). X

(1)

, is a Ca yley graph of G ; the action of G is co compact, free, cellular.

(i ) i+1). Supp ose that X

( i )

has b een constructed. Using i -connectedness of

Rips

�

( G ) w e construct (b y induction on sk eleta) a G -equiv arian t cellular map f :

X

( i )

! Rips

D

( G ) for a su�cien tly large D . If G w ere torsion-free, the action

G y Rips

D

( G ) is free; this allo ws one to w e construct (b y induction on sk eleta)

a G -equiv arian t \retraction" � : Rips

D

( G )

( i )

! X

( i )

, i.e. a map suc h that the com-

p osition � � f is G -equiv arian tly homotopic to the iden tit y .

Ho w ev er, if G con tains non trivial elemen ts of �nite order, w e ha v e to use a more

complicated construction.

Supp ose that 2 � i � n and an i � 1-connected complex X

( i )

together with a free

discrete co compact action G y X

( i )

w as constructed. Let x

0

2 X

(0)

b e a base-p oin t.

Lemma 55. Ther e ar e �nitely many spheric al i -cycles �

1

; :::; �

k

in X

( i )

such that

their G -orbits normal ly gener ate �

1

( X

( i )

) , in the sense that the normal closur e of the

cycles f g ^�

j

: j = 1 ; :::; k ; g 2 G g is �

i

( X

( i )

) , wher e e ach ^�

j

is obtaine d fr om �

j

by

attaching a \tail" fr om x

0

.

Pr o of. Without loss of generalit y w e can assume that X

( i )

is a (metric) simplicial

complex. Let f : X

( i )

! Y := Rips

D

( Z ) b e a G -equiv arian t con tin uous map as

ab o v e.

Here is the construction of �

j

's:

Let �

�

: S

i

! Y

( i )

; � 2 N , denote the attac hing maps of the i + 1-cells in Y ,

these maps are just simplicial homeomorphic em b eddings from the b oundary S

i

of

the standard i + 1-simplex in to Y

( i )

. Starting with a G -equiv arian t pro jection Y

(0)

!

X

(0)

one inductiv ely constructs a (non-equiv arian t!) map

�

f : Y

( i )

! X

( i )

so that

f �

�

f : Y

( i )

! Y

( i +1)

is within distance � C onst from the iden tit y . Hence (b y

coarse connectedness of Z ) this comp osition is homotopic to the iden tit y inclusion

within Rips

D

0

( Z ). The homotop y H is suc h that its trac ks ha v e \uniformly b ounded

complexit y", i.e. the comp ositions

H � ( �

�

� id ) : S

i

� I ! Rips

D

0

( Z )
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are simplicial maps with a uniform upp er b ound on the n um b er of simplices in a

triangulation of S

i

� I . Let B � X

( i )

denote a compact subset suc h that GB = X

( i )

.

W e let �

j

denote the comp osition g

�

�

�

f � �

�

where g

�

2 G are c hosen so that the

image of �

j

in tersects B .

W e no w equiv arian tly attac h i + 1-cells along G -orbits of the cycles �

j

: for eac h j and

g 2 G w e attac h an i + 1-cell along g ( �

j

). Note that if �

j

is stabilized b y a subgroup

of order m = m ( j ) in G , then w e attac h m copies of the i + 1-dimensional cell along

�

j

. W e let X

( i +1)

denote the resulting complex and w e extend the G -action to X

( i +1)

in ob vious fashion. It is clear that G y X

( i +1)

is free, discrete and co compact.

2.3 Coarse separation

Supp ose that X is a metric cell complex and Y � X is a subset. W e let N

R

( Y )

denote the metric R -neigh b orho o d of Y in X . Let C b e a complemen tary comp onen t

of N

R

( Y ) in Y . De�ne the inr adius , inr ad ( C ), of C to b e the suprem um of radii of

metric balls in X con tained in C . A comp onen t C is called shal low if inr ad ( C ) is

< 1 and de ep if inr ad ( C ) = 1 .

Example 56. Supp ose that Y is compact. Then deep complemen tary comp onen ts

of X n N

R

( Y ) are those comp onen ts whic h ha v e in�nite diameter.

A sub complex Y is said to c o arsely sep ar ate X if there is R suc h that N

R

( Y ) has

at least t w o distinct deep complemen tary comp onen ts.

Example 57. The curv e � in R

2

do es not coarsely separate R

2

. A straigh t line in

R

2

coarsely separates R

2

.

Theorem 58. Supp ose that Y ; X b e uniformly c ontr actible metric c el l c omplexes of

b ounde d ge ometry which ar e home omorphic to R

n � 1

and R

n

r esp e ctively. Then for

e ach uniformly pr op er map f : Y ! X , the image f ( Y ) c o arsely sep ar ates X . Mor e-

over, the numb er of de ep c omplementary c omp onents is 2.

Pr o of. Actually , our pro of will use the assumption on the top ology of Y only w eakly:

to get coarse separation it su�ces to assume that H

n � 1

c

( Y ; R ) 6= 0.

Let W := f ( Y ). Giv en R 2 R

+

w e de�ne a r etr action � : N

R

( W ) ! Y , so that

d ( � � f ; id

Y

) � const , where const dep ends only on the distortion function of f and on

the geometry of X and Y . Here N

R

( W ) is the smallest sub complex in X con taining

the R -neigh b orho o d of W in X . W e de�ne � b y induction on sk eleta of N

R

( W ).

F or eac h v ertex x 2 N

R

( W ) w e pic k a v ertex � ( x ) := y 2 Y suc h that the distance
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d ( x; f ( y )) is the smallest p ossible. If there are sev eral suc h p oin ts y , w e pic k one of

them arbitrarily . The fact that f is a uniform prop er em b edding ensures that

d ( � � f ; id

Y

0

) � const

0

:

Note also that for an y 1-cell � in N

R

( W ), diam ( � ( @ � )) � C onst

0

. Supp ose that w e

ha v e constructed � on N

( k )

R

( W ). Inductiv ely w e assume that:

d ( � � f ; id

Y

k
) � const

k

; diam ( � ( @ � )) � C onst

k

; (59)

for eac h k + 1-cell � . W e extend � to the k + 1-sk eleton b y using uniform con tractibilit y

of Y : F or eac h k + 1-cell � there exists a singular disk � : D

k +1

! Y in Y

k +1

of

diameter �  ( C onst

k

) whose b oundary is � ( @ � ). Then w e extend � to � via � . It is

clear that the extension satis�es the inequalities (59) with k replaced with k + 1.

Since Y is uniformly con tractible w e get a homotop y � � f

�

=

id

Y

, whose trac ks are

uniformly b ounded (construct it b y induction on sk eleta the same w a y as b efore).

Recall that w e ha v e a system of isomorphisms

P : H

n � 1

c

( N

r

)

�

=

H

1

( X ; X n N

r

)

giv en b y the P oincare dualit y in R

n

. This isomorphism mo v es supp ort sets of n � 1-

co cycles b y a uniformly b ounded amoun t (to supp ort sets of 1-cycles). Let ! b e

a generator of H

n � 1

c

( Y ). Giv en R > 0 consider \retraction" � as ab o v e and the

pull-bac k !

R

:= �

�

( ! ). If for some 0 < r < R the restriction !

r

of !

R

to N

r

( W )

is zero then w e get a con tradiction, since f

�

� �

�

= id on the compactly supp orted

cohomology of Y . Th us !

r

is non trivial. Applying the P oincare dualit y op erator P

to the cohomology class !

r

w e get a non trivial relativ e homology class

P ( !

r

) 2 H

1

( X ; X n N

r

)

�

=

~

H

0

( X n N

r

) :

W e note that for eac h R � r the class P ( !

r

) 2 H

1

( N

r

; @ N

r

) is represen ted b y \re-

striction" of the class P ( !

R

) 2 H

1

( N

R

; @ N

R

) to N

r

, see Figure 9. In particular,

the images �

r

; �

R

of P ( !

r

) ; P ( !

R

) in

~

H

0

( X n N

r

),

~

H

0

( X n N

R

) are homologous in

~

H

0

( X n N

r

). Moreo v er, �

R

restricts non trivially to �

1

2

~

H

0

( X n N

1

).

Therefore, w e get sequences of p oin ts

x

i

; x

0

i

2 @ N

i

; i 2 N ;

suc h that x

i

; x

0

i

b elong to the supp ort sets of �

i

for eac h i , x

i

; x

i +1

b elong to the

same comp onen t of X n N

i

, x

0

i

; x

0

i +1

b elong to the same comp onen t of X n N

i

, but
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Figure 9: Coarse separation.

the p oin ts x

i

; x

0

i

b elong to distinct comp onen ts C ; C

0

of X n N

1

. It follo ws that C ; C

0

are distinct deep complemen tary comp onen ts of W . The same argumen t run in the

rev erse implies that there are exactly t w o deep complemen tary comp onen ts (although

w e will not use this fact).

I refer to [20 ], [33] for further discussion and generalization of coarse separation and

coarse P oincare/Alexander dualit y .

2.4 Other notions of coarse equiv alence

Theorem 60. (Gr omov, [29 ], se e also de la Harp e [12, p age 98]) Gr oups G and � ar e

QI i� they admit c ommuting (i.e. extending to an action of G � � ) pr op er c o c omp act

top olo gic al actions on a lo c al ly c omp act top olo gic al sp ac e Y .

Pr o of. 1. Supp ose that there exists an ( L; A )-quasi-isometry G ! �. Consider the

collection F of all ( L; A )-quasi-isometries f from G to �, giv en the compact-op en

top ology . By Arcela-Ascoli, the space F is lo cally compact. The groups G and � act

on F b y left and righ t m ultiplication:

g

�

( f )( x ) = f ( g

� 1

( x )) ; g 2 G;

g

�

( f )( x ) = 
 f ( x ) ; 
 2 � :

It is clear that these are comm uting top ological actions. Since b oth G; � act on

themselv es prop erly , b oth actions G; � y F are prop er. Let f

j

2 F , then, since the

action of � on itself is transitiv e, there exists a sequence 


j

2 � suc h that 


j

f

j

(1) = 1.
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Hence, b y Arcela-Ascoli theorem, the action � y F is co compact. (So far, ev erything

w orks if instead of QI mappings w e use QI em b eddings). On the other hand, since

for eac h f

j

the image f

j

( G ) is A -dense in �, for eac h j there exists x

j

2 G suc h that

d ( f

j

( x

j

) ; 1) � A . Hence the sequence ( x

� 1

j

)

�

f

j

is also relativ ely compact in F . Hence

b oth actions G; � y F are co compact.

2. Supp ose that G; � y Y are comm uting actions. Pic k a compact K � Y whic h

maps on to b oth Y =G; Y = �. Cho ose a p oin t k 2 K and consider the mapping f : G !

� whic h sends g 2 G to an elemen t 


� 1

2 � suc h that g ( k ) 2 
 ( K ). I claim that f is

a quasi-isometry . Let's �rst c hec k that f is Lipsc hitz. Let S = f s

1

; :::; s

m

g b e a �nite

generating set of G . It su�ces to c hec k that f distorts eac h edge of the corresp onding

Ca yley graph b y a uniformly b ounded amoun t. Pic k g 2 G; 


� 1

:= f ( g ).

Since S is �nite,

b

K := [

s 2 S

K is compact, hence there exists a �nite subset � � �

suc h that

b

K �

e

K := [

� 2 �

� ( K ) :

In addition de�ne a �nite set

�

0

:= f � 2 � : � ( K ) \

e

K 6= ;g

Set L := max f d

�

( � ; 1) ; � 2 �

0

g .

Recall that the group op eration on G is de�ned so that h � g = g h . Th us d ( s

i

� g ; g ) =

1 for eac h s

i

2 S . W e ha v e:

s

i

� g ( k ) = s

i

� 
 ( y ) = 
 � s

i

( y ) 2 
 � � ( K ) ; for some y 2 K ; � 2 � :

Observ e that 


0

:= [ f ( g s

i

)]

� 1

also satis�es s

i

� g ( k ) 2 


0

( K ). Hence 


� 1

� 


0

( K ) \

� ( K ) 6= ; , i.e 


0




� 1

2 �

0

. Therefore d

�

( 


0




� 1

; 1) � L and hence

d

�

( 


� 1

; 


0� 1

) � L; d

�

( f ( g ) ; f ( g s

i

)) � L:

This pro v es that f is L -Lipsc hitz. Construct a map

�

f : � ! G in the similar fashion:

�

f ( 
 ) := g

� 1

; 
 ( k ) 2 g ( K );

the same argumen ts as ab o v e sho w that

�

f is L

0

-Lipsc hitz for some L

0

< 1 .

Supp ose that f ( g ) = 


� 1

;

�

f ( 


� 1

) = h . Then


 ( k ) 2 h

� 1

( K ) ( ) h ( k ) 2 


� 1

( K ) ;

(since the actions of G and � comm ute). Th us d (

�

f � f ; id ) � C onst , d ( f �

�

f ; id ) �

C onst for some �nite constan t.
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De�nition 61. Groups G

1

; G

2

are said to ha v e a common geometric mo del if

there exists a prop er geo desic metric space X suc h that G

i

; G

2

b oth act isometrically ,

prop erly discon tin uously , co compactly on X .

In view of Lemma 16, if groups ha v e a common geometric mo del then they are

quasi-isometric. The follo wing theorem sho ws that the con v erse is false:

Theorem 62. (Mosher, Sage ev, Whyte, [43 ]) L et G

1

:= Z

p

� Z

p

; G

2

:= Z

q

� Z

q

, wher e

p; q ar e distinct primes. Then the gr oups G

1

; G

2

do not have a c ommon ge ometric

mo del.

This theorem in particular implies that in Theorem 60 one cannot assume that

b oth group actions are isometric.

Spaces (or �nitely generated groups) X

1

; X

2

are bilipschitz e quivalent if there exists

a bilipsc hitz bijection f : X

1

! X

2

.

Theorem 63. (Whyte, [59]) Supp ose that G

1

; G

2

ar e non-amenable �nitely gener ate d

gr oups which ar e quasi-isometric. Then G

1

; G

2

ar e bilipschitz e quivalent.

On the other hand, there are examples (Burago, Kleiner, McMullen, [7, 40 ]) of sepa-

rated nets in R

2

whic h are not bi-Lipsc hitz homeomorphic. I am una w are of examples

of amenable gro oups whic h are quasi-isometric but are not bilipsc hitz equiv alen t.

3 Ultralimits of Metric Spaces

Let ( X

i

) b e a sequence of metric spaces. One can describ e the limiting b eha vior of the

sequence ( X

i

) b y studying limits of sequences of �nite subsets Y

i

� X

i

. Ultra�lters

are an e�cien t tec hnical device for sim ultaneously taking limits of all suc h sequences

of subspaces and putting them together to form one ob ject, namely an ultralimit of

( X

i

).

3.1 Ultra�lters

Let I b e an in�nite set, S is a collection of subsets of I . A �lter b ase d on S is a

nonempt y family ! of mem b ers of S with the prop erties:

� ; 62 ! .

� If A 2 ! and A � B , then B 2 ! .
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� If A

1

; : : : ; A

n

2 ! , then A

1

\ � � � \ A

n

2 ! .

If S consists of al l subsets of I w e will sa y that ! is a �lter on I . Subsets A � I whic h

b elong to a �lter ! are called ! -large. W e sa y that a prop ert y (P) holds for ! - al l i ,

if (P) is satis�ed for all i in some ! -large set. An ultr a�lter is a maximal �lter. The

maximalit y condition can b e rephrased as: F or ev ery decomp osition I = A

1

[ � � � [ A

n

of I in to �nitely man y disjoin t subsets, the ultra�lter con tains exactly one of these

subsets.

F or example, for ev ery i 2 I , w e ha v e the princip al ultra�lter �

i

de�ned as �

i

:=

f A � I j i 2 A g . An ultra�lter is principal if and only if it con tains a �nite subset.

The in teresting ultra�lters are of course the non-principal ones. They cannot b e de-

scrib ed explicitly but exist b y Zorn's lemma: Ev ery �lter is con tained in an ultra�lter.

Let Z b e the Zariski �lter whic h consists of complemen ts to �nite subsets in I . An

ultra�lter is a nonprincipal ultra�lter, if and only if it con tains Z .

Here is an alternativ e in terpretation of ultra�lters. An ultra�lter is a �nitely addi-

tiv e measure de�ned on all subsets of I so that eac h subset has measure 0 or 1. An

ultra�lter is nonprincipal i� the measure con tains no atoms: The measure of eac h

p oin t is zero.

Giv en a function f : I ! Y (where Y is a top ological space) de�ne the ! -limit

! -lim

i

f ( i )

to b e a p oin t y 2 Y suc h that for ev ery neigh b orho o d U of y the preimage f

� 1

U

b elongs to ! .

Lemma 64. Supp ose that Y is c omp act and Hausdor�. Then for e ach function

f : I ! Y the ultr alimit exists and is unique.

Pr o of. T o pro v e existence of a limit, assume that there is no p oin t y 2 Y satisfying

the de�nition of the ultralimit. Then eac h p oin t z 2 Y p ossesses a neigh b orho o d

U

z

suc h that f

� 1

U

z

62 ! . By compactness, w e can co v er Y with �nitely man y of

these neigh b orho o ds. It follo ws that I 62 ! . This con tradicts the de�nition of a �lter.

Uniqueness of the p oin t y follo ws, b ecause Y is Hausdor�.

Note that if y is an accum ulation p oin t of f f ( i ) g

i 2 I

then there is a non-principal

ultra�lter ! with ! -lim f = y , namely an ultra�lter con taining the pullbac k of the

neigh b orho o d basis of y .

29



3.2 Ultralimits of metric spaces

Let ( X

i

)

i 2 I

b e a family of metric spaces parameterized b y an in�nite set I . F or an

ultra�lter ! on I w e de�ne the ultralimit

X

!

= ! -lim

i

X

i

as follo ws. Let �

i

X

i

b e the pro duct of the spaces X

i

, i.e. it is the space of sequences

( x

i

)

i 2 I

with x

i

2 X

i

. The distance b et w een t w o p oin ts ( x

i

) ; ( y

i

) 2 �

i

X

i

is giv en b y

d

!

