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HODGE STRUCTURES FOR ORBIFOLD COHOMOLOGY

JAVIER FERNANDEZ

(Communicated by Michael Stillman)

Abstract. We construct a polarized Hodge structure on the primitive part
of Chen and Ruan’s orbifold cohomology Hk

orb(X) for projective SL-orbifolds
X satisfying a “Hard Lefschetz Condition”. Furthermore, the total cohomol-
ogy

⊕
p,q Hp,q

orb(X) forms a mixed Hodge structure that is polarized by every

element of the Kähler cone of X. Using results of Cattani-Kaplan-Schmid this
implies the existence of an abstract polarized variation of Hodge structure on
the complexified Kähler cone of X.

This construction should be considered as the analogue of the abstract
polarized variation of Hodge structure that can be attached to the singular
cohomology of a crepant resolution of X, in light of the conjectural corre-
spondence between the (quantum) orbifold cohomology and the (quantum)
cohomology of a crepant resolution.

1. Introduction

The cohomology of a projective variety X underlies several very rich algebraic
structures. For example, if X is smooth, the Hodge decomposition of Hk(X, R)
defines a pure Hodge structure that is, in fact, polarized when restricted to its
primitive part. In general, a result of P. Deligne constructs a mixed Hodge structure
over Hk(X, R). Also, the total cohomology of a smooth projective variety defines a
mixed Hodge structure polarized by any Kähler class of X. A result of J. Steenbrink
and M. Saito proves that this is still true for projective orbifolds.

Motivated by some ideas that originated in physics, W. Chen and Y. Ruan de-
fined a new cohomology theory for orbifolds: the orbifold cohomology. The purpose
of this note is to explore under what conditions the total orbifold cohomology of
a projective orbifold has a Hodge structure similar to that of a smooth projective
variety. Our main result is that if X is a projective SL-orbifold satisfying a certain
condition on the ages of its local groups (that we call the Hard Lefschetz Condi-
tion), then H∗

orb(X, R) underlies a mixed Hodge structure that is polarized by any
Kähler class. This result will follow from the Hard Lefschetz Theorem, the Lef-
schetz decomposition and the Hodge-Riemann bilinear relations, all of which will
be seen to hold. As a consequence of this result and the work of E. Cattani, A.
Kaplan and W. Schmid, we also conclude that under the previous conditions there
is a natural polarized variation of Hodge structures defined over the complexified
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Kähler cone of X. This variation is the asymptotic approximation of a conjectural
A-model variation of Hodge structure [8, 2] for Calabi-Yau orbifolds.

Our results show that there is a close similarity between the Hodge structures
on the orbifold cohomology of a projective orbifold satisfying the Hard Lefschetz
Condition and the standard cohomology of a smooth projective variety. This sim-
ilarity can be considered as indirect evidence for the several conjectures posed by
Ruan [11] regarding the existence of equivalences between the orbifold cohomology
of an orbifold X and the cohomology of a crepant resolution of X.

We will review some notions of Hodge theory and orbifold cohomology in Sec-
tions 2 and 3. The Hard Lefschetz Theorem is discussed in Section 4, while Section 5
analyzes the polarized Hodge structure on the orbifold cohomology of appropriate
orbifolds.

2. Hodge theory preliminaries

In this section we recall the basic notions of Hodge theory. Additionally, we state
some classical results for the de Rham and Dolbeault cohomologies of a projective
orbifold. We refer to [4, 5, 9, 15] for more details and proofs.

Let V be a finite dimensional R-vector space and k ∈ Z. A (real) Hodge structure
of weight k on V is a decomposition of VC := C ⊗ V , VC =

⊕
p Hp,k−p such that

Hp,k−p = Hk−p,p for all p. Alternatively, such Hodge structure is described by a
decreasing filtration F of VC such that VC = F p ⊕ F k−p+1 for all p. The relation
between F and H is that F p =

⊕
a≥p Ha,k−a while Ha,k−a = F a ∩ F k−a. The

numbers hp,q := dimHp,q are called the Hodge numbers of the structure.
A Hodge structure (V, H, k) is polarized by the nondegenerate, bilinear, (−1)k-

symmetric form Q on V if

Q(Hp,k−p, Hq,k−q) = 0, unless p + q = k,(2.1)

Q(Cv, v) > 0, for all v ∈ VC − {0},(2.2)

where C : VC → VC is the Weil operator defined by C(v) := ip−qv for v ∈ Hp,q.