�

( x

i

) ; ( y

i

)

�

:= ! -lim

�

i 7! d

X

i

( x

i

; y

i

)

�

where w e tak e the ultralimit of the function i 7! d

X

i

( x

i

; y

i

) with v alues in the compact

set [0 ; 1 ]. The function d

!

is a pseudo-distance on �

i

X

i

with v alues in [0 ; 1 ]. Set

( X

!

; d

!

) := (�

i

X

i

; d

!

) = �

where w e iden tify p oin ts with zero d

!

-distance.

Exercise 65. Let X

i

= Y for all i , where Y is a compact metric space. Then X

!

�

=

Y

for all ultra�lters ! .

If the spaces X

i

do not ha v e uniformly b ounded diameter, then the ultralimit X

!

decomp oses in to (generically uncoun tably man y) comp onen ts consisting of p oin ts of

m utually �nite distance. W e can pic k out one of these comp onen ts if the spaces X

i

ha v e base-p oin ts x

0

i

. The sequence ( x

0

i

)

i

de�nes a base-p oin t x

0

!

in X

!

and w e set

X

0

!

:=

�

x

!

2 X

!

j d

!

( x

!

; x

0

!

) < 1

	

:

De�ne the b ase d ultr alimit as

! -lim

i

( X

i

; x

0

i

) := ( X

0

!

; x

0

!

) :

Example 66. F or ev ery lo cally compact space Y with a base-p oin t y

0

, w e ha v e:

! -lim

i

( Y ; y

0

)

�

=

( Y ; y

0

) :

Lemma 67. L et ( X

i

)

i 2 N

b e a se quenc e of ge o desic �

i

-hyp erb olic sp ac es with �

i

tending

to 0 . Then for every non-princip al ultr a�lter ! e ach c omp onent of the ultr alimit X

!

is a metric tr e e.
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Pr o of. W e �rst v erify that b et w een an y pair of p oin ts x

!

; y

!

2 X

!

there is a unique

geo desic segmen t. Let 


!

denote the ultralimit of the geo desic segmen ts 


i

:= x

i

y

i

�

X

i

; it connects the p oin ts x

!

; y

!

. Supp ose that � is another geo desic segmen t con-

necting x

!

to y

!

. Pic k a p oin t p

!

2 � . Then

! -lim

i

( x

i

; y

i

)

p

i

= ! -lim

i

1

2

[ d ( x

i

; p

i

) + d ( y

i

; p

i

) � d ( x

i

; y

i

)] = 0 :

Since, b y Lemma 24,

d ( p

i

; 


i

) � ( x

i

; y

i

)

p

i

+ 2 �

i

;

d ( p

!




!

) = 0 :

No w, supp ose that �( x

!

y

!

z

!

) is a geo desic triangle in X

!

. By uniqueness of geo desics

in X

!

, this triangle app ears as ultralimit of the �

i

-thin triangles �( x

i

y

i

z

i

). It follo ws

that �( x

!

y

!

z

!

) is zero-thin, i.e. eac h comp onen t of X

!

is zero-h yp erb olic.

Exercise 68. If T is a metric tree, �1 < a < b < 1 and f : [ a; b ] ! T is a

con tin uous em b edding then the image of f is a geo desic segmen t in T . (Hin t: use

PL appro ximation of f to sho w that the image of f con tains the geo desic segmen t

connecting f ( a ) to f ( b ).)

Lemma 69. (Morse L emma) L et X b e a � {hyp erb olic ge o desic sp ac e, k ; c b e p ositive

c onstants, then ther e is a function � = � ( k ; c ) such that for any ( k ; c ) -quasi-isometric

emb e dding f : [ a; b ] ! X the Hausdor� distanc e b etwe en the image of f and the

ge o desic se gment [ f ( a ) f ( b )] � X is at most � .

Pr o of. Supp ose that the assertion of lemma is false. Then there exists a sequence

of ( k ; c )-quasi-isometric em b eddings f

n

: [ � n; n ] ! X

n

to C AT ( � 1)-spaces X

n

suc h

that

lim

n !1

d

H aus

( f ([ � n; n ]) ; [ f ( � n ) ; f ( n )]) = 1

where d

H aus

is the Hausdor� distance in X

n

.

Let d

n

:= d

H aus

( f ([ � n; n ]) ; [ f ( � n ) ; f ( n )]). Pic k p oin ts t

n

2 [ � n; n ] suc h that

j d ( t

n

; [ f ( � n ) ; f ( n )]) � d

n

j � 1. Consider the sequence of p oin ted metric spaces

(

1

d

n

X

n

; f

n

( t

n

)), (

1

d

n

[ � n; n ] ; t

n

). It is clear that ! -lim n=d

n

> 1 =k > 0 (but this

ultralimit could b e in�nite). Let ( X

!

; x

!

) = ! -lim (

1

d

n

X

n

; f

n

( t

n

)) and ( Y ; y ) :=

! -lim (

1

d

n

[ � n; n ] ; t

n

). The metric space Y is either a nondegenerate segmen t in R

or a closed geo desic ra y in R or the whole real line. Note that the Hausdor� distance
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b et w een the image of f

n

in

1

d

n

X

n

and [ f

n

( � n ) ; f

n

( n )] �

1

d

n

X

n

is at most 1 + 1 =d

n

.

Eac h map

f

n

:

1

d

n

[ � n; n ] !

1

d

n

X

n

is a ( k ; c=n )-quasi-isometric em b edding. Therefore the ultralimit

f

!

= ! -lim f

n

: ( Y ; y ) ! ( X

!

; x

!

)

is a ( k ; 0)-quasi-isometric em b edding, i.e. it is a k -bilipsc hitz map:

j t � t

0

j =k � d ( f

!

( t ) ; f

!

( t

0

)) � k j t � t

0

j :

In particular this map is a con tin uous em b edding. On the other hand, the sequence

of geo desic segmen ts [ f

n

( � n ) ; f

n

( n )] �

1

d

n

X

n

also ! -con v erges to a nondegenerate

geo desic 
 � X

!

, this geo desic is either a �nite geo desic segmen t or a geo desic ra y

or a complete geo desic. In an y case the Hausdor� distance b et w een the image L of

f

!

and 
 is exactly 1, it equals the distance b et w een x

!

and 
 whic h is realized as

d ( x

!

; z ) = 1, z 2 
 . I will consider the case when 
 is a complete geo desic, the other

t w o cases are similar and are left to the reader. Then Y = R and b y Exercise 68

the image L of the map f

!

is a complete geo desic in X

!

whic h is within Hausdor�

distance 1 from the complete geo desic 
 . This con tradicts the fact that X

!

is a metric

tree.

Historical Remark. Morse [42 ] pro v ed a sp ecial case of this lemma in the case

of H

2

where the quasi-geo desics in question where geo desics in another Riemannian

metric on H

2

, whic h admits a co compact group of isometries. Busemann, [9], pro v ed a

v ersion of this lemma in the case of H

n

, where metrics in question w ere not necessarily

Riemannian. A v ersion in terms of quasi-geo desics is due to Mosto w [44], in the

con text of negativ ely curv ed symmetric spaces, although his pro of is general.

Corollary 70. Supp ose that X ; X

0

ar e quasi-isometric ge o desic metric sp ac es and X

is Gr omov-hyp erb olic. Then X

0

is also Gr omov-hyp erb olic.

Pr o of. Let f : X

0

! X b e a ( L; A )-quasi-isometry . Pic k a geo desic triangle � AB C �

X

0

. Its image is a quasi-geo desic triangle whose sides are ( L; A )-quasi-geo desic.

Therefore eac h of the quasi-geo desic sides of f (� AB C ) is within distance � c =

c ( L; A ) from a geo desic connecting the end-p oin ts of this side. See Figure 10. The

geo desic triangle � f ( A ) f ( B ) f ( C ) is � -thin, it follo ws that the quasi-geo desic triangle

f (� AB C ) is (2 c + � )-thin. Th us the triangle � AB C is L (2 c + � ) + A -thin.

Here is another example of application of asymptotic cones to study quasi-isometries.
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X

X'

Quasi-geodesic triangle
f(B)

f(C)
f(A)

f

B

CA

Figure 10: Image of a geo desic triangle.

Lemma 71. Supp ose that X = R

n

or R

+

, f : X ! X is an ( L; A ) -quasi-isometric

emb e dding. Then N

C

( f ( X )) = X , wher e C = C ( L; A ) .

Pr o of. I will giv e a pro of in the case of R

n

as the other case is analogous. Supp ose that

the assertion is false, i.e. there is a sequence of ( L; A )-quasi-isometries f

j

: R

n

! R

n

,

sequence of real n um b ers r

j

div erging to in�nit y and p oin ts y

j

2 R

n

n I mag e ( f ) suc h

that d ( y

j

; I mag e ( f )) = r

j

. Let x

j

2 R

n

b e a p oin t suc h that d ( f ( x

j

) ; y

j

) � r

j

+ 1.

Using x

j

; y

j

as basi-p oin ts on the domain and target to f

j

rescale the metrics on the

domain and the target b y 1 =r

j

and tak e the corresp onding ultralimits. In the limit

w e get a bi-Lipsc hitz em b edding

f

!

: R

n

! R

n

;

whose image misses the p oin t y

!

2 R

n

. Ho w ev er eac h bilipshitz em b edding is neces-

sarily prop er, therefore b y the in v ariance of domain theorem the image of f

!

is b oth

closed and op en. Con tradiction.

R emark 72 . Alternativ ely , one can pro v e the ab o v e lemma as follo ws: Appro ximate

f b y a con tin uous mapping g . Then, since g is prop er, it has to b e on to.

3.3 The asymptotic cone of a metric space

Let X b e a metric space and ! b e a non-principal ultra�lter on N . The asymptotic

c one Cone

!

( X ) of X is de�ned as the based ultralimit of rescaled copies of X :

Cone

!

( X ) := X

0

!

; where ( X

0

!

; x

0

!

) = ! -lim

i

(

1

i

� X ; x

0

) :
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The limit is indep enden t of the c hosen base-p oin t x

0

2 X . The discussion in the

previous section implies:

Prop osition 73. 1. Cone

!

( X � Y ) = Cone

!

( X ) � Cone

!

( Y ) .

2. C one

!

R

n

�

=

R

n

.

3. The asymptotic c one of a ge o desic sp ac e is a ge o desic sp ac e.

4. The asymptotic c one of a CA T(0)-sp ac e is CA T(0).

5. The asymptotic c one of a sp ac e with a ne gative upp er curvatur e b ound is a metric

tr e e.

R emark 74 . Supp ose that X admits a co compact discrete action b y a group G of

isometries. The problem of dep endence of the top ological t yp e of C one

!

X on the

ultra�lter ! w as op en un til recen tly coun terexamples w ere constructed in [52], [15].

Ho w ev er in the b oth examples the group G is not �nitely presen table. Moreo v er, if a

�nitely-repsen table group has an asymptotic c one whic h is a tree, then the group is

h yp erb olic and hence e ach asymptotic cone is a tree, see [34 ].

T o get an idea of the size of the asymptotic cone, note that in the most in ter-

esting cases it is homogeneous. W e call a metric space X quasi-homo gene ous if

diam ( X= Isom( X )) is �nite.

Prop osition 75. L et X b e a quasi-homo gene ous metric sp ac e. Then for every non-

princip al ultr a�lter ! the c one Cone

!

( X ) is a homo gene ous metric sp ac e.

Pr o of. The group of sequences of isometries Isom( X )

N

acts transitiv ely on the ultra-

limit

! -lim

i

(

1

i

� X )

whic h con tains Cone

!

( X ) as a comp onen t.

Lemma 76. L et X b e a quasi-homogene ous � {hyp erb olic sp ac e with unc ountable num-

b er of ide al b oundary p oints. Then for every nonprincip al ultr a�lter ! the asymptotic

c one Cone

!

( X ) is a tr e e with unc ountable br anching.

Pr o of. Let x

0

2 X b e a base-p oin t and y ; z 2 @

1

X . Denote b y 
 the geo desic in X

with the ideal endp oin ts z ; y . Then Cone

!

([ x

0

; y )) and Cone

!

([ x

0

; z )) are geo desic ra ys

in Cone

!

( X ) emanating from x

0

!

. Their union is equal to the geo desic Cone

!


 . This

pro duces uncoun tably man y ra ys in Cone

!

( X ) so that an y t w o of them ha v e precisely

the base-p oin t in common. The homogeneit y of Cone

!

( X ) implies the assertion.
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3.4 Extension of quasi-isometries of h yp erb olic spaces to the

ideal b oundary

Lemma 77. Supp ose that X is a pr op er � -hyp erb olic ge o desic sp ac e. L et Q � X b e a

( L; A ) -quasige o desic r ay or a c omplete ( L; A ) -quasige o desic. Then ther e is Q

�

which

is either a ge o desic r ay (or a c omplete ge o desic) in X so that the Hausdor� distanc e

b etwe en Q and Q

�

is � C ( L; A; � ) .

Pr o of. I will consider only the case of quasigeo desic ra ys � : [0 ; 1 ) ! Q � X as

the other case is similar. Consider the sequence of geo desic segmen ts 


i

= � (0) � ( i ) .

By Morse lemma, eac h 


i

is con tained within N

c

( Q ), where c = c ( L; A; � ). By lo cal

compactness, the geo desic segmen ts 


i

sub con v erge to a complete geo desic ra y Q

�

=


 ( R

+

) whic h is con tained in N

c

( Q ).

It remains to sho w that Q is con tained in N

D

( Q

�

), where D = D ( L; A; � ). Consider

the nearest-p oin t pro jection p : Q

�

! Q . This pro jection is clearly a quasi-isometric

em b edding with the constan ts dep ending only on L; A; � . Lemma 71 sho ws that the

image of p is � -dense in Q with � = � ( L; A; � ). Hence eac h p oin t of Q is within distance

� D = � + c from a p oin t of Q

�

.

Observ e that this lemma implies that for an y div ergen t sequence t

j

2 R

+

, the

sequence of p oin ts � ( t

j

) on a quasi-geo desic ra y in X , con v erges to a p oin t � 2 @

1

X ,

� = 
 ( 1 ). Indeed, if 
 ; 


0

are geo desic ra ys Hausdor�-close to Q then 
 ; 


0

are

Hausdor�-close to eac h other as w ell, therefore 
 ( 1 ) = 


0

( 1 ).

W e will refer to the p oin t � as � ( 1 ). Note that if �

0

is another quasi-geo desic ra y

whic h is Hausdor�-close to � then � ( 1 ) = �

0

( 1 ).

Theorem 78. Supp ose that X and X

0

ar e Gr omov-hyp erb olic pr op er ge o desic metric

sp ac es. L et f : X ! X

0

b e a quasi-isometry. Then f admits a home omorphic exten-

sion f

1

: @

1

X ! @

1

X

0

. This extension is such that the map f [ f

1

is c ontinuous

at e ach p oint � 2 @

1

X .

Pr o of. First, w e construct the extension f

1

. Let � 2 @

1

X , � = � ( 1 ) where � is a

geo desic ra y in X . The image of this ra y �

0

:= f � � : R

+

! X

0

is a quasi-geo desic

ra y , hence w e set f

1

( � ) := �

0

( 1 ). Observ e that f

1

( � ) do es not dep end on the c hoice

of a geo desic ra y asymptotic to � . Let

�

f b e quasi-in v erse of f . It is clear from the

construction that (

�

f )

1

is in v erse to f

1

. It remains therefore to v erify con tin uit y .

Supp ose that x

n

2 X is a sequence whic h con v erges to � in the cone top ology ,

d ( x

n

; � ) � c . Then d ( f ( x

n

) ; �

0

) � Lc + A and d ( f ( x

n

) ; ( �

0

) � ) � C ( Lc + A ), where
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( �

0

) � is a geo desic ra y in X

0

asymptotic to �

0

( � ). Th us f ( x

n

) con v erges to f

1

( � ) in

the cone top ology .

Finally , let �

n

2 @

1

X b e a sequence whic h con v erges to � . Let �

n

b e a sequence of

geo desic ra ys asymptotic to �

n

with �

n

(0) = � (0) = x

0

. Then, for eac h T 2 R

+

there

exists n

0

suc h that for all n � n

0

and t 2 [0 ; T ] w e ha v e

d ( � ( t ) ; �

n

( t )) � 2 � ;

where � is the h yp erb olicit y constan t of X . Hence

d ( f ( �

n

( t )) ; � ( t )) � 2 L� + A:

Set �

0

n

:= f � �

n

. Then

( �

0

n

)

�

([0 ; L

� 1

T � A ]) � N

C

(( �

0

)

�

([0 ; LT + A ])) ;

for all n � n

0

. Th us the geo desic ra ys ( �

0

n

)

�

con v erge to a ra y within �nite distance

from ( �

0

)

�

. It follo ws that the sequence f

1

( �

n

) con v erges to f

1

( � ).

Lemma 79. L et X and X

0

b e pr op er ge o desic � -hyp erb olic sp ac es. In addition we

assume that X is quasi-homo gene ous and that @

1

X c onsists of at le ast four p oints.

Supp ose that f ; g : X ! X

0

ar e ( L; A ) -quasi-isometries such that f

1

= g

1

. Then

d ( f ; g ) � D , wher e D dep ends only on L; A; � and the ge ometry of X .

Pr o of. Let 


1

; 


2

b e complete geo desics in X whic h are asymptotic to the p oin ts �

1

; �

1

,

�

2

; �

2

resp ectiv ely , where all the p oin ts �

1

; �

1

, �

2

; �

2

are distinct. There is a p oin t y 2 X

whic h is within distance � r from b oth geo desics 


1

; 


2

. Let G b e a group acting

isometrically on X so that the GB = X for an R -ball B in X . Pic k a p oin t x 2 X :

Our goal is to estimate d ( g f ( x ) ; g ( x )). By applying an elemen t of G to x w e can

assume that d ( x; y ) � R , in particular, d ( x; 


1

) � R + r ; d ( x; 


2

) � R + r . Th us the

distance from f ( x ) to the quasi-geo desics f ( 


1

) ; f ( 


2

) is at most L ( R + r ) + A . W e

no w apply the quasi-in v erse �g the to quasi-isometry g : �g f ( 


i

) is an ( L

2

; LA + A )-

quasi-geo desic in X ; since f

1

= g

1

, these quasi-geo desics are asymptotic to the

p oin ts �

i

; �

i

, i = 1 ; 2. Since the Hausdor� distance from �g f ( 


i

) to 


i

is at most C + 2 �

(where C = C ( L

2

; LA + A; � ) is the constan t from Lemma 77) w e conclude that

d ( � g f ( x ) ; 


i

) � C

0

:= C + 2 � :

See Figure 11.

Since the geo desics 


1

; 


2

are asymptotic to distinct p oin ts in @

1

X , it follo ws that

the diameter of the set f z 2 X : d ( z ; 


i

) � max( C

0

; r + R ) ; i = 1 ; 2 g is at most C

00

,
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where C

00

dep ends only on the geometry of X and the �xed pair of geo desics 


1

; 


2

.

Hence d ( � g f ( x ) ; x ) � C

00

. By applying g to this form ula w e get:

d ( g ( x ) ; g �g f ( x )) � L ( C

00

+ A ) + A;

d ( f ( x ) ; g �g f ( x )) � A:

Therefore

d ( f ( x ) ; g ( x )) � 2 A + L ( C

00

+ A ) :

R emark 80 . The line X = R is 0-h yp erb olic, its ideal b oundary consists of 2 p oin ts.

T ak e a translation f : X ! X , f ( x ) = x + a . Then f

1

is the iden tit y map of

f�1 ; 1g but there is no b ound on the distance from f to the iden tit y .

4 Tits alternativ e

Theorem 81. \Tits alternative" (Tits, [53 ]) L et L b e a Lie gr oup with �nitely many

c omp onents and � � L b e a �nitely gener ate d sub gr oup. Then either � is virtual ly

solvable or � c ontains a fr e e nonab elian sub gr oup.

I will giv e a detailed pro of of this theorem in the case L = S L (2 ; R ) and will outline

the pro of in the general case. Our pro of in the S L (2 ; R ) case do es not require � to

b e �nitely generated.

The pro jectivization P S L (2 ; R ) of S L (2 ; R ) is the orien tation-preserving subgroup

of the isometry of group of the h yp erb olic plane H

2

. If w e use the upp er half-plane

mo del of H

2

then P S L (2 ; R ) acts on H

2

via linear-fractional transformations:

P (

�

a b

c d

�

) : z 7!

az + b

cz + d

:

37



It is clear that Tits alternativ e for P S L (2 ; R ) implies Tits alternativ e for S L (2 ; R ),

since they di�er b y �nite cen ter.

Classi�cation of isometries 
 of H

2

:

Let A 2 S L (2 ; R ). Then the �xed p oin ts for the action of P ( A ) on

�

C corresp ond

to the eigen v ectors of the matrix A . Th us w e get:

Case 1. j tr ( A ) j > 2 ( ) P ( A ) has 2 distinct �xed p oin ts on

�

R = R [ 1 .

Then 
 = P ( A ) is called hyp erb olic . It acts as a translation along a geo desic in H

2

connecting the �xed p oin ts of 
 .

Case 2. j tr ( A ) j < 2 ( ) P ( A ) has 2 distinct �xed p oin ts on

�

C n

�

R , one in the

upp er and one in the lo w er half-plane. Then 
 is called el liptic , in the unit disk mo del,

if w e send the �xed p oin t to the origin, 
 acts as a rotation around the origin.

Case 3. j tr ( A ) j = 2 and 
 6= I d . Then 
 has a unique �xed p oin t in

�

C , this �xed

p oin t b elongs to

�

R . Then 
 is called p ar ab olic . Conjugate 
 in P S L (2 ; R ) so that

the �xed p oin t of 
 is in�nit y . Then 
 ( z ) = z + c , c 2 R , i.e. 
 acts as a Euclidean

translation.

This is a complete classi�cation of orien tation-preserving isometries of H

2

. If 
 is

an orien tation-rev ersing isometry of H

2

then either:

(a) 
 is a re
ection in a geo desic L � H

2

, or

(b) 
 is a glide-r e
e ction , i.e. it is the comp osition of a re
ection in a geo desic

L � H

2

with a h yp erb olic translation along L .

Dynamics: Supp ose that 
 is h yp erb olic or parab olic. Then the sequence 


n

, n 2 N ,

con v erges uniformly on compacts in

�

C n F ix ( 
 ) to the constan t map z 7! � , where �

is one of the �xed p oin ts of 
 . If 
 is h yp erb olic then � is the attractiv e �xed p oin t

of 
 .

Lemma 82. (Ping-Pong lemma) Supp ose that g ; h 2 P S L (2 ; R ) ar e hyp erb olic or

p ar ab olic with disjoint �xe d p oint sets. Then ther e exists n 2 N such that the gr oup

h g

n

; h

n

i is fr e e of r ank 2.

Pr o of. Is will consider the case when g ; h are h yp erb olic since the other cases are

similar. Let A

�

b e a neigh b orho o d of the repulsiv e �xed p oin t of g , b ounded b y a

geo desic in H

2

and disjoin t from the axis of h . Similarly , de�ne B

�

, a neigh b orho o d of

the repulsiv e �xed p oin t of h , b ounded b y a geo desic in H

2

and disjoin t from the axis

of h and from A

�

. By taking su�cien tly large n w e can assume that the complemen ts

to g

n

( A

�

) and h

n

( B

�

) in H

2

are domains A

+

, B

+

, as in the Figure 12, so that all

four domains A

�

; A

+

; B

�

; B

+

are pairwise disjoin t. Let � denote the domain in H

2
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whic h is the complemen t to A

�

[ A

+

[ B

�

[ B

+

. Set g := g

n

; h := h

n

. I claim that

the group G := h g ; h i is free of rank 2. T o pro v e this consider a reduced nonempt y

w ord w in the generators g ; h . I claim that w (�) \ � = ; . This w ould imply that w

is a non trivial elemen t of G whic h in turn w ould imply that G is free of rank 2.

Moreo v er, supp ose that the last letter in w is g (or g

� 1

, or h , or h

� 1

resp.), i.e.

w = w

0

g . I claim that w (�) � A

+

(resp. A

�

; B

+

; B

�

). Let's pro v e this b y induction

on the length of w . I consider the case when w = w

0

g , where w

0

is a reduced w ord

whose last letter is not g

� 1

. Hence b y induction, w

0

(�) is in one of the regions

A

+

; B

+

; B

�

, but not in A

�

. Then it is clear from the action of the isometry g that

g ( A

+

[ B

+

[ B

�

) � A

+

. Th us w (�) � A

+

.

A-

g

h

-

A

B

B

+

+

F

Figure 12:

This pro v es Tits alternativ e in the case when G � P S L (2 ; R ) con tains t w o h yp er-

b olic/parab olic elemen ts whic h do not share a �xed p oin t.

De�nition 83. A subgroup of P S L (2 ; R ) is elementary if it either �xes a p oin t in

�

C

or preserv es a 2-p oin t subset of

�

C .

Corollary 84. Supp ose that � � P S L (2 ; R ) is a nonelementary sub gr oup which

c ontains a hyp erb olic or p ar ab olic element. Then � c ontains F

2

.
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Pr o of. Case 1. Supp ose �rst that � con tains a parab olic elemen t 
 whose �xed p oin t

is � ; since � do es not �x � , there exists � 2 � suc h that � = � ( � ) 6= � ; then � := � 
 �

� 1

is a parab olic isometry with the �xed p oin t � 6= � . Then Ping-P ong lemma implies

that h 


n

; �

n

i is isomorphic to F

2

for large n .

Case 2. No w, supp ose that 
 2 � is a h yp erb olic isometry with the �xed p oin ts

� ; � . There exists � 2 � suc h that � ( � ) 6= � and � ( � ) 6= � and � ( f � ; � g ) 6= f � ; � g . If

� ( f � ; � g ) \ f � ; � g = ; ;

then w e are done b y the Ping-P ong lemma, analogously to the parab olic case ab o v e.

Supp ose that � ( � ) = � . De�ne � := � 
 �

� 1

: it is a h yp erb olic isometry whic h �xes �

and do es not �x � . It is easy to see that the comm utator [ 
 ; � ] is a parab olic isometry

whic h �xes � (just assume that � = 1 , � = 0 and then compute the comm utator).

Therefore � con tains a parab olic isometry and w e are done b y Case 1.

The most di�cult case is when � con tains only elliptic elemen ts.

Lemma 85. If � c ontains only el liptic elements, then � �xes a p oint in H

2

.

Pr o of. Supp ose that there are elliptic elemen ts � ; � in � with distinct �xed p oin ts

a; b 2 H

2

. By assumption, their pro duct 
 = � � � is also an elliptic elemen t; its �xed

p oin t c is necessarily distinct from a and b . Consider the geo desic triangle in H

2

with

the v ertices a; b; c ; let J = R

1

; R

2

; R

3

denote re
ections in the sides [ ab ] ; [ bc ] and [ ca ]

resp ectiv ely . Then

� = R

1

R

3

; � = R

2

R

1

; 
 = R

2

R

3

:

See Figure 13.

Then [ �

� 1

; �

� 1

] = J 
 J 
 = ( J 
 )

2

. Note that J 
 is an orien tation-rev ersing isome-

try . If J 
 is a re
ection then [ �

� 1

; �

� 1

] = I d , whic h w ould imply that a = b . Th us

J 
 is a glide-re
ection; it follo ws that ( J 
 )

2

is a h yp erb olic isometry (a translation

along the axis of of J 
 ). Hence � con tains a h yp erb olic elemen t. Con tradiction.

Lemma 86. If � is an elementary sub gr oup of P S L (2 ; R ) , then � is virtual ly solvable.

Pr o of. If � preserv es a 2-p oin t set then its index 2 subgroup �xes a p oin t. Therefore

it su�ces to consider the case when � �xes a p oin t � in

�

C .

Case 1. � =2 @

1

H

2

=

�

R . Then � �xes a p oin t in the h yp erb olic plane H

2

(either �

or its complex conjugate). By using the unit disk mo del w e can assume that � �xes

the origin in the unit disk. Then � � S O (2); since the latter is ab elian it follo ws that

� is ab elian as w ell.
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Figure 13:

Case 2. � 2 @

1

H

2

=

�

R . W e can assume that � = 1 ; then � is con tained in the

group S of a�ne transformations z 7! az + b . The group S con tains ab elian subgroup

A whic h consists of translations z 7! z + b . The group A = [ S; S ] is the comm utator

subgroup of S . Therefore S is solv able. It follo ws that � is solv able as w ell.

Outline of the pr o of of Tits' alternative in the gener al c ase. By taking a homo-

morphism L ! ad ( L ) y Lie ( L ), where Lie ( L ) is the Lie algebra of L , it su�ces to

pro v e Tits alternativ e for subgroups � � GL ( n; R ). Let G denote Zariski closur e of

� in GL ( n; R ), i.e. the smallest algebraic subgroup (i.e. subgroup giv en b y algebraic

equations) of GL ( n; R ) whic h con tains �. If the iden tit y comp onen t of G happ ens

to b e solv able then w e are done. Otherwise the iden tit y comp onen t of G has non-

trivial semisimple part; b y dividing G b y its solv able radical w e can assume that G

is semisimple, i.e. its Lie algebra is a direct sum of simple Lie algebras. It su�ces

of course to treat the case when G is simple (b y considering pro jections of � to the

simple comp onen ts of G ). There are t w o cases whic h can o ccur:

(A) G is noncompact.

(B) G is compact.
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(A) First, let's consider the noncompact case. There is a Riemannian manifold

X , called symmetric sp ac e , asso ciated with G on whic h G acts isometrically and

transitiv ely: X = G=K , where K is a maximal compact subgroup of G . The most

imp ortan t feature of X is that X has nonp ositiv e sectional curv ature and moreo v er,

the sectional curv ature is negativ e in certain directions. Th us one can use X as a

replacemen t of the h yp erb olic plane as w e ha v e done it in the case of S L (2 ; R ). There

is a classi�cation of isometries of X similar to the classi�cation of isometries of H

2

:

There are h yp erb olic, parab olic and elliptic isometries. The elliptic ones �x p oin ts in

X , h yp erb olic isometries act as translations along certain geo desics in X . The fact

that G is the Zariski closure of � then implies that � con tains h yp erb olic isometries.

Then one can run a v ersion of Ping-P ong lemma as w e did in the case of H

2

to sho w

that � con tains F

2

.

(B) The noncompact case is m uc h more complicated. Let 


1

; :::; 


m

denote gen-

erators of � and consider the �eld F in R generated b y the matrix en tries of the

generators. If the �eld F happ ens to b e a transcenden tal extension of Q one can

sho w that there are homomorphisms �

j

: � ! G whic h con v erge (on eac h generator)

to the iden tit y em b edding so that �

j

(�) ha v e the prop ert y: The �elds F

j

asso ciated

with �

j

(�) as ab o v e are algebraic extensions of Q . The reason for that is that w e

can assume that G is de�ned o v er Q (i.e. is giv en b y equations with rational co ef-

�cien ts), th us the v ariet y H om (� ; G ) is de�ned o v er Q as w ell; therefore algebraic

p oin ts are dense in this v ariet y . Because � w as Zariski dense in G , there exists j suc h

that �

j

(�) is Zariski dense as w ell and w e are reduced to the case where the �eld F

is con tained in

�

Q . Let G ( F ) denote the group of F -p oin ts in G (i.e. p oin ts whose

co ordinates b elong to F ). Consider the action of the Galois group Gal (

�

Q = Q ) on the

�eld F . Ev ery suc h � 2 Gal (

�

Q = Q ) will induce (a discon tin uous!) automorphism �

of the complexi�cation G ( C ) of the group G , and therefore it will send the groups

� � G ( F ) to � (�) � G ( � ( F )) � G ( C ). The homomorphism � : � ! �

0

:= � (�) is

1 � 1 and therefore, if for some � the group G ( � ( F )) happ ens to b e a non-relativ ely

compact subgroup of G ( C ) w e are bac k to the noncompact case (A).

Ho w ev er it could happ en that for eac h � the group G ( � ( F )) is relativ ely compact

and th us w e seemingly ha v e gained nothing. There is a remark able construction whic h

sa v es the pro of.

A deles. (See [39, Chapter 6].) The ring of adeles w as in tro duced b y A. W eil in

1936. F or the �eld F consider v arious norms j � j : F ! R

+

. A norm is called

nonar chime de an if instead of the usual triangle inequalit y one has:

j a + b j � max ( j a j ; j b j ) :
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F or eac h norm � w e de�ne F

�

to b e the completion of F with resp ect to this norm.

F or eac h nonarc himedean norm � the ring of inte gers O

�

:= f x : j x j

�

� 1 g is an op en

subset of F

�

: If j x j

�

= 1, j y j

�

< 1 = 2, then for z = x + y w e ha v e: j z j

�

� max (1 ; j y j

�

) =

1. Therefore, if z b elongs to a ball of radius 1 = 2 cen tered at x , then z 2 O

�

.

Example 87. (A). Arc himedean norms. Let � 2 Gal (

�

Q = Q ), then the em b edding

� : F ! � ( F ) � C de�nes a norm � on F b y restriction of the norm (the usual

absolute v alue) from C to � ( F ). Then the completion F

�

is either isomorphic to R

or to C . Suc h norms (and completions) are ar chime de an and eac h arc himedean norm

of F app ears in this w a y .

(B). Nonarc himedean norms. Let F = Q , pic k a prime n um b er p 2 N . F or

eac h n um b er x = q =p

n

2 Q (where b oth n umerator and denominator of q are not

divisible b y p ) let �

p

( x ) := p

n

. One can c hec k that � is a nonarc himedean norm and

the completion of Q with resp ect to this norm is the �eld of p -adic n um b ers.

Let N or ( F ) denote the set of all norms on F whic h restrict to either standard or

one of the p -adic norms on Q � F . Note that for eac h x 2 Q , x 2 O

p

(i.e. p -adic

norm of x is � 1) for all but �nitely man y p 's, since x has only �nitely man y primes

in its denominator. The same is true for elemen ts of F : F or all but �nitely man y

� 2 N or ( F ), � ( x ) � 1.

Pr o duct formula : F or eac h x 2 Q n f 0 g

Y

� 2 N or ( Q )

� ( x ) = 1 :

Indeed, if x = p is prime then j p j = p for the arc himedean norm, � ( p ) = 1 if � 6= �

p

is

a nonarc himedean norm and �

p

( p ) = 1 =p . Th us the pro duct form ula holds for prime

n um b ers x . Since norms are m ultiplicativ e functions from Q

�

to R

+

, the pro duct

form ula holds for arbitrary x 6= 0. A similar pro duct form ula is true for an arbitrary

algebraic n um b er �eld F :

Y

� 2 N or ( F )

( � ( x ))

N

�

= 1 ;

where N

�

= [ F

�

: Q

�

], see [39, Chapter 6].

De�nition 88. The ring of adeles is the r estricte d pr o duct

A ( F ) :=

Y

� 2 N or ( F )

F

�

;
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i.e. the subset of the direct pro duct whic h consists of p oin ts whose pro jection to F

�

b elongs to O

�

for all but �nitely man y � 's.

W e top ologize A ( F ) via the pro duct top ology . F or instance, if F = Q then A ( Q )

is the restricted pro duct

R �

Y

p is prime

Q

p

:

No w a miracle happ ens:

Theorem 89. (Se e [39 , Chapter 6, The or em 1].) The image of the diagonal emb e d-

ding F , ! A ( F ) is a discr ete subset in A ( F ) .

Pr o of. It su�ces to v erify that 0 is an isolated p oin t. T ak e the arc himedean norms

�

1

; :::; �

m

(there are only �nitely man y of them) and consider the op en subset

U =

m

Y

i =1

f x 2 F

�

i

: �

i

( x ) < 1 = 2 g �

Y

� 2 N or ( F ) nf �

1

;:::;�

m

g

O

�

of A ( F ). Then for eac h ( x

�

) 2 U ,

Y

� 2 N or ( F )

� ( x

�

) < 1 = 2 < 1 :

Hence, b y the pro duct form ula, the in tersection of U with the image of F in A ( F )

consists only of f 0 g .