Example 2.1. For a smooth projective or compact Kähler manifold X of dimension
n with a choice of Kähler form ω and k = 0, . . . , n, the primitive part of the
cohomology Hk

o (X, C) (see (2.5)) is a Hodge structure of weight k polarized by the
form

(2.3) Qk(α, β) := Q(α, β ∧ ωn−k), if α, β ∈ Hk(X, C),

where

(2.4) Q(α, β) := (−1)k(k−1)/2
∫

X

α ∧ β, for α ∈ Hk(X, C).

The primitive cohomology of a smooth projective variety X is the typical example
of a polarized Hodge structure. The same properties can be extended to the case
where X has some mild singularities. This is the case when X is a projective
orbifold, that is, an orbifold that can be realized as a projective variety. In the
following, we will be mostly interested in this setup. We refer to [14, 7, 6] for the
notion of orbifold.

Let X be a projective orbifold of dimension n with Kähler class ω∈H1,1(X, R) :=
H1,1(X) ∩ H2(X, R). Define

Lω : H∗(X, R) → H∗(X, R), Lω(α) := ω ∧ α.
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The primitive cohomology of X is defined as

(2.5) Hp
o (X, C) := ker(Ln−p+1

ω : Hp(X, C) → H2n−p+2(X, C))

for p = 0, . . . , n and {0} otherwise.

Theorem 2.2. Let X be a projective orbifold of dimension n with Kähler class
ω ∈ H1,1(X, R).

(1) (Hard Lefschetz) For all p ∈ N the map Lp
ω induces an isomorphism between

Hn−p(X, R) and Hn+p(X, R).
(2) (Lefschetz decomposition) For k = 0, . . . , n:

(2.6) Hk(X, C) =
⊕
p≥0

Lp
ωHk−2p

o (X, C).

(3) For all k = 0, . . . , 2n there is a decomposition

(2.7) Hk(X, C) =
⊕

p

Hp,k−p(X).

For k = 0, . . . , n, (2.7) restricts to the primitive cohomology to give

(2.8) Hk
o (X, C) =

⊕
p

Hp,k−p
o (X),

where Hp,k−p
o (X) = Hp,k−p(X) ∩ Hk

o (X, C). Both decompositions (2.7)
and (2.8) define Hodge structures of weight k on the underlying Hk(X, R)
and Hk

o (X, R) respectively.
(4) The Hodge structure on the primitive cohomology (2.8) is polarized by the

form (2.3).

Theorem 2.2 is due to J. Steenbrink [16, §1], completed by M. Saito [13]. In
Section 5 we will derive the analogue of Theorem 2.2 for the orbifold cohomology.

A mixed Hodge Structure (MHS) on V consists of a pair of filtrations of VC,
(W, F ), W defined over R and increasing, F decreasing, such that F induces a Hodge
structure of weight p on GrW

p for each p. Equivalently, an MHS on V is a bigrading
VC =

⊕
Ip,q satisfying Ip,q ≡ Iq,p mod (

⊕
a<p,b<q Ia,b) (see [5, Theorem 2.13]).

Given such a bigrading we define: Wl =
⊕

p+q≤l Ip,q , F a =
⊕

p≥a Ip,q. An MHS is
said to split over R if Ip,q = Iq,p. A map T ∈ gl(VC) such that T (Ip,q) ⊂ Ip+a,q+b

is called a morphism of bidegree (a, b).
A nilpotent linear transformation N ∈ gl(V ) defines an increasing filtration, the

weight filtration, W (N) of V , uniquely characterized by requiring that, for all l,
N(Wl(N)) ⊂ Wl−2(N) and that N l : GrW (N)

l → GrW (N)
−l be an isomorphism.

Definition 2.3. A polarized mixed Hodge structure (PMHS) [3, (2.4)] of weight k

on V consists of an MHS (W, F ) on V , a nondegenerate, bilinear, (−1)k-symmetric
form Q, and a (−1,−1)-morphism N ∈ gR, the Lie algebra of O(V, Q), such that

(1) Nk+1 = 0,
(2) W = W (N)[−k], where W [−k]j = Wj−k,
(3) Q(F a, F k−a+1) = 0, and
(4) the Hodge structure of weight k + l induced by F on ker(N l+1 : GrW

k+l →
GrW

k−l−2) is polarized by Q(·, N l·).
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Polarized MHSs arise naturally as limits of polarized variations of Hodge struc-
ture. Conversely, a PMHS generates a nilpotent orbit. Indeed, there is an equiva-
lence between nilpotent orbits and mixed Hodge structures polarized by an abelian
family of operators as explained by Theorem (2.3) in [4].