Th us the em b edding F , ! A ( F ) induces a discrete em b edding

� � G ( F ) , ! G ( A ( F )) :

F or eac h norm � 2 N or ( F ) w e ha v e the pro jection p

�

: � ! G ( F

�

). If the image p

�

(�)

is relativ ely compact for eac h � then � is a discrete compact subset of G ( A ( F )), whic h

implies that � is �nite, a con tradiction! Th us there exists a norm � 2 N or ( F ) suc h

that the image of � in G ( F

�

) is not relativ ely compact. If � happ ens to b e arc himedean

w e are done as b efore. The more in teresting case o ccurs if � is nonarc himedean.

Then one can de�ne a metric space X

�

on whic h the group G ( F

�

) acts isometrically ,

faithfully and co compactly (although the quotien t is not a p oin t but a Euclidean

simplex). The space X

�

is called a Euclide an building , it is a nonarc himedean analogue

of the symmetric space. It has nonp ositiv e curv ature in the sense that the geo desic
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triangles in X

�

are \thinner" than geo desic triangles in the Euclidean plane. The

space X

�

is co v ered b y isometrically em b edded copies of the Euclidean space E

r

,

called ap artments , so that eac h pair of p oin ts in X

�

b elongs to an apartmen t. The

n um b er r is called r ank of the space X

�

.

Example 90. If r = 1 then X

�

is a simplicial metric tree where eac h edge has unit

length.

W e note that the homomorphism � ! G ( F

�

) ! Aut ( X

�

) is an em b edding. The

isometries of X

�

admit a classi�cation similar to the isometries of H

2

: Eac h isometry

is either h yp erb olic (i.e. a translation along a geo desic con tained in one of the apart-

men ts) or elliptic, i.e. �xes a p oin t in X

�

. The group � is Zariski dense in G ( F

�

),

therefore it con tains h yp erb olic isometries. This allo ws one to run an analogue of

Ping-P ong t yp e argumen ts in X

�

and sho w that � con tains F

2

.

5 Gro wth of groups and Gromo v's theorem

Let X b e a metric space of b ounded geometry and x 2 X is a base-p oin t. W e de�ne

the gr owth function

�

X ;x

( R ) := j B ( x; R ) j ;

the cardinalit y of R -ball cen tered at x . W e in tro duce the follo wing asymptotic in-

e quality b et w een functions � : R

+

! R

+

:

� � � ;

if there exist constan ts C

1

; C

2

suc h that � ( R ) � C

1

� ( C

2

R ) for su�cien tly large R .

W e sa y that t w o functions are equiv alen t, � � � , if

� � � and � � � :

Lemma 91. (Equivalenc e class of gr owth is QI invariant.) Supp ose that f : ( X ; x ) !

( Y ; y ) is a quasi-isometry. Then �

X ;x

� �

Y ;y

.

Pr o of. Let

�

f b e a coarse in v erse to f , assume that f ;

�

f are L -Lipsc hitz. Then b oth

f ,

�

f ha v e m ultiplicit y � m (since X and Y ha v e b ounded geometry). Then

f ( B ( x; R )) � B ( y ; LR ) :

It follo ws that j B ( x; R ) j � m j B ( y ; LR ) j and j B ( y ; R ) j � m j B ( x; LR ) j .
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Corollary 92. �

X ;x

� �

X ;x

0

for al l x; x

0

2 X .

Henceforth w e will suppress the c hoice of the base-p oin t in the notation for the

gro wth function.

De�nition 93. X has p olynomial gro wth if �

X

( R ) � R

d

for some d . X has ex-

p onen tial gro wth if e

R

� �

X

( R ). X has sub exp onen tial gro wth if for eac h c > 0,

�

X

( R ) � e

cR

for all su�cien tly large R .

Example 94. Sho w that for eac h (b ounded geometry) space X , �

X

( R ) � e

R

.

F or a group G with �nite generating set S w e sometimes will use the notation �

S

( R )

for �

G

( R ), where S is used to metrize the group G . Since G acts transitiv ely on itself,

this de�nition do es not dep end on the c hoice of a base-p oin t.

Example 95. Supp ose that G = F

r

is a free nonab elian group. Sho w that G has

exp onen tial gro wth.

Supp ose that H is a subgroup of G . It is then clear that

�

H

� �

G

:

Note that if � : G ! F

r

is an epimorphism, then its admits a left in v erse � : F

r

! G .

Hence G con tains F

r

and if r � 2 it follo ws that G has exp onen tial gro wth.

The main ob jectiv e of this c hapter is to pro v e

Theorem 96. (Gr omov, [27]) If G is a �nitely gener ate d gr oup of p olynomial gr owth

then G is virtual ly nilp otent.

W e will also v erify that all virtually nilp oten t groups ha v e p olynomial gro wth.

Corollary 97. Supp ose that G is a �nitely gener ate d gr oup which is quasi-isometric

to a nilp otent gr oup. Then G is virtual ly nilp otent.

Pr o of. F ollo ws directly from Gromo v's theorem since p olynomial gro wth is a QI in-

v arian t.

R emark 98 . An alternativ e pro of of the ab o v e corollary (whic h do es not use Gromo v's

theorem) w as recen tly giv en b y Y. Shalom [50].
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5.1 Nilp oten t and solv able groups

Giv en a group G and a subgroup S � G de�ne [ G; S ] as the subgroup generated b y

the comm utators [ g ; s ] ; g 2 G; s 2 S . De�ne the lower c entr al series of G :

G = G

0

� [ G; G ] = G

1

� [ G; G

1

] = G

2

� [ G; G

2

] = G

3

:::

and the upp er c entr al series of G :

G = G

0

� [ G; G ] = G

1

� [ G

1

; G

1

] = G

2

� [ G

2

; G

2

] = G

3

:::

The group G is called nilp otent , resp. solvable , if the lo w er, resp. upp er, cen tral series

of G terminates at the trivial group. The group G is called s -step nilp oten t if its

lo w er cen tral series is

G

0

� G

1

� :::G

s � 1

� 1 ;

where G

s � 1

6= 1.

Giv en a nilp oten t group G w e note that all the subgroups G

i

are �nitely generated,

their generators are the iterated comm utators of the generators of G . W e also ha v e

�nitely generated ab elian groups A

i

:= G

i

=G

i +1

. After passing to a �nite index

subgroup in G w e can assume that eac h A

i

is torsion-free. Let  b e an automorphism

of G , then it preserv es the lo w er cen tral series and induces automorphisms of the free

ab elian groups A

i

. Eac h suc h automorphism  

i

is giv en b y a matrix with in teger

co e�cien ts. After taking su�cien tly high p o w er of  w e can assume that none of

these matrices ha v e a ro ot of unit y (di�eren t from 1) as an eigen v alue. If eac h  

i

has

only 1 as an eigen v alue then after \re�ning" the lo w er cen tral series w e can assume

that eac h  

i

is trivial. Then the extension

~

G of G b y  is again a nilp oten t group.

Theorem 99. Supp ose that 1 ! G !

~

G ! Z ! 1 is an extension of G by  and

at le ast one eigenvalue of one of the  

i

's is di�er ent fr om 1 . Then

~

G has exp onential

gr owth.

Pr o of. W e b egin with

Lemma 100. L et A b e a �nitely gener ate d fr e e ab elian gr oup and � 2 Aut ( A ) . Then:

If � has an eigenvalue � such that j � j � 2 then ther e exists a 2 A such that

�

0

a + �

1

� ( a ) + ::: + �

m

�

m

( a ) + ::: 2 A

(wher e �

i

2 f 0 ; 1 g and �

i

= 0 for al l but �nitely many i 's) ar e distinct for di�er ent

choic es of the se quenc es ( �

i

) .
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Pr o of. The transp ose matrix �

T

also has � as its eigen v alue. Hence there exists a

nonzero linear function � : A ! C suc h that � � � = �� . Pic k an y a 2 A n K er ( � ).

Then

� (

1

X

i =0

�

i

�

i

( a )) = (

1

X

i =0

�

i

�

i

( a )) � ( a ) :

Supp ose that

1

X

i =0

�

i

�

i

( a ) =

1

X

i =0

�

i

�

i

( a ) :

Then

1

X

i =0

�

i

�

i

( a ) = 0 ;

where j �

i

j � 1 for eac h i . Let N b e the maximal v alue of i for whic h �

i

6= 0. Then

j � j

N

�

N � 1

X

i =0

j � j

i

=

j � j

N

� 1

j � j � 1

� ( j � j

N

� 1) = 2 :

Con tradiction.

W e no w can pro v e theorem 99. Supp ose there is i suc h that �

i

has an eigen v alue

� whic h is not a ro ot of unit y . After taking appropriate iteration of  and p ossibly

replacing  with  

� 1

w e can assume that suc h that j � j � 2. Let x 2 G

i

b e an elemen t

whic h pro jects to a 2 A

i

under the homomorphism G

i

! G

i

=G

i +1

. Let z 2

~

G denote

the generator corresp onding to the automorphism  . De�ne elemen ts

x

�

0

( z x

�

1

z

� 1

) ::: ( z

m

x

�

m

z

� m

) 2 G

i

; �

i

2 f 0 ; 1 g :

After canceling out z 's w e get:

x

�

0

z x

�

1

z x

�

2

z :::z x

�

m

z

� m

The norm of eac h of these elemen ts in

~

G is at most 3( m + 1). These elemen ts

are distinct for di�eren t c hoices of ( �

i

)'s, since their pro jections to A

i

are distinct

according to the ab o v e lemma. Th us w e get 2

m

distinct elemen ts of

~

G whose w ord

norm is at most 3( m + 1). This implies that

~

G has exp onen tial gro wth.

Prop osition 101. Supp ose that G is a gr oup of sub exp onential gr owth, which �ts

into a short exact se quenc e

1 ! K ! G ! Z ! 1 :

Then K is �nitely gener ate d. Mor e over, if �

G

( R ) � R

d

then �

K

( R ) � R

d � 1

.

48



Pr o of. Let 
 2 G b e an elemen t whic h pro jects to the generator of Z , let g

1

; :::; g

k

b e

elemen ts suc h that f g

1

; :::; g

k

; 
 g generate G . De�ne

S := f 


m;i

:= 


m

g

i




� m

; m 2 Z ; i = 1 ; :::; k g :

Then the (in�nite) set S generates K . Giv en i consider pro ducts of the form:




�

1

0 ;i

:::


�

m

m;i

; �

i

2 f 0 ; 1 g :

W e ha v e 2

m +1

w ords lik e this, eac h of length � 2 m . Hence sub exp onen tial gro wth of

G implies that t w o of these w ords are equal:




�

1

0 ;i

:::


�

m

m;i

= 


�

1

0 ;i

:::


�

m

m;i

;

�

m

6= �

m

. It follo ws that




m;i

= w ( 


0 ;i

; :::; 


m � 1 ;i

) 2 h 


0 ;i

; :::; 


m � 1 ;i

i :

Consider




m +1 ;i

= 
 


m;i




� 1

= 
 w ( 


0 ;i

; :::; 


m � 1 ;i

) 


� 1

= w

0

( 


1 ;i

; :::; 


m;i

) ;

the latter b y inserting pairs 


� 1

; 
 b et w een eac h pair of letters in the w ord w and

using the fact that




j +1 ;i

= 
 


j;i




� 1

; j = 0 ; :::; m � 1 :

Ho w ev er w

0

2 h 


0 ;i

; :::; 


m � 1 ;i

i , since




m;i

2 h 


0 ;i

; :::; 


m � 1 ;i

i :

Th us 


m +1 ;i

2 h 


0 ;i

; :::; 


m � 1 ;i

i to o. W e con tin ue b y induction: It follo ws that 


n;i

2

h 


0 ;i

; :::; 


m � 1 ;i

i for eac h n . Therefore K = h 


0 ;i

; :::; 


m � 1 ;i

i . This pro v es the �rst

assertion.

No w let's pro v e the second estimate. Let Y denote a �nite generating set of K and

X := Y [ f 
 g , where 
 is as ab o v e. Let

H := f h

1

; :::; h

�

Y

([ n= 2])

g

b e distinct elemen ts of K of the norm � [ n= 2] (with resp ect to the generators Y ).

Then w e get pairwise distinct elemen ts

h

i




j

; � [ n= 2] � j � [ n= 2] ; h

j

2 H ;

the length of eac h of these elemen ts is at most n . Hence

n�

Y

([ n= 2]) � �

X

( n ) � C n

d

:

It follo ws that

�

Y

([ n= 2]) � C n

d � 1

:
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5.2 Gro wth of nilp oten t groups

Consider an s -step nilp oten t group G with the lo w er cen tral series

G

0

� G

1

� :::G

s � 1

� 1 ;

and the ab elian quotien ts A

i

= G

=

G

i +1

. Let d

i

denote the rank of A

i

(or, rather, rank

of its free part). De�ne

d ( G ) :=

s � 1

X

i =0

( i + 1) d

i

:

Theorem 102. (Bass, [2 ]) �

G

( R ) � R

d ( G )

.

Example 103. Pro v e Bass' theorem for ab elian groups.

Our goal is to pro v e only that G has p olynomial gro wth without getting a sharp

estimate.

F or the pro of I in tro duce the notion of distortion for subgroups whic h is another

useful concept of the geometric group theory . Let H b e a �nitely generated subgroup

of a �nitely generated group G , let d

H

; d

G

denote the resp ectiv e w ord metrics on H

and G , let B

G

( e; r ) denote r -ball cen tered at the origin in the group G .

De�nition 104. De�ne the distortion function � ( R ) = � ( H : G; R ) as

� ( R ) := max f d

H

( e; h ) : h 2 B

G

( e; R ) g :

The subgroup H is called undistorte d (in G ) if � ( R ) � R .

Example 105. Sho w that H is undistorted i� the em b edding � : H ! G is a quasi-

isometric em b edding.

In general, distortion functions for subgroups can b e as bad as one can imagine, for

instance, nonrecursiv e.

Example 106. Let G := h a; b : aba

� 1

= b

p

i , p � 2. Then the subgroup H = h b i is

exp onen tially distorted in G .

Pr o of. T o establish the lo w er exp onen tial b ound note that:

g

n

:= a

n

ba

� n

= b

p

n

;
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hence d

G

(1 ; g

n

) = 2 n + 1, d

H

(1 ; g

n

) = p

n

, hence

� ( R ) � p

[( R � 1) = 2]

:

It will lea v e the upp er exp onen tial b ound as a exercise (compare the pro of of Theorem

107).

Recall that eac h subgroup of a �nitely generated nilp oten t group is �nitely gener-

ated itself.

Theorem 107. L et G b e a �nitely gener ate d nilp otent gr oup, then every sub gr oup

H � G has p olynomial distortion.

I will pro v e only that the comm utator subgroup G

1

:= [ G; G ] has at most p olyno-

mial distortion. As the equiv alence class of the distortion function is a QI in v arian t, it

su�ces to consider the case where all ab elian quotien ts A

i

= G

i

=G

i +1

are free ab elian.

Consider �rst the case where G is 2-step nilp oten t.

Let T

0

:= f x

1

; :::; x

n

g b e the generators of G and let T

1

:= f [ x

� 1

i

; x

� 1

j

] ; i; j g denote

generators of H = G

1

. Consider a w ord

w = x

�

1

i

1

:::x

�

m

i

m

of length � m , so that w 2 H . This means that the total exp onen t of eac h generator

in the w ord w is zero. Let's reorder the letters in w so that the new w ord starts with

the p o w ers of x

1

, then come the p o w ers of x

2

, etc, b y mo ving �rst all app earances of

x

1

to the left, then of x

2

to the left, etc. This in v olv es at most m

2

\crossings" of the

letters in w . Eac h \crossing" (with i > j ) in v olv es in tro ducing a comm utator of the

corresp onding generators:

x

i

x

j

! x

j

x

i

[ x

� 1

i

; x

� 1

j

]

whic h increases the length of the w ord (in terms of the generators T

0

[ T

1

) b y one

unit. Note that since G is 2-step nilp oten t, the elemen ts of T

1

are in the cen ter of

G , therefore crossing x

k

's with the elemen ts of T

1

do es not c hange the length of the

w ord. After all mo v es to the left are made, in the new w ord the generators from T

0

cancel out and it lea v es us with a new w ord w

0

on the generators from T

1

, so that

d

H

(1 ; w

0

) � m

2

. Hence � ( m ) � m

2

is at most p olynomial.

No w, let's consider the case where G is 3-step nilp oten t, w e ha v e generators T

0

of

G

0

, T

1

of G

1

and the generators

T

2

:= f [ x

� 1

k

; [ x

� 1

j

; x

� 1

i

]] g
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of G

2

. Note that G

2

no w is in the cen ter of G . T ak e a w ord w 2 G and argue the same

w a y as ab o v e: First mo v e the p o w ers of x

1

to the left, then p o w ers of x

2

, etc. This

in tro duces � m

2

comm utators, i.e. generators from T

1

. Ho w ev er these generators no

longer comm ute with the generators from T

0

. Therefore, to mo v e x

k

to the left w e

ha v e to cross it with the generators from T

1

, it in v olv es in tro ducing an extra iterated

comm utator from T

2

:

[ x

i

; x

j

] x

k

! x

k

[ x

i

; x

j

][([ x

i

; x

j

])

� 1

; x

� 1

k

] = x

k

[ x

i

; x

j

] � [[ x

� 1

j

; x

� 1

i

] ; x

� 1

k

] :

The total n um b er of double comm utators in tro duced this w a y is � m

3

. The elemen ts

of T

2

are in the cen ter, therefore crossing x

k

's with elemen ts of T

2

do es not c hange the

length of the w ord. After w e are done mo ving the elemen ts of T

0

to the left they all

cancel out and w e get a w ord in the generators T

1

[ T

2

of the length � m

2

+ m

3

� m

3

.

Th us the subgroup G

1

has distortion � R

3

in G .

Con tin ue inductiv ely on the n um b er of steps of the nilp oten t group...

Theorem 108. Each nilp otent gr oup has at most p olynomial gr owth.

Pr o of. The pro of is b y induction on the n um b er of steps in the nilp oten t group. The

assertion is clear is G is 1-step nilp oten t (i.e. ab elian). Supp ose that eac h s � 1-step

nilp oten t group has at most p olynomial gro wth. Consider s -step nilp oten t group G :

G = G

0

� G

1

� :::G

s � 1

� 1 :

By the induction h yp othesis, G

1

has gro wth � R

d

and, according to Theorem 107,

the distortion of G

1

in G is at most R

D

. Let r denote the rank of the ab elinization

of G .