Example 2.4. Let X be an n-dimensional, smooth projective variety. Let V =
H∗(X, R). The bigrading Ip,q := Hn−q,n−p(X) defines an MHS on V which splits
over R. The weight and Hodge filtrations are then

Wl =
⊕

d≥2n−l

Hd(X, C), F p =
⊕

r

⊕
s≤n−p

Hr,s(X).

Given a Kähler class ω ∈ H1,1(X, R), let Lω ∈ gl(VR) denote multiplication by ω.
Note that Lω is an infinitesimal automorphism of the form Q defined in (2.4) and
is a (−1,−1) morphism of (W, F ). Moreover, the Hard Lefschetz Theorem and the
Riemann bilinear relations are equivalent to the assertion that Lω together with Q
polarize (W, F ). Let K ⊂ H1,1(X, R) denote the Kähler cone and

KC := H1,1(X, R) ⊕ iK ⊂ H2(X, C)

the complexified Kähler cone. It then follows from Theorem (2.3) in [4] that for
every ξ ∈ KC, the filtration exp(Lξ) · F is a Hodge structure of weight n on V
polarized by Q. The map ξ ∈ KC 	→ exp(Lξ) · F is the period map (in fact, the
nilpotent orbit) of a variation of Hodge structure over KC.

Theorem 5.3 and Corollary 5.4 in Section 5 will prove similar properties for the
orbifold cohomology.

3. Orbifold cohomology

In this section we briefly review Chen and Ruan’s construction of orbifold coho-
mology [7].

Recall that to an orbifold X we can associate another orbifold, known as the
inertia orbifold

X̃ := {(p, (g)) : p ∈ X, g ∈ Gp},
where (g) denotes the conjugacy class of g in Gp, the local group of X at p. If
{(Vp, Gp, πp) : p ∈ X} is a uniformizing system for X, a uniformizing system for
X̃ is {(V g

p , C(g), πp,g) : (p, (g)) ∈ X̃}, where V g
p is the fixed point set of g, and

C(g) is the centralizer of g in Gp. The topology on X̃ is defined so that the sets
πp,g(V g

p ) 
 V g
p /C(g) are open.

Even if X is a connected space, X̃ need not be. In general, X̃ decomposes in
connected components

X̃ =
⊔
t∈T

Xt

where t labels each component and T is the set of all such labels. The components
are orbifolds that are compact (complex) if X is compact (complex). Also, if X is
projective, so are the components (use [1]).

We denote by T 0 ⊂ T the set of connected components that contain points of
the form (p, (1)), where 1 ∈ Gp is the identity. Also, X1 :=

⊔
t∈T 0 Xt. X1 is called

the nontwisted sector, while the other connected components of X̃ are the twisted
sectors.
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Define π : X̃ → X by π(p, (g)) := p and let πt denote the restriction of π to the
sector Xt. Note that π1 : X1 → X is an isomorphism; hence, when X is connected,
so is X1. Also, define the involution I : X̃ → X̃ by I(p, (g)) := (p, (g−1)). We also
denote by I the involution induced on T .

For each g ∈ Gp we consider the action ρp(g) induced by g on TpX. The
eigenvalues of ρp(g) are of the form exp(2πi

mj

mg
), where mg is the order of g and

mj ∈ Z, 0 ≤ mj < mg. Then, the index of g at p (also known as the age or degree
shifting number of g) is defined by

i(p,g) :=
n∑

j=1

mj

mg
∈ Q where n := dimC X.

This index defines a locally constant function of p. If Xt is the sector containing
(p, (g)), we define it := i(p,g). Then [7, Lemma 3.2.1] shows that i(p,g) is integral if
and only if ρp(g) ∈ SL(n, C) and that the (complex) dimension of Xt is

(3.1) dimC Xt = dimC X − it − iI(t).

An orbifold for which ρp(g) ∈ SL(n, C) for all p and g is called an SL-orbifold.
In algebro-geometric terms, this is to say that (the geometric space associated to)
X is a Gorenstein variety. In particular, for instance, if X is Calabi-Yau, then X
is an SL-orbifold.

The orbifold cohomology groups of the orbifold X are defined by

Hk
orb(X, R) :=

⊕
t∈T

Hk−2it(Xt, R)

where the cohomology groups on the right are the singular cohomology groups with
real coefficients, which are isomorphic to the corresponding de Rham cohomology
groups [14]. If X is complex, then the orbifold Dolbeault cohomology groups are
defined by

Hp,q
orb(X) :=

⊕
t∈T

Hp−it,q−it(Xt).

Chen and Ruan define a product structure on orbifold cohomology. We will not
go into all the details of this definition for which we refer, once more, to [7]. The
orbifold product defines a rich structure, as the following result shows [7, Theorems
4.1.5 and 4.1.7].

Theorem 3.1. Let X be a compact, complex orbifold. Then the orbifold product
is bigraded,

�orb: Hp,q
orb(X) × Hp′,q′

orb (X) → Hp+p′,q+q′

orb (X).
The total cohomologies H∗

orb(X) and H∗,∗
orb(X) become rings under �orb, with unit

eX
0 ∈ H0,0

orb(X). When X is an SL-orbifold both rings are supercommutative. Fi-
nally, the restriction of �orb to the nontwisted sector coincides with the cup product
on H∗(X1) and H∗,∗(X1).

The cohomology of the twisted sector Xt, H∗(Xt), becomes an H∗(X1)-module
under �orb. The following result relates this module structure to the standard cup
product on H∗(Xt), and will be useful to study the left (orbifold) multiplication by
Kähler classes.

Proposition 3.2. Let X be a compact orbifold, α ∈ Hp(X1) and β ∈ Hq(Xt) for
t ∈ T . Then α �orb β = (π−1

1 ◦ πt)
∗
(α) ∧ β ∈ Hp+q(Xt).
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Proof. In the language of [7, §4], the obstruction bundle is trivial for dimensional
reasons and the proposition follows. �

4. The Hard Lefschetz Condition

In this section we want to find a necessary and sufficient condition for the Hard
Lefschetz Theorem to hold on the orbifold cohomology.

As we mentioned in the Introduction, it is generally believed that, under some yet
not well understood conditions, there should be some kind of equivalence between
the orbifold cohomology of an orbifold X and the cohomology of a crepant resolution
of X. For instance, if Y → X is a hyperkähler resolution, Ruan conjectured such a
relation [12, 11]. In any case, if such equivalence exists, the algebraic structure of the
cohomology of the resolution should have an analogue in the orbifold cohomology
of X. One “feature” of the singular cohomology of the resolution is the Hard
Lefschetz Theorem. We will concentrate here on the analogous result for the orbifold
cohomology.

If X is a Kähler orbifold, for any Kähler class ω ∈ H1,1(X, R) we define the
operator

(4.1) Lω : H∗
orb(X) → H∗

orb(X), Lω(α) := π∗
1ω �orb α.

As we mentioned in Section 2, the Hard Lefschetz Theorem states that for
any Kähler class ω on the projective orbifold X of complex dimension n, for all
p ∈ N the map Lp

ω induces an isomorphism between Hn−p
orb (X, R) and Hn+p

orb (X, R).
To understand this condition, we remember that the orbifold product by ωp ∈
Hp,p(X) 
 Hp,p(X1) preserves the forms on each sector, that is, for all t ∈ T ,
Lp

ω(H∗(Xt)) ⊂ H∗(Xt). Then if Lp
ω is an isomorphism, it should induce isomor-

phisms on each H∗(Xt). But care must be taken regarding the degrees: Lp
ω pairs

Hn−p
orb (X, R) and Hn+p

orb (X, R). So, for each t, Lp
ω is pairing Hn−p−2it(Xt) with

Hn+p−2it(Xt). It is easy to check using (3.1) that this is not possible unless

(4.2) it = iI(t) for all t ∈ T.

Finally, it follows immediately from Theorem 2.2 that when (4.2) holds, Lp
ω are

isomorphisms for all p. Thus we have proved the following.

Proposition 4.1. Let X be a projective orbifold of dimension n that satisfies the
Hard Lefschetz Condition (4.2). Then for each Kähler class ω on X, the operator

Lp
ω : Hn−p

orb (X, R) → Hn+p
orb (X, R)

is an isomorphism.

Remark 4.2. Condition (4.2) had already appeared in [11, §4] in connection with
the possibility of defining a “hermitian” inner product to fix a signature problem
in the Kummer surface example.

Remark 4.3. Condition (4.2) holds trivially for orbifolds of dimension 2 and for
orbifolds whose nontrivial local groups are isomorphic to Z2.