Consider an elemen t 
 2 B

G

( e; R ), then 
 can b e written do wn as a pro duct w

0

w

1

where w

0

is a w ord on T

0

of the form:

x

k

1

1

:::x

k

n

n

;

and w

1

is a w ord on T

1

. Then k w

0

k � R , and k w

1

k � k w

0

k + k 
 k � 2 R . The n um b er

of the w ords w

0

of length � R is � R

r

. Since G

1

has distortion � R

D

in G , the length

of the w ord w

1

on the generators T

1

is � (2 R )

D

. Since �

G

1

� R

d

w e conclude that

�

G

( R ) � R

r

� (2 R )

dD

� R

dD + r

:

Corollary 109. A solvable gr oup G has p olynomial gr owth i� G is virtual ly nilp otent.
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Pr o of. It remains to sho w that if G is a solv able and has p olynomial gro wth then G

is virtually nilp oten t group. By considering the upp er cen tral series of G w e get the

short exact sequence

1 ! K ! G ! Z :

Supp ose that G has p olynomial gro wth � R

d

, then K is �nitely generated, solv able

and has gro wth � R

d � 1

. By induction, w e can assume that K is virtually nilp oten t.

Then Theorem 99 implies that G is also virtually nilp oten t.

Corollary 110. Supp ose that G is a �nitely gener ate d line ar gr oup. Then G either

has p olynomial or exp onential gr owth.

Pr o of. By Tits alternativ e either G con tains a nonab elian free subgroup (and hence

G has exp onen tial gro wth) or G is virtually solv able. F or virtually solv able groups

the assertion follo ws from Corollary 109.

R. Grigorc h uk [26 ] constructed �nitely generated groups of interme diate gr owth , i.e.

their gro wth is sup erp olynomial but sub exp onen tial. Existence of �nitely-presen ted

groups of this t yp e is unkno wn.

5.3 Elemen ts of the nonstandard analysis

Our discussion here follo ws [25], [57].

Let I b e a coun table set. Recall that an ultr a�lter on I is a �nitely additiv e measure

with v alues in the set f 0 ; 1 g de�ned on the p o w er set 2

I

. W e will assume that ! is

nonprincipal. Giv en a set S de�ne its ultr apr o duct

S

�

:= S

I

=!

as the collection of equiv alence classes of maps f : I ! S where f and g are equiv alen t

i� they agree for ! -all i 2 I . Note that if G is a group (ring, �eld...) then G

�

has

a natural group (ring, �eld...) structure. If S is totally ordered then S

�

is totally

ordered as w ell: [ f ] � [ g ] (for f ; g 2 S

I

) i� f ( i ) � g ( i ) for ! -all i 2 I .

F or subsets P � S w e ha v e the canonical em b edding P , !

^

P � S

�

giv en b y sending

x 2 P to the constan t function f ( i ) = x .

Th us w e de�ne ordered semigroup N

�

(nonstandard natural n um b ers) and ordered

�eld R

�

(nonstandard real n um b ers). An elemen t R 2 R

�

is called in�nitely large if

giv en an y r 2 R � R

�

, one has R � r . Note that giv en an y R 2 R

�

there exists

n 2 N

�

suc h that n > R .
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De�nition 111. A subset W � S

�

1

� ::: � S

�

n

is called internal if \mem b ership in W

can b e determined b y co ordinate-wise computation", i.e. if for eac h i 2 I there is a

subset W

i

� S

1

� ::: � S

n

suc h that for f

1

2 S

I

1

; :::; f

n

2 S

I

n

([ f

1

] ; ::::; [ f

n

]) 2 W ( ) ( f

1

( i ) ; :::; f

n

( i )) 2 W

i

for ! � all i 2 I :

The sets W

i

are called c o or dinates of W .

Using this de�nition w e can also de�ne internal functions S

�

1

! S

�

2

as functions

whose graphs are in ternal subsets of S

�

1

� S

�

2

. Clearly the image of an in ternal function

is an in ternal subset of S

�

2

.

Lemma 112. Supp ose that A � S is in�nite subset. Then

^

A � S

�

is not internal.

Pr o of. Supp ose that A

i

; i 2 I ; are co ordinates of

^

A . Let a

1

; a

2

; :::: b e an in�nite

sequence of distinct elemen ts of A . De�ne the follo wing function f 2 S

I

:

Case 1. f ( n ) = a

j

, where j = max f j

0

: a

j

0

2 A

n

g if the maxim um exists,

Case 2. f ( n ) = a

n + j

, where j = min f j

0

: a

n + j

0

2 A

n

g if the maxim um ab o v e do es

not exist.

Note that for eac h n 2 I , f ( n ) 2 A

n

, therefore [ f ] 2

^

A . Since

^

A consists of (almost)

constan t functions, there exists m 2 N suc h that f ( n ) = a

m

for ! -all n 2 I .

It follo ws that the Case 2 of the de�nition of f cannot o ccur for ! -all n 2 I . Th us

for almost all n 2 I the function f is de�ned as in Case 1. It follo ws that for almost

all n 2 I , a

m +1

=2 A

n

. Th us a

m +1

=2 A , whic h is a con tradiction.

Corollary 113. N is not an internal subset of N

�

.

Supp ose that ( X ; d ) is a metric space. Then X

�

has a natural structure of R

�

-metric

space where the \distance function" d tak es v alues in R

�

+

:

d ([ f ] ; [ g ]) := [ i 7! d ( f ( i ) ; g ( i ))] :

W e will regard d

�

as a generalized metric, so w e will talk ab out metric balls, etc. Note

that the \metric balls" in X

�

are in ternal subsets.

A bit of logic. Let � b e a statemen t ab out elemen ts and subsets of S . The non-

standar d interpr etation �

�

of � is a statemen t obtained from � b y replacing:

1. Eac h en try of the form \ x 2 S " with \ x 2 S

�

".

2. Eac h en try of the form \ A � S " with \ A an in ternal subset of S

�

".
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Theorem 114. (L os) A statement � ab out S is true i� its nonstandar d interpr etation

�

�

ab out S

�

is true.

As a corollary w e get:

Corollary 115. 1. (Completeness axiom) Each nonempty b ounde d fr om ab out inter-

nal subset A � R

�

has supr emum. (Note that R � R

�

do es not have supr emum.)

2. (Nonstandar d induction principle.) Supp ose that S � N

�

is an internal subset

such that 1 2 S and for e ach n 2 S , one has n + 1 2 S . Then S = N

�

. (Note that

this fails for S = N � N

�

.)

Example 116. 1. Giv e a direct pro of of the completeness axiom for R

�

.

2. Use the completeness axiom to deriv e the nonstandard induction principle.

Supp ose w e are giv en a

n

2 R

�

, where n 2 N

�

. Using the nonstandard induction

principle on can de�ne the nonstandard pro ducts:

a

1

:::a

n

; n 2 N

�

;

as an in ternal function f : N

�

! R

�

giv en b y f (1) = a

1

, f ( n + 1) = f ( n ) a

n +1

.

5.4 Regular gro wth theorem

A metric space X is called doubling if there exists a n um b er N suc h that eac h R -ball

in X is co v ered b y N balls of radius R = 2.

Exercise 117. Sho w that doubling implies p olynomial gro wth for spaces of b ounded

geometry .

Although there are spaces of p olynomial gro wth whic h are not doubling, the Regular

Gro wth Theorem b elo w sho ws that groups of p olynomial gro wth exhibit doubling-lik e

b eha viour.

Our discussion here follo ws [57].

Theorem 118. (R e gular gr owth the or em) Supp ose that G is a �nitely gener ate d gr oup

such that �

G

( R ) � R

d

. Then ther e exists an in�nitely lar ge � 2 R

�

such that for al l

i 2 N n f 1 g the fol lowing assertion P ( �; i ) holds:

If x

1

; :::; x

t

2 B ( e; �= 2) � G

�

and the b al ls B ( x

j

; �=i ) ar e p airwise disjoint ( j =

1 ; :::; t ) then t � i

d +1

.

Her e e is the identity in G

�

.
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Pr o of. Start with an arbitrary in�nitely large R 2 R

�

(for instance, represen ted b y

the sequence n , n 2 N = I ). I claim that the n um b er � can b e found within the

in terv al [log R ; R ] (here logarithm is tak en with the base 2). Supp ose to the con trary ,

that for eac h � 2 [log R ; R ] there exists i 2 N n f 1 g suc h that P ( �; i ) fails. Then w e

de�ne the function

� : [log R ; R ] ! N ; � ( � ) is the smallest i for whic h P ( �; i ) fails :

Since the nonstandard distance function is an in ternal function, the function � is

in ternal as w ell, therefore its image has to b e �nite (see Lemma 112). Therefore there

exists K 2 N suc h that

� ( � ) 2 [2 ; K ] ; 8 � 2 [log R ; R ] :

W e no w de�ne (using the nonstandard induction) the follo wing elemen ts of G

�

:

1. x

1

(1) ; :::; x

t

1

(1) 2 B (1 ; R = 2) suc h that t

1

= i

d +1

1

, (for i

1

= � ( R )) and the balls

B ( x

j

(1) ; R =i

1

) are pairwise disjoin t.

2. Eac h nonstandard ball B ( x

j

(1) ; R =i

1

) is isometric to B ( e; R =i

1

). Therefore

failure of P ( R =i

1

; i

2

) ( i

2

= � ( R =i

1

)) implies that in eac h ball B ( x

j

(1) ; R = (2 i

1

)) w e can

�nd p oin ts

x

1

(2) ; :::; x

t

2

(2) ; t

2

= i

d +1

2

;

so that the balls B ( x

j

(2) ; R = ( i

1

i

2

)) are pairwise disjoin t.

W e con tin ue via the nonstandard induction. Giv en u 2 N

�

suc h that the p oin ts

x

1

( u ) ; :::; x

t

u

( u ) are constructed w e construct the next generation of p oin ts x

1

( u +

1) ; :::; x

t

u +1

( u + 1) within eac h ball B ( x

j

( u ) ; R = (2 i

1

:::i

u

)) so that the balls B ( x

j

( u +

1) ; R = ( i

1

:::i

u +1

)) are pairwise disjoin t and t

u +1

= i

d +1

u

.

This induction pro cess con tin ues as long as R = ( i

1

:::i

u +1

) � log R . Recall that i

j

� 2,

hence

R = ( i

1

:::i

u

) � 2

� u

R :

Therefore, if u > log R � log log R then

R = ( i

1

:::i

u

) < log R :

Th us there exists u 2 N

�

suc h that

R = ( i

1

:::i

u

) � log R ; but R = ( i

1

:::i

u +1

) < log R :

Let's coun t the \n um b er" (nonstandard of course!) of p oin ts x

i

( k ) w e ha v e con-

structed b et w een the step 1 of induction and the u -th step of induction:
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W e get i

d +1

1

i

d +1

2

:::i

d +1

u

p oin ts; since

R = ( K log R ) � R = ( i

u +1

log R ) < i

1

:::i

u

;

w e get:

( R = ( K log R ))

d +1

� ( i

1

i

2

:::i

d +1

u

)

d +1

:

What do es this inequalit y really mean? Recall that R and u are represen ted b y

sequences of real and natural n um b ers R

n

; u

n

resp ectiv ely . The ab o v e inequalit y th us

implies that for ! -all n 2 N , one has:

�

R

n

K log R

n

�

d +1

� j B ( e; R

n

) j :

Since j B ( e; R ) j � C R

d

, w e get:

R

n

� C onst (log( R

n

))

d +1

;

for ! -all n 2 N . If R

n

= 2

�

n

, w e obtain

2

�

n

= ( d +1)

� C onst�

n

;

where ! -lim �

n

= 1 . Con tradiction.

Lemma 119. Supp ose that � = ( �

n

) is a se quenc e satisfying the assertion of the

r e gular gr owth the or em. Then the asymptotic c one X

!

c onstructe d fr om the Cayley

gr aph of G by r esc aling via �

n

, is (a) lo c al ly c omp act, (b) has c overing dimension

� d + 1 .

Pr o of. (a) Since X

!

is complete and G

!

acts transitiv ely on X

!

it su�ces to sho w

that the metric ball B ( e

!

; 1) is totally b ounded. Let � > 0. Then there exists i 2 N ,

i � 2, suc h that 1 = (2 i ) < � . In the ball B ( e; � ) � G

�

consider the maximal t ( t � i

d +1

)

for whic h there are p oin ts x

1

; :::; x

t

2 B ( e; �= 2) � G

�

so that the balls B ( x

j

; �=i ) are

pairwise disjoin t. Then the p oin ts x

1

; :::; x

t

form �= (2 i )-net in B ( e; � ). By passing to

X

!

w e conclude that the corresp onding p oin ts x

1 !

; :::; x

t!

2 B ( e

!

; 1) form an � -net.

Since t is �nite w e conclude that B ( e

!

; 1) is totally b ounded and therefore compact.

(b) T o pro v e the dimension b ound I �rst recall the concept of Hausdor� dimension

for compact metric spaces. Let K b e a compact metric space and � > 0. The

� -Hausdor� measure �

�

( K ) is de�ned as

lim

r ! 0

inf

N

X

i =1

r

�

i

;
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where the in�m um is tak en o v er all �nite co v erings of K b y balls B ( x

i

; r

i

), r

i

� r

( i = 1 ; :::; N ). Then the Hausdor� dimension of K is de�ned as:

dim

H aus

( K ) := inf f � : �

�

( K ) = 0 g :

Theorem 120. (Hur ewicz-Wal lman, [31 ]) dim ( K ) � dim

H aus

( K ) , wher e dim stands

for the c overing dimension.

W e will v erify that the Hausdor� dimension of B ( e

!

; 1) is at most d + 1. Pic k

� > d + 1; for eac h i consider the co v ering of B ( e

!

; 1) b y the balls

B ( x

j !

; 2 =i ) ; j = 1 ; :::; t � i

d +1

:

Therefore w e get:

t

X

j =1

(2 =i )

�

� 2

�

i

d +1

=i

�

= 2

�

i

d +1 � �

:

Since � > d + 1, lim

i !1

2

�

i

d +1 � �

= 0. Hence �

�

( B ( e

!

; 1)) = 0. It follo ws that

dim ( B ( e

!

; 1)) � d + 1.

Theorem 121. (Montgomery-Zippin, [41]) Supp ose that X is a top olo gic al sp ac e

which is c onne cte d, lo c al ly c onne cte d, �nite-dimensional and lo c al ly c omp act. Supp ose

that L is a gr oup which acts on X by home omorphisms and the action is tr ansitive.

Then L is a Lie gr oup with �nitely many c onne cte d c omp onents.

5.5 Pro of of Gromo v's theorem

The pro of is b y induction on the degree of p olynomial gro wth. If �

G

( R ) � R

0

= 1

then G is �nite and there is nothing to pro v e. Supp ose that eac h group of gro wth at

most R

d � 1

is virtually nilp oten t. Let G b e a a (�nitely generated group) of gro wth

� R

d

. Find a sequence �

n

satisfying the conclusion of the regular gro wth theorem

and construct the asymptotic cone X

!

of the Ca yley graph of G via rescaling b y the

sequence �

n

. Then X

!

is connected, lo cally connected, �nite-dimensional and lo cally

compact. The group G

!

acts on X

!

isometrically and transitiv ely . Then I som ( X

!

)

is a Lie group L with �nitely man y comp onen ts. W e get the diagonal homomorphism

` : G ! G

!

� L .

W e ha v e the follo wing cases:

(a) The image of ` is not virtually solv able. Then b y Tits' alternativ e, ` ( G ) con tains

a free nonab elian subgroup; it follo ws that G con tains a free nonab elian subgroup as

w ell whic h con tradicts the assumption that G ) has p olynomial gro wth.
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(b) The image of ` is virtually solv able and in�nite. Then, after passing to a �nite

index subgroup in G , w e get a homomorphism � from G on to Z . Then, according to

Prop osition 101, K = K er ( � ) is a �nitely generated group of gro wth � R

d � 1

. Th us,

b y the induction h yp othesis, K is a virtually nilp oten t group. Since G has p olynomial

gro wth, Theorem 99 implies that the group G is virtually nilp oten t as w ell.

(c) ` ( G ) is �nite.

T o see that the latter case can o ccur consider an ab elian group G . Then the

homomorphism ` is actually trivial. Ho w to describ e the k ernel of ` ? F or eac h g 2 G

de�ne the displac ement function � ( g ; r ) := max f d ( g x; x ) : x 2 B ( e; r ) g . Then

K er ( ` ) = f g 2 G : ! -lim � ( g ; �

n

) =�

n

= 0 g :

Fix a generating set g

1

; :::; g

m

of a subgroup G

0

in G . De�ne

D ( G

0

; r ) := max

j =1 ;:::;m

� ( g

j

; r ) :

(This is an abuse of notation, this function of course dep ends not only on G but also

on the c hoice of the generating set.)

Giv en a p oin t in the Ca yley graph, p 2 �

G

, w e de�ne another function

D ( G

0

; p; r ) := max f d ( g

j

x; x ) ; x 2 B ( p; r ) ; j = 1 ; :::; m; g :

Clearly D ( G

0

; e; r ) = D ( G

0

; r ) and for p 2 G � �

G

,

D ( G

0

; p; r ) = D ( p

� 1

G

0

p; r ) ;

where w e tak e the generators p

� 1

g

j

p; j = 1 ; :::; m for the group p

� 1

G

0

p . The function

D ( G

0

; p; r ) is 2-Lipsc hitz as a function of p .

Lemma 122. Supp ose that D ( G

0

; r ) is b ounde d as a function of r . Then G is virtual ly

ab elian.

Pr o of. Supp ose that d ( g

j

x; x ) � C for all x 2 G . Then

d ( x

� 1

g

j

x; 1) � C ;

and therefore the conjugacy class of g

j

in G has cardinalit y � �

G

( C ) = N . Hence

the cen tralizer Z

G

( g

j

) of g

j

in G has �nite index in G : Indeed, if x

0

; :::; x

N

2 G then

there are 0 � i 6= k � N suc h that

x

� 1

i

g

j

x

i

= x

� 1

k

g

j

x

k

) [ x

k

x

� 1

i

; g

j

] = 1 ) x

k

x

� 1

i

2 Z

G

( g

j

) :

59



Th us the in tersection

A :=

m

\

j =1

Z

G

( g

j

)

has �nite index in G ; it follo ws that A \ G

0

is an ab elian subgroup of �nite index in

G

0

.