Example 4.4. Let P∆ be the simplicial complete Fano toric variety of dimension
n associated to the reflexive polytope ∆ ⊂ Rn. If X is a generic anticanonical
hypersurface of P , then X is a reduced Calabi-Yau projective orbifold. M. Poddar
shows in [10, §4.2] that the twisted sectors of X are isomorphic to X ∩ Oτ , where
Oτ is the closure of the torus orbit in P∆ associated to the cone τ obtained as the
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cone over a face F 0 of ∆0, the polar polytope of ∆, and where 1 ≤ dimF 0 ≤ n − 2
(it is easy to see that dim Oτ = n − (1 + dim F 0)). Also, it is shown that there
is, at least, one twisted sector Xt of the previous form with it = 1 for each lattice
point in the relative interior of F 0 (actually the result is more specific, but that is
not required in our application).

For example, the weighted projective space P(1, 1, 2, 2, 6) is P∆ where ∆ is the
convex hull of {(11,−1,−1,−1), (−1,−1, 5,−1), (−1, 5,−1,−1), (−1,−1,−1,−1),
(−1,−1,−1, 1)}, a reflexive polytope in R4. The dual polytope ∆0 is the convex
hull of w0 = (−1,−2,−2,−6), w1 = (1, 0, 0, 0), w2 = (0, 1, 0, 0), w3 = (0, 0, 1, 0)
and w4 = (0, 0, 0, 1). Then, computations show that the only lattice point in the
relative interior of a face F 0 of ∆0 with 1 ≤ dimF 0 ≤ 2 is (0,−1,−1,−3) and F 0

is the convex hull of w0 and w1. This shows that the dimension of the only twisted
sector is 1, so that (3.1) implies (4.2) for generic anticanonical hypersurfaces of
P(1, 1, 2, 2, 6).

Analogously, P(1, 1, 1, 3, 3) = P∆ where ∆ is the convex hull of {(8,−1,−1,−1),
(−1,−1, 2,−1), (−1, 2,−1,−1), (−1,−1,−1,−1), (−1,−1,−1, 2)}, and the dual
polytope ∆0 is the convex hull of w0 = (−1,−1,−3,−3), w1 = (1, 0, 0, 0), w2 =
(0, 1, 0, 0), w3 = (0, 0, 1, 0) and w4 = (0, 0, 0, 1). In this case, the only lattice point
in the relative interior of a face F 0 of ∆0 with 1 ≤ dim F 0 ≤ 2 is (0, 0,−1,−1)
and F 0 is the convex hull of w0, w1 and w2. Hence, if X is a generic anticanonical
hypersurface of P(1, 1, 1, 3, 3), it has a twisted sector Xt isomorphic to X∩Oτ , with
dim Oτ = 4−(1+dimF 0) = 1, so dimXt = 0, and, by (3.1), it = iI(t), so that (4.2)
fails.

The same techniques can be applied further to test (4.2) in this toric setting. It
would be very interesting to understand how common condition (4.2) is.

5. Hodge structure

In this section we will first construct polarized Hodge structures on the primitive
part of Hk

orb(X) for appropriate orbifolds. Then we will see that for these orbifolds
the full cohomology carries the structure described in Example 2.4. Finally, we use
this last property to construct a polarized variation of Hodge structure associated
to X.

In order to define a Hodge structure on Hk
orb(X) a first requirement is that

the cohomology be integrally graded, which immediately leads to X being an SL-
orbifold. Also, we need X to be projective satisfying condition (4.2), all conditions
that we will assume in this section.

Let X be a projective orbifold of dimension n and ω ∈ H1,1(X, R) a Kähler class.
The primitive orbifold cohomology is defined by

(Hp
orb)o(X, C) := ker(Ln−p+1

ω : Hp
orb(X, C) → H2n−p+2

orb (X, C))

where Lω is defined by (4.1). For the Dolbeault groups we define

(Hp,q
orb)o(X) := Hp,q

orb(X) ∩ (Hp+q
orb )o(X, C).