W e no w assume that ` ( G ) is �nite and consider the subgroup of �nite index G

0

:=

K er ( ` ) � G . Let g

1

; :::; g

m

b e generators of G

0

. By the previous lemma it su�ces

to consider the case when the function D ( G

0

; r ) is un b ounded but has \sublinear

gro wth", i.e.

! -lim � ( g

j

; �

n

) =�

n

= 0 ; j = 1 ; :::; m:

Lemma 123. L et � > 0 . Then ther e exists x

n

2 G such that

! -lim

�

n

D

( x

� 1

n

Gx

n

; �

n

) = �:

Pr o of. F or ! -all n 2 N w e ha v e D ( G

0

; �

n

) � ��

n

= 2. On the other hand, for the giv en

n , there exists q

n

2 G suc h that

D ( G

0

; q

n

; �

n

) > 2 �

n

:

Therefore, since 


G

is connected, there exists y

n

2 �

G

suc h that

D ( G

0

; y

n

; �

n

) = ��

n

:

Pic k a p oin t x

n

2 G nearest to y

n

, then

j D ( G

0

; x

n

; �

n

) � ��

n

j � 2 :

It follo ws that j D ( x

� 1

n

Gx

n

; �

n

) � ��

n

j � 2 and therefore

! -lim

�

n

D

( x

� 1

n

Gx

n

; �

n

) = �:

No w, giv en � > 0 w e de�ne a homomorphism `

�

: G

0

! G

!

� L b y sending eac h

g 2 G

0

to the sequence

[ g ] := [ x

� 1

n

g x

n

] 2 G

!

:

Note that since D ( x

� 1

n

Gx

n

; �

n

) = O ( � ), the elemen ts `

�

( g

j

) b elong to G

!

, hence

`

�

: G ! G

!

.
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W e top ologize the group L via compact-op en top ology with resp ect to its action on

X

!

, th us � -neigh b orho o d of the iden tit y in L con tains all isometries h 2 L suc h that

� ( h; 1) � �;

where � is the displacemen t function of h on the unit ball B ( e

!

; 1). By our c hoice

of x

n

, there exists a generator h = g

j

of G

0

suc h that � ( `

�

( h ) ; 1) = � . If there is an

N 2 N suc h that the order j `

�

( h ) j of `

�

( h ) is at most N for all � , then L con tains

arbitrarily small �nite cyclic subgroups h `

�

( h ) i , whic h is imp ossible since L is a Lie

group. Therefore

lim

� ! 0

j `

�

( h ) j = 1

If for some � > 0, `

�

( G

0

) is in�nite w e are done as ab o v e. Hence w e assume that `

�

( G

0

)

is �nite for all � > 0. W e then use

Theorem 124. (Jor dan) L et L b e a Lie gr oup with �nitely many c onne cte d c omp o-

nents. Then ther e exists a numb er q = q ( L ) such that e ach �nite sub gr oup F in L

c ontains an ab elian sub gr oup of index � q .

W e pro v e this theorem in section 5.6.

F or eac h � consider the preimage G

0

�

in G

0

of the ab elian subgroup in `

�

( G

0

) whic h

is giv en b y Jordan's theorem. The index of G

0

�

in G

0

is at most q . Let G

00

b e the

in tersection of all the subgroups G

0

�

; � > 0. Then G

00

has �nite index in G and G

00

admits homomorphisms on to �nite ab elian groups of arbitrarily large order. Since

all suc h homomorphisms ha v e to factor through the ab elinization ( G

00

)

ab

, the group

( G

00

)

ab

has to b e in�nite. Since ( G

00

)

ab

is �nitely generated it follo ws that it has

non trivial free part, hence G

00

again admits an epimorphism to Z . Th us w e are again

done b y induction.

5.6 Pro of of Jordan's theorem

In this section I outline a pro of of Jordan's theorem, for the details see [47 , Theorem

8.29]. I will b e assuming that L = GL

n

( R ), this do es not restrict us to o m uc h

since eac h connected Lie group em b eds, mo dulo the cen ter, in the group of linear

automorphisms of its Lie algebra.

Giv en a subset 
 � L de�ne inductiv ely subsets 


( i )

as 


( i +1)

= [
 ; 


( i )

], 


(0)

:= 
.

Lemma 125. Ther e is a neighb orho o d 
 of 1 2 L such that

lim

i !1




( i )

= f 1 g :
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Pr o of. Let A; B 2 L b e near the iden tit y; then A = exp ( � ) ; B = exp ( � ) for some � ; �

in the Lie algebra of L . Therefore

[ A; B ] = [1 + � +

1

2

�

2

+ :::; 1 + � +

1

2

�

2

+ ::: ] =

(1 + � +

1

2

�

2

+ ::: )(1 + � +

1

2

�

2

+ ::: )(1 � � +

1

2

�

2

� ::: )(1 � � +

1

2

�

2

� ::: )

By op ening the brac k ets w e see that the linear term in the comm utator [ A; B ] is zero

and eac h term in the resulting in�nite series in v olv es b oth nonzero p o w ers of � and

of � . Therefore

k 1 � [ A; B ] k � C k 1 � A k � k 1 � B k :

Therefore, b y induction, if B

i +1

:= [ A; B

i

], B

1

= B , then

k 1 � [ A; B

i

] k � C

i

k 1 � A k

i

� k 1 � B k :

By taking 
 b e suc h that k 1 � A k < C for all A 2 
, w e conclude that

lim

i !1

k 1 � B

i

k = 0 :

Lemma 126. (Zassenhaus lemma) L et � � L b e a discr ete sub gr oup. Then the set

� \ 
 gener ates a nilp otent sub gr oup.

Pr o of. There exists a neigh b orho o d V of 1 in L suc h that V \ � = f 1 g ; it follo ws

from the ab o v e lemma that all the iterated comm utators of the elemen ts of � \ 


con v erge to 1. It th us follo ws that the iterated m -fold comm utators of the elemen ts

in � \ 
 are trivial for all su�cien tly large m . Therefore the set � \ 
 generates a

nilp oten t subgroup in �.

The �nite subgroup F � L is clearly discrete, therefore the subgroup h F \ 
 i is

nilp oten t. Then log( F \ 
) generates a nilp oten t subalgebra in the Lie algebra of

L . Since F is �nite, it is also compact, hence, up to conjugation, it is con tained in

the maximal compact subgroup K = O ( n ) � GL ( n; R ) = L . The only nilp oten t Lie

subalgebras of K are ab elian subalgebras, therefore the subgroup F

0

generated b y

F \ 
 is ab elian. It remains to estimate the index. Let U � 
 b e a neigh b orho o d

of 1 in K suc h that U � U

� 1

� 
 (i.e. pro ducts of pairs of elemen ts xy

� 1

, x; y 2 U ,

b elong to 
). Let q denote V ol ( K ) =V ol ( U ), where V ol is induced b y the biin v arian t

Riemannian metric on K .

Lemma 127. j F : F

0

j � q .
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Pr o of. Let x

1

; :::; x

q +1

2 F . Then

q +1

X

i =1

V ol ( x

i

U ) = ( q + 1) V ol ( U ) > V ol ( K ) :

Hence there are i 6= j suc h that x

i

U \ x

j

U 6= ; . Th us x

� 1

j

x

i

2 U U

� 1

� 
. Hence

x

� 1

j

x

i

2 F

0

.

This also pro v es Jordan's theorem.

6 Quasiconformal mappings

De�nition 128. Supp ose that D ; D

0

are domains in R

n

, n � 2, and let f : D ! D

0

b e a homeomorphism. The mapping f is called quasiconformal if the function

H

f

( x ) = lim sup

r ! 0

sup f d ( f ( z ) ; f ( x )) : d ( x; z ) = r g

inf f d ( f ( z ) ; f ( x )) : d ( x; z ) = r g

is b ounded from ab o v e in X . A quasiconformal mapping is called K -quasiconformal

if the function H

f

is b ounded from ab o v e b y K a.e. in X .

The notion of quasiconformalit y do es not w ork w ell in the case when the domain

and range are 1-dimensional. It is replaced b y

De�nition 129. Let C � S

1

b e a closed subset. A homeomorphism f : C ! f ( C ) �

S

1

is called quasimo ebius if there exists a constan t K so that for an y quadruple of

m utually distinct p oin ts x; y ; z ; w 2 S

1

their cross-ratio satis�es the inequalit y

K

� 1

�

� ( j f ( x ) : f ( y ) : f ( z ) : f ( w ) j )

� ( j x : y : z : w j )

� K (130)

where � ( t ) = j log( t ) j + 1.

Note that if f is K -quasimo ebius then for an y pair of Mo ebius transformations � ; �

the comp osition � � f � � is again K -quasimo ebius.

Recall that a mapping f : S

n

! S

n

is Mo ebius if it is a comp osition of in v ersions.

Equiv alen tly , f is Mo ebius i� it is the extension of an isometry H

n +1

! H

n +1

. Y et

another equiv alen t de�nition: Mo ebius mappings are the homeomorphisms of S

n

whic h preserv e the cross-ratio.
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Here is another (analytical) description of quasiconformal mappings. A homeomor-

phism f : D ! D

0

is called quasic onformal if it has distributional partial deriv ativ es

in L

n

l oc

( D ) and the ratio

R

f

( x ) := k f

0

( x ) k = j J

f

( x ) j

1 =n

is uniformly b ounded from ab o v e a.e. in D . Here k f

0

( x ) k is the op erator norm of

the deriv ativ e f

0

( x ) of f at x . The essen tial suprem um of R

f

( x ) in D is denoted

b y K

O

( f ) and is called the outer dilatation of f . Let us compare H

f

( x ) and R

f

( x ).

Clearly it is enough to consider p ositiv e-de�nite diagonal matrices f

0

( x ). Let � b e

the maximal eigen v alue of f

0

( x ) and � b e the minimal eigen v alue. Then k f

0

( x ) k = �,

H

f

( x ) = � =� and

R

f

( x ) � H

f

( x ) � R

f

( x )

n

:

Tw o de�nitions of quasiconformalit y (using H

f

and R

f

) coincide (see for instance

[48], [58], [56 ]) and w e ha v e:

K

O

( f ) � K ( f ) � K

O

( f )

n

:

In particular, quasiconformal mappings are di�eren tiable a.e. and their deriv ativ e is

a.e. in v ertible.

Note that quasiconformalit y of mappings and the co e�cien ts of quasiconformal-

it y K ( f ), K

O

( f ) do not c hange if instead of the Euclidean metric w e consider a

conformally-Euclidean metric in D . This allo ws us to de�ne quasiconformal map-

pings on domains in S

n

, via the stereographic pro jection.

Examples:

1. If f : D ! D

0

is a conformal homeomorphism the f is quasiconformal. Indeed,

conformalit y of f means that f

0

( x ) is a similarit y matrix for eac h x , hence R

f

( x ) = 1

for eac h x . In particular, Mo ebius transformations are quasiconformal.

2. Supp ose that the homeomorphism f extends to a di�eomorphism D ! D

0

and

the closure D is compact. Then f is quasiconformal.

3. Comp ositions and in v erses of quasiconformal mappings are quasiconformal.

Moreo v er, K

O

( f � g ) � K

O

( f ) K

O

( g ), K

O

( f ) = K

O

( f

� 1

).

Theorem 131. (Liouvil le's the or em for quasic onformal mappings, se e [48], [44 ].)

Supp ose that f : S

n

! S

n

, n � 2 , is a quasic onformal mapping which is c onformal

a.e., i.e. for a.e. x 2 S

n

, R

f

( x ) = 1 . Then f is Mo ebius.
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Conformalit y of f at x means that the deriv ativ e f

0

( x ) exists and is a similarit y

matrix (i.e. is the pro duct of a scalar and an orthogonal matrix).

Historical remark. Quasiconformal mappings for n = 2 w ere in tro duced in 1920-

s b y Gro etc h as a generalization of conformal mappings. Quasiconformal mappings

in higher dimensions w ere in tro duced b y La vren tiev in 1930-s for the purp oses of

application to h ydro dynamics. The disco v ery of relation b et w een quasi-isometries

of h yp erb olic spaces and quasiconformal mappings w as made b y Efremo vic h and

Tihomiro v a [16] and Mosto w [44 ] in 1960-s.

Theorem 132. Supp ose that f : H

n

! H

n

is a ( k ; c ) -quasi-isometry. Then the

home omorphic extension h = f

1

of f to @

1

H

n

c onstructe d in The or em 78 is a qua-

sic onformal home omorphism (if n � 3 ) and quasimo ebius (if n = 2 ).

Pr o of. I will v erify quasiconformalit y of h for n � 3 and will lea v e the case n = 2 to

the reader. According to the de�nition, it is enough to v erify quasiconformalit y at

eac h particular p oin t x with uniform estimates on the function H

h

( x ). Th us, after

comp osing h with Mo ebius transformations, w e can tak e x = 0 = h ( x ), h ( 1 ) = 1 ,

where w e consider the upp er half-space mo del of H

n

.

T ak e a Euclidean sphere S

r

(0) in R

n � 1

with the cen ter at the origin. This sphere

is the ideal b oundary of a h yp erplane P

r

� H

n

whic h is orthogonal to the v ertical

geo desic L � H

n

, connecting 0 and 1 . Let x

r

= L \ P

r

. Let �

L

: H

n

! L b e the

nearest p oin t pro jection. The h yp erplane P

r

can b e c haracterized b y the follo wing

equiv alen t prop erties:

P

r

= f w 2 H

n

: �

L

( w ) = x

r

g

P

r

= f w 2 H

n

: d ( w ; x

r

) = d ( w ; L ) g :

Since quasi-isometric images of geo desics in H

n

are uniformly close to geo desics, w e

conclude that

diam [ �

L

( f ( P

r

))] � C onst

where C onst dep ends only on the quasi-isometry constan ts of f . The pro jection �

L

extends naturally to @

1

H

n

. W e conclude:

diam [ �

L

( h ( S

r

(0)))] � C onst:

Th us h ( S

r

(0)) is con tained in a spherical shell

f z 2 R

n � 1

: �

1

� j z j � �

2

g

where log[ �

1

=�

2

] � C onst . This implies that the function H

h

(0) is b ounded from

ab o v e b y K := exp ( C onst ). W e conclude that the mapping h is K -quasiconformal.
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7 Quasi-isometries of non uniform lattices in H

n

.

Recall that a lattic e in a Lie group G (with �nitely man y comp onen ts) is a discrete

subgroup � suc h that the quotien t � n G has �nite v olume. Here the left-in v arian t

v olume form on G is de�ned b y taking a Riemannian metric on G whic h is left-

in v arian t under G and righ t-in v arian t under K , the maximal compact subgroup of G .

Th us, if X := G=K , then this quotien t manifold has a Riemannian metric whic h is

(left) in v arian t under G . Hence, � is a lattice i� � acts on X prop erly discon tin uously

so that v ol (� n X ) is �nite. Note that the action of � on X is a priori not free. A

lattice 
 is called uniform if � n X is compact and � is called nonuniform otherwise.

Note that eac h lattice is �nitely-generated (this is not at all ob vious), in the case

of the h yp erb olic spaces �nite generation follo ws from the thic k-thin decomp osition

ab o v e. Th us, if � is a lattice, then it con tains a torsion-free subgroup of �nite index

(Selb erg lemma). In particular, if � is a non uniform lattice in H

2

then � is virtually

free of rank � 2.

Example 133. Consider the subgroups �

1

:= S L (2 ; Z ) � S L (2 ; R ), �

2

:= S L (2 ; Z [ i ])

� S L (2 ; C ). Then �

1

; �

2

are non uniform lattices. Here Z [ i ] is the ring of Gaussian

in tegers, i.e. elemen ts of Z � i Z . The discreteness of �

1

; �

2

is clear, but �niteness of

v olume requires a pro of.

Let's sho w that �

i

, i = 1 ; 2, are not uniform. I will giv e the pro of in the case of �

1

,

the case of �

2

is similar.

Note that the symmetric space S L (2 ; R ) =S O (2) is the h yp erb olic plane. I will use

the upp er half-plane mo del of H

2

. The group �

1

con tains the upp er triangular matrix

A :=

�

1 1

0 1

�

:

This matrix acts on H

2

b y the parab olic translation 
 : z 7! z + 1 (of in�nite order).

Consider the p oin ts z := (0 ; y ) 2 H

2

with y ! 1 . Then the length of the geo desic

segmen t z 
 ( z ) tends to zero as y div erges to in�nit y . Hence the quotien t S := �

1

n H

2

has injectivit y radius un b ounded from b elo w (from zero), hence S is not compact.

More generally , lattices in a Lie group can b e constructed as follo ws: let h : G !

GL ( N ; R ) b e a homomorphism with �nite k ernel. Let � := h

� 1

( GL ( N ; Z )). Then �

is an arithmetic lattic e in G .

Recall that a hor ob al l in H

n

(in the unit ball mo del) is a domain b ounded b y a

round Euclidean ball B � H

n

, whose b oundary is tangen t to the b oundary of H

n
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in a single p oin t (called the c enter or fo otp oint of the horoball). The b oundary of a

horoball in H

n

is called a hor ospher e . In the upp er half-space mo del, the horospheres

with the fo otp oin t 1 are horizon tal h yp erplanes

f ( x

1

; :::; x

n � 1

; t ) : ( x

1

; :::; x

n � 1

) 2 R

n � 1

g ;

where t is a p ositiv e constan t.

Theorem 134. (Thick-thin de c omp osition) Supp ose that � is a nonuniform lattic e in

I som ( H

n

) . Then ther e exists an (in�nite) c ol le ction C of p airwise disjoint hor ob al ls

C := f B

j

; j 2 J g , which is invariant under � , so that ( H

n

n [

j

B

j

) = � is c omp act.

The quotien t ( H

n

n [

j

B

j

) = � is called the thick p art of M = H

n

= � and its (noncom-

pact) complemen t in M is called thin p art of M .

W

B1

B

B

BB

3

45

2

thick

thin

T   R+x

T

H n / G

H n

Figure 14: T runcated h yp erb olic space and thic k-thin decomp osition.

The complemen t 
 := H

n

n [

j

B

j

is called a trunc ate d hyp erb olic sp ac e . Note that

the stabilizer �

j

of eac h horosphere @ B

j

acts on this horosphere co compactly with the

quotien t T

j

:= @ B

j

= �

j

. The quotien t B

j

= �

j

is naturally homeomorphic to T

j

� R

+

,

this pro duct decomp osition is inherited from the foliation of B

j

b y the horospheres

with the common fo otp oin t �

j

and the geo desic ra ys asymptotic to �

j

. In the case �

is torsion-free, orien tation preserving and n = 3, the quotien ts T

j

are 2-tori.

De�nition 135. Let � � G b e a subgroup. The c ommensur ator of � in G , denoted

C omm (�) consists of all g 2 G suc h that the groups g � g

� 1

and � are c ommensur able ,

i.e. their in tersection has �nite index in the b oth groups.

Here is an example of the commensurator: let � := S L (2 ; Z [ i ]) � S L (2 ; C ). Then

the commensurator of � is the group S L (2 ; Q ( i )). In particular, the group C omm (�)

is nondiscrete in this case. There is a theorem of Margulis, whic h states that a lattice
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in G is arithmetic if and only if its commensurator is discrete. W e note that eac h

elemen t g 2 C omm (�) determines a quasi-isometry f : � ! �. Indeed, the Hausdor�

distance b et w een � and g � g

� 1

is �nite. Hence the quasi-isometry f is giv en b y

comp osing g : � ! g � g

� 1

with the nearest-p oin t pro jection to �.

The main goal of the remainder of the course is to pro v e the follo wing

Theorem 136. (R. Schwartz [49 ].) L et � � I som ( H

n

) is a nonuniform lattic e,

n � 3 . Then:

(a) F or e ach quasi-isometry f : � ! � ther e exists 
 2 C omm (�) which is within

�nite distanc e fr om f . The distanc e b etwe en these maps dep ends only on � and on

the quasi-isometry c onstants of f .

(b) Supp ose that � ; �

0

ar e non-uniform lattic es which ar e quasi-isometric to e ach

other. Then ther e exists an isometry g 2 I som ( H

n

) such that the gr oups �

0

and g � g

� 1

ar e c ommensur able.

(c) Supp ose that �

0

is a �nitely-gener ate d gr oup which is quasi-isometric to a

nonuniform lattic e � ab ove. Then the gr oups � ; �

0

ar e we akly c ommensur able, i.e.

ther e exists a �nite normal sub gr oup F � �

0

such that the gr oups � ; �

0

=F c ontain

isomorphic sub gr oups of �nite index.

The ab o v e theorem fails in the case of the h yp erb olic plane (except for the last

part).

7.1 Coarse top ology of truncated h yp erb olic spaces

On eac h truncated h yp erb olic space 
 w e put the path-metric whic h is induced b y

the restriction of the Riemannian metric of H

n

to 
. This metric is in v arian t under

� and since the quotien t 
 = � is compact, 
 is quasi-isometric to the group �. Note

that the restriction of this metric to eac h p eripheral horosphere � is a 
at metric.

The follo wing lemma is the k ey for distinguishing the case of the h yp erb olic plane

from the higher-dimensional h yp erb olic spaces (of dimension � 3):

Lemma 137. L et 
 is a trunc ate d hyp erb olic sp ac e of dimension � 3 . Then e ach

p eripher al hor ospher e � � 
 do es not c o arsely sep ar ate 
 .

Pr o of. Let R < 1 and let B b e the horoball b ounded b y �. Then the union of

N

R

(�) [ B is a horoball B

0

in H

n

(where the metric neigh b orho o d is tak en in H

n

).

The horoball B

0

do es not separate H

n

. Therefore, for eac h pair of p oin ts x; y 2 
 n B

0

,

there exists a PL path p connecting them within H

n

n B

0

. If the path p is en tirely
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con tained in 
, w e are done. Otherwise, it can b e sub divided in to �nitely man y

subpaths, eac h of whic h is either con tained in 
 or connects a pair of p oin ts on the

b oundary of a complemen tary horoball B

j

� H

n

n �. The in tersection of N

(
)

R

( B

0

)

with �

j

= @ B

j

is a metric ball in the Euclidean space �

j

(here N

(
)

R

is the metric

neigh b orho o d tak en within 
). Note that a metric ball do es not separate R

n � 1

,

pro vided that n � 1 � 2. Th us w e can replace p

j

= p \ B

j

with a new path p

0

j

whic h

connects the end-p oin ts of p

j

within the complemen t �

j

n N

(
)

R

( B

0

). By making these

replacemen ts for eac h j w e get a path connecting x to y within 
 n N

(
)

R

(�).

Let no w 
 ; 


0

b e truncated h yp erb olic spaces (of the same dimension), f : 
 ! 


0

b e a quasi-isometry . Let � b e a p eripheral horosphere of 
, consider its image f (�)

in 


0

.

Prop osition 138. Ther e exists a p eripher al hor ospher e �

0

� @ 


0

which is within

�nite Hausdor� distanc e fr om f (�) .

Pr o of. Note that 
, b eing isometric to R

n � 1

, has b ounded geometry and is uniformly

con tractible. Therefore, according to Theorem 58, f (�) coarsely separates H

n

; ho w-

ev er it cannot coarsely separate 


0

, since f is a quasi-isometry and � do es not coarsely

separate 
. Let R < 1 b e suc h that N

R

( f (�)) separates H

n

in to (t w o) deep comp o-

nen ts X

1

; X

2

. Supp ose that for eac h complemen tary horoball B

0

j

of 


0

(b ounded b y

the horosphere �

0

j

),

N

� R

( B

0

j

) := B

0

j

n N

R

(�

0

j

) � X

1

:

Then the en tire 


0

is con tained in N

R

( f (�)). It follo ws that f (�) do es not coarsely

separate H

n

, a con tradiction. Th us there are complemen tary horoballs B

0

1

; B

0

2

for 


0

suc h that N

� R

( B

0

1

) � X

1

; N

� R

( B

0

2

) � X

2

. If either �

1

or �

2

is not con tained in

N

r

( f (�)) for some r then f (�) coarsely separates 


0

. Th us w e found a horosphere

�

0

:= �

0

1

suc h that

�

0

� N

r

( f (�)) :

Our goal is to sho w that f (�) � N

�

(�

0

) for some � < 1 . The nearest-p oin t pro jection

�

0

! f (�) de�nes a quasi-isometric em b edding h : �

0

! �. Ho w ev er Lemma 71

pro v es that a quasi-isometric em b edding b et w een t w o Euclidean spaces of the same

dimension is a quasi-isometry . Th us there exists � < 1 suc h that f (�) � N

�

(�

0

).

Lemma 139. d

H aus

( f (�) ; �

0

)) � r , wher e r is indep endent of � .

Pr o of. The pro of is b y insp ection of the argumen ts in the pro of of the previous prop o-

sition. First of all, the constan t R dep ends only on the quasi-isometry constan ts of the
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mapping f and the uniform geometry/uniform con tractibilit y b ounds for R

n � 1

and

H

n

. The inradii of the shallo w complemen tary comp onen ts of N

R

( f (�)) again dep end

only on the ab o v e data. Therefore there exists a uniform constan t r suc h that �

1

of �

2

is con tained in N

r

( f (�)). Finally , the upp er b ound on � suc h that N

�

( I mag e ( h )) = �

0

(coming from Lemma 71) again dep ends only on the quasi-isometry constan ts of the

pro jection h : �

0

! �.

7.2 Hyp erb olic extension

The main result of this section is

Theorem 140. f admits a quasi-isometric extension

~

f : H

n

! H

n

.

Pr o of. W e will construct the extension

~

f in to eac h complemen tary horoball B �

H

n

n 
. Without loss of generalit y w e can use the upp er half-space mo del of H

n

so

that the horoballs B and B

0

are b oth giv en b y

f ( x

1

; :::; x

n � 1

; 1) : ( x

1

; :::; x

n � 1

) 2 R

n � 1

g :

W e will also assume that f (�) � �

0

. F or eac h v ertical geo desic ra y � ( t ) ; t 2 R

+

, in B

j

w e de�ne the geo desic ra y �

0

( t ) to b e the v ertical geo desic ra y in B

0

with the initial

p oin t f ( � (0)). This giv es the extension of f in to B :

~

f ( r ho ( t )) = �

0

( t ) :

Let's v erify that this extension is coarsely Lipsc hitz. Let x and y 2 B b e p oin ts

within the (h yp erb olic) distance � 1. By the triangle inequalit y it su�ces to consider

the case when x; y b elong to the same horosphere H

t

(of the Euclidean heigh t t )

with the fo otp oin t at 1 (if x and y b elong to the same v ertical ra y w e clearly get

d (

~

f ( x ) ;

~

f ( y )) = d ( x; y )). Note that the distance from x to y along the horosphere H

do es not exceed � , whic h is indep enden t of t . Let �x ; �y denote the p oin ts in � suc h that

x; y b elong to the v ertical ra ys in B

j

with the initial p oin ts �x ; �y resp ectiv ely . Then

d

�

( � x; �y ) = td

H

t

( x; y ) � �t:

Hence, since f is ( L; A )-coarse Lipshitz,

d

�

( f ( � x ) ; f ( � y )) � L�t + A:

It follo ws that

d

�

(

~

f ( x ) ;

~

f ( y )) � L� + A=t � L� + A:
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This pro v es that the extension

~

f is coarse Lipsc hitz in the horoball B . Since the

coarse Lipsc hitz is a lo cal prop ert y , the mapping

~

f is coarse Lipsc hitz on H

n

. The

same argumen t applies to the h yp erb olic extension

~

f

0

of the coarse in v erse f

0

to the

mapping f . It is clear that the mapping

~

f �

~

f

0

and

~

f

0

�

~

f ha v e b ounded displacemen t.

Th us

~

f is a quasi-isometry .

Since

~

f is a quasi-isometry of H

n

, it admits a quasiconformal extension h : @

1

H

n

!

@

1

H

n

. Let � ; �

0

denote the sets of the fo otp oin ts of the p eripheral horospheres of


 ; 


0

resp ectiv ely . It is clear that h (�) = �

0

.

7.3 Zo oming in

Our main goal is to sho w that the mapping h constructed in the previous section is

Mo ebius. By the Liouville's theorem for quasiconformal mappings, h is Mo ebius i�

for a.e. p oin t � 2 S

n � 1

, the deriv ativ e of h at � is a similarit y . W e will b e w orking

with the upp er half-space of the h yp erb olic space H

n

.

Prop osition 141. Supp ose that h is not Mo ebius. Then ther e exists a quasi-isometry

F : 
 ! 


0

whose extension to the spher e at in�nity is a line ar map which is not a

similarity.

Pr o of. Since h is di�eren tiable a.e. and is not Mo ebius, there exists a p oin t � 2

S

n � 1

n � suc h that D h ( � ) exists, is in v ertible but is not a similarit y . By pre- and

p ost-comp osing f with isometries of H

n

w e can assume that � = 0 = h ( � ). Let

L � H

n

denote the v ertical geo desic through � . Since � is not a fo otp oin t of a

complemen tary horoball to 
, there exists a sequence of p oin ts x

j

2 L \ 
 whic h

con v erges to � . F or eac h t 2 R

+

de�ne �

t

: z 7! tz , a h yp erb olic translation along L .

Let t

j

b e suc h that �

t

j

( x

1

) = x

j

. Set

~

f

j

:= �

� 1

t

j

�

~

f � �

t

j

;

the quasiconformal extensions of these mappings to @

1

H

n

are giv en b y

h

j

( z ) =

h ( t

j

z )

t

j

:

By the de�nition of di�eren tiabilit y ,

lim

j !1

h

j

= A = D h (0) ;
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where the con v ergence is uniform on compacts in R

n � 1

. Let's v erify that the sequence

of quasi-isometries

~

f

j

sub con v erges to a quasi-isometry of H

n

. Indeed, since the quasi-

isometry constan ts of all

~

f

j

are the same, it su�ces to sho w that f

~

f

j

( x

1

) g is a b ounded

sequence in H

n

. Let L

1

; L

2

denote a pair of distinct geo desics in H

n

through x

1

, so

that the p oin t 1 do es not b elong to L

1

[ L

2

. Then the quasi-geo desics

~

f

j

( L

i

) are

within distance � C from geo desics L

�

1 j

; L

�

2 j

in H

n

. Note that the geo desics L

�

1 j

; L

�

2 j

sub con v erge to geo desics in H

n

with distinct end-p on ts (since the mapping A is 1-

1). The p oin t

~

f

j

( x

1

) is within distance � C from L

�

1 j

; L

�

2 j

. If the sequence

~

f

j

( x

1

) is

un b ounded, w e get that L

�

1 j

; L

�

2 j

sub con v erge to geo desics with a common end-p oin t

at in�nit y . Con tradiction.

W e th us pass to a subsequence suc h that

~

f

j

con v erges to a quasi-isometry f

1

:

H

n

! H

n

. Note ho w ev er that f

1

in general do es not send 
 to 


0

. Recall that


 = � ; 


0

= �

0

are compact. Therefore there exist sequences 


j

2 � ; 


0

j

2 �

0

suc h that




j

( x

j

), 


0

j

(

~

f ( x

j

)) b elong to a compact subset of H

n

. Hence the sequences �

j

:=

�

� 1

t

j

� 


� 1

j

; �

0

j

:= �

� 1

t

j

� 


0� 1

j

is precompact in I som ( H

n

) and therefore they sub con v erge

to isometries �

1

; �

0

1

2 I som ( H

n

). Set




j

:= �

� 1

t

j


 = �

� 1

t

j

� 


� 1

j


 = �

j


 ;




0

j

:= �

� 1

t

j




0

= �

0

j




0

;

then

~

f

j

: 


j

! 


0

j

. On the other hand, the sets 


j

; 


0

j

sub con v erge to the sets

�

1


 ; �

0

1




0

and

~

f

1

is a quasi-isometry b et w een �

1


 and �

0

1




0

. Since �

1


 and

�

0

1




0

are isometric copies of 
 and 


0

the assertion follo ws.

The situation when w e ha v e a linear mapping (whic h is not a similarit y) mapping

� to �

0

seems at the �rst glance imp ossible. Here ho w ev er is an example:

Example 142. Let � := S L (2 ; Z [ i ]) ; �

0

:= S L (2 ; Z [

p

� 2]). Then � = Q ( i ) ; �

0

=

Q (

p

� 2 ).

De�ne a real linear mapping A : C ! C b y sending 1 to 1 and i to

p

� 2 . Then A

is not a similarit y , ho w ev er A (�) = �

0

).

Th us to get a con tradiction w e ha v e to exploit the fact that the linear map in

question is quasiconformal extension of an isometry b et w een truncated h yp erb olic

spaces.
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7.4 In v erted linear mappings

Let A : R

n � 1

! R

n � 1

b e an (in v ertible) linear mapping and I b e the in v ersion in the

unit sphere ab out the origin, i.e.

I ( x ) =

x

j x j

2

:

De�nition 143. An in v erted linear map is the comp osition h := I � A � I , i.e.

h ( x ) =

j x j

2

j Ax j

2

A ( x ) :

Lemma 144. The function � ( x ) =

j x j

2

j Ax j

2

is asymptotically constan t , i.e. the gr adient

of � c onver ges to zer o as j x j ! 1 .

Pr o of. The function � is a rational function of degree zero, hence its gradien t is a

rational v ector-function of degree � 1.

Note ho w ev er that � is not a constan t mapping unless A is a similarit y . Hence h is

linear i� A is a similarit y .

Corollary 145. L et R b e a �xe d p ositive r e al numb er, x

j

2 R

n � 1

, j x

j

j ! 1 . Then

the function h ( x � x

j

) � h ( x

j

) c onver ges (uniformly on the R -b al l B (0 ; R ) ) to a line ar

function, as j ! 1 .

W e w ould lik e to strengthen the assertion that � is not constan t (unless A is a

similarit y). Let G b e a discrete group of Euclidean isometries acting co compactly on

R

n � 1

. Fix a G -orbit Gx , for some x 2 R

n � 1

.

Lemma 146. Ther e exists a numb er R and a se quenc e of p oints x

j

2 Gx diver ging

to in�nity such that the r estrictions � to B ( x

j

; R ) \ Gx ar e not c onstant for al l j .

Pr o of. Let P b e a compact fundamen tal domain for G , con taining x . Let � denote

diam ( P ). Pic k an y R � 4 � . Then B ( x; R ) con tains all images of P under G whic h

are adjacen t to P . Supp ose that the sequence x

j

as ab o v e do es not exist. This means

that there exists r < 1 suc h that the restriction of � to B ( x

j

; R ) is constan t for eac h

x

j

2 Gx n B (0 ; r ). It follo ws that the function � is actually constan t on Gx n B (0 ; r ).

Note that the set

f y = j y j ; y 2 Gx n B (0 ; r ) g

is dense in the unit sphere. Since � ( y = j y j ) = � ( y ) it follo ws that � is a constan t

function.
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W e no w return to the discussion of quasi-isometries.

Let A b e an in v ertible linear mapping (whic h is not a similarit y) constructed in the

previous section, b y comp osing A with Euclidean translations w e can assume that 0 =

A (0) b elongs to b oth � and �

0

. Then 1 = I (0) b elongs to b oth I (�) and I (�

0

). T o

simplify the notation w e replace � ; 
 ; �

0

; 


0

with I (�) ; I (
) ; I (�

0

) ; I (


0

) resp ectiv ely .

Then the truncated h yp erb olic spaces 
 ; 


0

ha v e complemen tary horoballs B

1

; B

0

1

.

Giv en x 2 R

n � 1

de�ne h

�

( x ) := h (�

1

x ). Let �

1

, �

0

1

b e the stabilizers of 1 in

� ; �

0

resp ectiv ely . Without loss of generalit y w e can assume that 1 2 � ; �

0

, hence

�

1

, �

0

1

act co compactly (b y Euclidean isometries) on R

n � 1

.

Lemma 147. (Sc attering lemma) Supp ose that A is not a similarity. Then for e ach

x 2 R

n � 1

, h

�

( x ) is not c ontaine d in �nitely many �

0

1

-orbits.

Pr o of. Let x

j

= 


j

x 2 �

1

x and R < 1 b e as in Lemma 146, where G = �

1

. W e

ha v e a sequence of maps 


0

j

2 �

0

1

suc h that 


0

j

h ( x

j

) is relativ ely compact in R

n � 1

.

Then the mapping h j B ( x

j

; R ) \ �

1

x is not linear for eac h j (Lemma 146). Ho w ev er

the sequence of maps




0

j

� h � 


j

:= h

j

con v erges to an a�ne mapping h

1

on B ( x; R ) (since h is asymptotically linear). W e

conclude that the union

[

j =1

h

j

(�

1

x \ B ( x; R ))

is an in�nite set.

Theorem 148. Supp ose that h is an inverte d line ar map which is not a similarity.

Then h admits no quasi-isometric extension 
 ! 


0

.

Pr o of. Let x b e a fo otp oin t of a complemen tary horoball B to 
, B 6= B

1

. Then,

b y the scattering lemma, h

�

( x ) is not con tained in a �nite union of �

0

1

-orbits. Let




j

2 �

1

b e a sequence suc h that the �

0

1

-orbits of the p oin ts x

0

j

:= h


j

( x ) are all

distinct. Let B

0

j

denote the complemen tary horoball to 


0

whose fo otp oin t is x

0

j

. It

follo ws that the Euclidean diameters of the complemen tary horoballs B

0

j

con v erge to

zero. Let B

j

b e the complemen tary horoball to 
 whose fo otp oin t is 


j

x . Then

dist ( B

j

; B

1

) = dist ( B

1

; B

1

) = � log( diam ( B

1

)) = D ;

dist ( B

0

j

; B

0

1

) = � log( diam ( B

0

j

)) ! 1 :

If f : 
 ! 


0

is an ( L; A ) quasi-isometry whose quasiconformal extension is h then

dist ( B

0

j

; B

0

1

) � L ( D + C onst ) + A:
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Con tradiction.

Therefore w e ha v e pro v en

Theorem 149. Supp ose that f : 
 ! 


0

is a quasi-isometry of trunc ate d hyp erb olic

sp ac es. Then f admits an (unique) extension to S

n � 1

which is Mo ebius.

7.5 Pro of of Theorem 136

(a) F or eac h quasi-isometry f : � ! � there exists 
 2 C omm (�) whic h is within

�nite distance from f .

Pr o of. The quasi-isometry f extends to a quasi-isometry of the h yp erb olic space

~

f : H

n

! H

n

. The latter quasi-isometry extends to a quasiconformal mapping

h : @

1

H

n

! @

1

H

n

. This quasiconformal mapping has to b e Mo ebius according to

Theorem 149. Therefore

~

f is within �nite distance from an 
 isometry of H

n

(whic h is

an isometric extension of h to H

n

). It remains to v erify that 
 b elongs to C omm (�).

W e note that 
 sends the p eripheral horospheres of 
 within (uniformly) b ounded

distance of p eripheral horospheres of 
. The same is of course true for all mappings

of the group �

0

:= 
 � 


� 1

. Th us, if 


0

2 �

0

�xes a p oin t in � (a fo otp oin t of a

p eripheral horosphere �), then it has to preserv e �: Otherwise b y iterating 


0

w e

w ould get a con tradiction. The same applies if 


0

( �

1

) = �

2

, where �

1

; �

2

2 � are in

the same �-orbit: 


0

(�

1

) = �

2

, where �

i

is the fo otp oin t of the p eripheral horosphere

�

i

. Therefore w e mo dify 
 as follo ws: Pic k p eripheral horospheres �

1

; :::; �

m

with

disjoin t �-orbits and for eac h 


0

2 �

0

suc h that 


0

(�

i

) is not con tained in 
, w e replace

the p eripheral horosphere parallel to 


0

(�

i

) with the horosphere 


0

(�

i

). As the result

w e get a new truncated h yp erb olic space 


0

whic h is in v arian t under b oth � and �

0

.

Observ e no w that the group �

00

generated b y � ; �

0

acts on 
 prop erly discon tin uously

and co compactly . Therefore the pro jections


 = � ! 
 = �

00

; 
 = �

0

! 
 = �

00

are �nite-to-one maps. It follo ws that j �

00

: � j and j �

00

: �

0

j are b oth �nite. Therefore

the groups � ; �

0

are commensurable and 
 2 C omm (�).

T o pro v e a uniform b ound on the distance d ( f ; g j �) w e notice that f and g ha v e

the same extension to the sphere at in�nit y . Therefore, b y 79, the distance d ( f ; g ) is

uniformly b ounded in terms of the quasi-isometry constan ts of f .

(b) Supp ose that � ; �

0

are non-uniform lattices whic h are quasi-isometric to eac h

other. Then there exists an isometry g 2 I som ( H

n

) suc h that the groups �

0

and

g � g

� 1

are commensurable.
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Pr o of. The pro of is analogous to (a): The quasi-isometry f is within �nite distance

from an isometry g . Then the elemen ts of the group g � g

� 1

ha v e the prop ert y that

they map the truncated h yp erb olic space 


0

of �

0

within (uniformly) b ounded distance

from 
. Therefore w e can mo dify 


0

to get a truncated h yp erb olic space 


00

whic h is

in v arian t under b oth �

0

and g � g

� 1

. The rest of the argumen t is the same as for (a).

(c) Supp ose that �

0

is a �nitely-generated group whic h is quasi-isometric to a

non uniform lattice � ab o v e. Then the groups � ; �

0

are w eakly commensurable, i.e.

there exists a �nite normal subgroup K � �

0

suc h that the groups � ; �

0

=K con tain

isomorphic subgroups of �nite index.

Pr o of. Let f : � ! �

0

b e a quasi-isometry and let f

0

: �

0

! � b e its quasi-in v erse.

W e de�ne the set of uniform quasi-isometries

�

0

f

:= f

0

� �

0

� f

of the truncated h yp erb olic space 
 of the groups �. Eac h quasi-isometry g 2 �

0

f

is within a (uniformly) b ounded distance from a quasi-isometry of 
 induced b y an

elemen t g

�

of C omm (�). W e get a map

 : 


0

7! f

0

� 


0

� f 7! ( f

0

� 


0

� f )

�

2 C omm (�) :

I claim that this map is a homomorphism with �nite k ernel. Let's �rst c hec k that

this map is a homomorphism:

d ( f

0

� 


0

1




0

2

� f ; f

0

� 


0

1

� f � f

0

� 


0

2

� f ) < 1 ;

hence the ab o v e quasi-isometries ha v e the same Mo ebius extension to the sphere at

in�nit y . Supp ose that 


0

2 K er (  ). Then the quasi-isometry f

0

� 


0

� f has a b ounded

displacemen t on 
. Since the family of quasi-isometries

f f

0

� 


0

� f ; 


0

2 K g

has uniformly b ounded quasi-isometry constan ts, it follo ws that they ha v e uniformly

b ounded displacemen t. Hence the elemen ts 


0

2 K ha v e uniformly b ounded displace-

men t as w ell. Therefore the normal subgroup K is �nite. The rest of the argumen t

is the same as for (a) and (b): The groups � ; �

00

:=  (�

0

) � C omm (�) act on a

truncated h yp erb olic space 


0

whic h is within �nite distance from 
. Therefore the

groups �

00

; � are commensurable.
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8 A quasi-surv ey of QI rigidit y

Giv en a group G one de�nes the abstr act c ommensur ator C omm ( G ) as follo ws. The

elemen ts of C omm ( G ) are equiv alence classes of isomorphisms b et w een �nite index

subgroups of G . Tw o suc h isomorphisms  : G

1

! G

2

; � : G

0

1

! G

0

2

are equiv a-

len t if their restrictions to further �nite index subgroups G

00

1

! G

00

2

are equal. The

comp osition and the in v erse are de�ned in the ob vious w a y , making C omm ( G ) a

group.

Let X b e a metric space or a group G . Call X str ongly QI rigid if eac h ( L; A )-

quasi-isometry f : X ! X is within �nite distance from an isometry � : X ! X or

an elemen t � of C omm ( G ) and moreo v er d ( f ; � ) � C ( L; A ).

Call a group G QI rigid if an y group G

0

whic h is quasi-isometric to G is actually

w eakly commensurable to G .

Call a class of groups G QI rigid if eac h group G whic h is quasi-isometric to a

mem b er of G is actually w eakly commensurable to a mem b er of G .

Theorem 150. (Pansu, [45 ]) L et X b e a quaternionic hyp erb olic sp ac e H

n

H

( n � 2 )

or the hyp erb olic Cayley plane H

2

C a

. Then X is str ongly QI rigid.

Theorem 151. (T ukia, [54] for the r e al-hyp erb olic sp ac es H

n

; n � 3 and Chow [11 ]

for c omplex-hyp erb olic sp ac es H

n

C

; n � 2 ). L et X b e a symmetric sp ac e of ne gative

curvatur e which is not the hyp erb olic plane H

2

. Then the class of uniform lattic es in

X is QI rigid.

Theorem 152. (Combination of the work by Gab ai [21 ], Casson and Jungr eis [10 ]

and T ukia [55]) The fundamental gr oups of close d hyp erb olic surfac es ar e QI rigid.

Theorem 153. (Stal lings, [51]) Each nonab elian fr e e gr oup is QI rigid. Thus e ach

nonuniform lattic e in H

2

is QI rigid.

Theorem 154. (Kleiner, L e eb, [37 ]) L et X b e a symmetric sp ac e of nonp ositive

curvatur e such that e ach deR ham factor of X is a symmetric sp ac e of r ank � 2 .

Then X is str ongly QI rigid.

Theorem 155. (Kleiner, L e eb, [37]) L et X b e a Euclide an building such that e ach

deR ham factor of X is a Euclide an building of r ank � 2 . Then X is str ongly QI rigid.

Theorem 156. (Kleiner, L e eb, [37 ]) L et X b e a symmetric sp ac e of nonp ositive

curvatur e without Euclide an deR ham factors. Then the class of uniform lattic es in X

is QI rigid.
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Theorem 157. (Eskin, [17 ]) L et X b e an irr e ducible symmetric sp ac e of nonp ositive

curvatur e of r ank � 2 . Then e ach nonuniform lattic e in X is str ongly QI rigid and

QI rigid.

Theorem 158. (Kleiner, L e eb, [38 ]) Supp ose that � is a �nitely-gener ate d gr oups

which is quasi-isometric to a Lie gr o oup G with the nilp otent r adic al N and semisimple

quotient G= N = H . Then � �ts into a short exact se quenc e

1 ! K ! � ! Q ! 1 ;

wher e K is quasi-isometric to N and Q is we akly c ommensur able to a uniform lattic e

in H .

Problem 159. Pro v e an analogue of the ab o v e theorem for all Lie groups G (without

assuming that the sol-radical of G is nilp oten t).

Theorem 160. (Bour don, Pajot [4 ]) L et X b e a thick hyp erb olic building of r ank 2

with right-angle d fundamental p olygon and whose links ar e c omplete bip artite gr aphs.

Then X is str ongly QI rigid.

Problem 161. Construct an example of a h yp erb olic group with Menger curv e

b oundary , whic h is QI rigid.

Problem 162. Let G b e a r andom k -generated group, k � 2. Is G QI rigid?

Randomness can b e de�ned for instance as follo ws. Consider the set B ( n ) of pre-

sen tations

h x

1

; :::; x

k

j R

1

; :::; R

l

i

where the total length of the w ords R

1

; :::; R

l

is � n . Then a class C of k -generated

groups is said to consist of random groups if

lim

n !1

j B ( n ) \ C j

j B ( n ) j

= 1 :

Here is another notion of randomness: �x the n um b er l of relators, assume that all

relators ha v e the same length n ; this de�nes a class of presen tations S ( k ; l ; n ). Then

require

lim

n !1

j S ( k ; l ; n ) \ C j

j S ( k ; l ; n ) j

= 1 :

Theorem 163. (Kap ovich, Kleiner, [32]) Ther e is a 3-dimensional hyp erb olic gr oup

which is str ongly QI rigid.
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Theorem 164. Each �nitely gener ate d ab elian gr oup is QI rigid.

Theorem 165. (F arb, Mosher, [18 ]) Each solvable Baumslag-Solitar gr oup

B S (1 ; q ) = h x; y : xy x

� 1

= y

q

i

is QI rigid.

Theorem 166. (Whyte, [60]) A l l non-solvable Baumslag-Solitar gr oups

B S ( p; q ) = h x; y : xy

p

x

� 1

= y

q

i ;

j p j 6= 1 ; j q j 6= 1 ar e QI to e ach other.

Theorem 167. (F arb, Mosher, [19 ]) The class of non-p olycyclic ab elian-by-cyclic

gr oups, i.e. gr oups � which �t into an exact se quenc e

1 ! A ! � ! Z ! 1

with A is an ab elian gr oup, is QI rigid.

Theorem 168. (Dyubina, [14]) The class of �nitely gener ate d solvable gr oups is not

QI rigid.

Problem 169. Is the class of �nitely generated p olycyclic groups QI rigid?

Example 170. Let S b e a closed h yp erb olic surface, M is the unit tangen t bundle

o v er S . Then w e ha v e an exact sequence

1 ! Z ! G = �

1

( M ) ! Q := �

1

( S ) ! 1 :

This sequence do es not split ev en after passage to a �nite index subgroup in G , hence

G is not w eakly commensurable with Q � Z . Ho w ev er G is quasi-isometric to Q � Z .

More generally , if Q is a h yp erb olic group, then all groups G whic h �t in to an exat

sequence

1 ! Z ! G ! Q ! 1 ;

are quasi-isometric.

Example 171. There are uniform lattices in H

n

; n � 3, whic h are not w eakly com-

mensurable.

Indeed, tak e an arithmetic and a nonarithmetic lattice in H

n

.

Example 172. The pro duct of free groups G = F

n

� F

m

, ( n; m � 2) is not QI rigid.
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Pr o of. The group G acts discretely , co compactly , isometrically on the pro duct of

simplicial trees X := T � T

0

. Ho w ev er there are examples [61 ], [8], of groups G

0

acting

discretely , co compactly , isometrically on X so that G

0

con tains no prop er �nite index

subgroups. Then G is quasi-isometric to G

0

but these groups are clearly not w eakly

commensurable.

Problem 173. Supp ose that G is (a) a Mapping Class group, (b) O ut ( F

n

), (c) an

Artin group, (d) a Co xeter group, (e) the fundamem tal group of one of the negativ ely

curv ed manifolds constructed in [30], (f ) �

1

( N ), where N is a �nite co v ering of the

pro duct of a h yp erb olic surface b y itself S � S , rami�ed o v er the diagonal �( S � S ).

Is G QI rigid?

One has to exclude, of course, Artin and Co xeter groups whic h are commensurable

with the direct pro ducts of free groups.

Theorem 174. (Kap ovich, L e eb, [36]) The class of fundamental gr oups G of 3-

dimensional Haken 3-manifolds, which ar e not Sol-manifolds

1

, is QI rigid.

Theorem 175. (Pap aso glou, [46 ]) The class of �nitely-pr esente d gr oups which split

over Z is QI rigid. Mor e over, quasi-isometries of 1-ende d gr oups G pr eserve the JSJ

de c omp osition of G

Theorem 176. (Kap ovich, Kleiner, L e eb, [35 ]) Quasi-isometries pr eserve deR ham

de c omp osition of the universal c overs of close d nonp ositively curve d R iemannian man-

ifolds.

Problem 177. Are there �nitely generated (amenable) groups whic h are quasi-

isometric but not bi-Lipsc hitz equiv alen t?

Problem 178. Supp ose that G is a �nitely-presen ted group. Do es the top ology of

the asymptotic cone of G dep end on the scaling sequence/ultra�lter?

Theorem 179. (Gersten, [22] The c ohomolo gic al dimension (over an arbitr ary ring

R ) is a QI invariant within the class of �nitely-pr esente d gr oups of typ e F P (over

R ).

I refer to [6] for the de�nitions of cohomological dimension and the t yp e F P .

Theorem 180. (Shalom, [50 ]) The c ohomolo gic al dimension (over Q ) of amenable

gr oups is a QI invariant.

Problem 181. Is the cohomological dimension of a group (o v er Q ) a QI in v arian t?

1

I.e. excluding G whic h are p olycyclic but not nilp oten t.
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Recall that a group G has pr op erty (T) if eac h isometric a�ne action of G on

a Hilb ert space has a global �xed p oin t, see [13] for more thorough discussion. In

particular, suc h groups cannot map on to Z .

Theorem 182. The pr op erty (T) is not a QI invariant.

Pr o of. This theorem should b e probably attributed to S. Gersten and M. Ramac han-

dran; the example b elo w is a v ariation on the R aghunathan 's example discussed in

[23].

Let � b e a h yp erb olic group whic h satis�es prop ert y (T) and suc h that H

2

(� ; Z ) 6=

0. T o construct suc h a group, start for instance with an in�nite h yp erb olic group F

satisfying Prop ert y (T) whic h has an aspherical presen tation complex (see for instance

[1] for the existence of suc h groups). Then H

1

( F ; Z ) = 0 (since F satis�es (T)), if

H

2

( F ; Z ) = 0, add enough random relations to F , k eeping the resulting groups F

0

h yp erb olic, in�nite, 2-dimensional. Then H

1

( F

0

; Z ) = 0 since F

0

also satis�es (T).

F or large n um b er of relators w e get a group � = F

0

suc h that � (�) > 0 (the n um b er

of relator is larger than the n um b er of generators), hence H

2

(� ; Z ) 6= 0. No w, pic k a

non trivial elemen t ! 2 H

2

(� ; Z ) and consider a cen tral extension

1 ! Z ! G ! � ! 1

with the extension class ! . The cohomology class ! is b ounde d since � is h yp erb olic;

hence the groups G and G

0

:= Z � � are quasi-isometric, see [23]. The group G

0

do es

not satisfy (T), since it surjects to Z . On the other hand, the group G satis�es (T),

see [13 , 2.c, Theorem 12].

Ho w ev er the follo wing question is still op en:

Problem 183. A group G is said to b e a-T-menable if it admits a prop er isometric

a�ne action on a Hilb ert space. Is a-T-menabilit y a QI in v arian t?
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