Theorem 5.1. Let X be a projective SL-orbifold of dimension n satisfying condi-
tion (4.2). Then, for each k the decomposition

(5.1) Hk
orb(X, C) =

⊕
p

Hp,k−p
orb (X)
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is a Hodge structure of weight k on Hk
orb(X, R). Furthermore, for any Kähler class

ω, the decomposition

(5.2) (Hk
orb)o(X, C) =

⊕
p

(Hp,k−p
orb )o(X)

defines a Hodge structure of weight k that is polarized by the form Qk, defined as
the direct sum over all t ∈ T of

(5.3) Qt
k−2it

(α, β) :=

⎧⎪⎨
⎪⎩

Qt(α, β ∧ π∗
t ωn−k) if

α ∈ Hp,k−2it−p(Xt),
β ∈ Hk−2it−p,p(Xt),

0 otherwise,

where

(5.4) Qt(α, β) := (−1)k(k−1)/2+it

∫
Xt

α ∧ β for α ∈ Hk−2it(Xt).

Proof. Since ω is a Kähler class on X, π∗
t ω is a Kähler class on the sector Xt. By

Theorem 2.2, since each Xt is a projective orbifold, each Hk−2it
o (Xt) has a Hodge

structure of weight k − 2it given by

Hk−2it
o (Xt, C) =

⊕
p

(Hp,k−2it−p(Xt) ∩ Hk−2it
o (Xt)),

and this structure is polarized by the form (5.3).
Tensoring the polarized Hodge structure defined above with R(it) (where R(k)

is R viewed as a polarized Hodge structure of weight 2k) we obtain a new polarized
Hodge structure of weight k on Hk−2it

o (Xt):

Hk−2it
o (Xt, C) =

⊕
p

(Hp−it,k−p−it(Xt) ∩ Hk−2it
o (Xt, C)).

This structure is still polarized by the same form Qt
k−2it

.
Taking the direct sum over all sectors t ∈ T the result follows. �

Remark 5.2. The Hodge structure on Hk
orb(X) is already implicit in [7, Proposition

3.3.2]. An important point is that in order to define the polarization we are not using
the Kodaira-Serre duality used in that paper. Instead, we are using integration on
Xt which is only possible under condition (4.2). This form, that we found naturally
in the Hodge theoretic setting, was proposed in [11] in connection with the signature
of the Poincaré form for the Kummer surface.

In Theorem 5.1 we considered the forms Qt defined by (5.4). We now define Q
to be the direct sum of the forms Qt over all t ∈ T . A routine check shows that
this form is bilinear, nondegenerate and (−1)n-symmetric.

Theorem 5.3. Let X be a projective SL-orbifold of dimension n satisfying the
Hard Lefschetz Condition (4.2) and let ω be a Kähler class. Then the mixed Hodge
structure (W, F ) defined by the bigrading Ip,q := Hn−q,n−p

orb (X):

(5.5) Wl :=
⊕

k≥2n−l

Hk
orb(X, C), F p :=

⊕
a

⊕
b≤n−p

Ha,b
orb(X)

is a weight n MHS polarized by the operator Lω defined in (4.1) with the bilinear
form Q defined above.
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Proof. Since �orb preserves the bigrading of the Dolbeault groups, Lω is a (−1,−1)
morphism of (W, F ) and, in particular, Ln+1

ω = 0. To check that Lω ∈ gR, it suffices
to check that

Qt(Lωα, β) + Qt(α, Lωβ) = 0 for α, β ∈ H∗(Xt)

since the decomposition in sectors is Q-orthogonal, and this is a straightforward
computation. The reality of Lω follows from ω being real and the reality of �orb.

To show that W defined by (5.5) is W (Lω)[−n] it suffices to check that Lω(Wl) ⊂
Wl−2 for all l and that Lj

ω : Wj+n/Wj+n−1 → W−j+n/W−j+n−1 are isomorphisms
for all j. The first condition follows immediately from the definitions. The second
condition is equivalent to requiring that Lj

ω : Hn−j
orb (X) → Hn+j

orb (X) be isomor-
phisms, which is true by Proposition 4.1.

Note that, for each t ∈ T ,

Qt(Ha−it,b−it(Xt), Hc−it,d−it(Xt)) = 0

unless a+ c = n which, by the Q orthogonality of the sector decomposition, implies
that Q(Ha,b

orb(X), Hc,d
orb(X)) = 0 if a + c ≤ n− 1. In turn, this last condition implies

that Q(F p, Fn−p+1) = 0 for all p.
Finally we have to prove that the Hodge structure of weight n + l induced by

F on ker(Ll+1
ω : GrW

n+l → GrW
n−l−2) is polarized by Q(·, Ll

ω·). Using (5.5) we are
studying the Hodge structure on (Hn−l

orb )o(X) given by (5.2) (with k = n − l) and
the polarization is precisely the one that, because of Theorem 5.1, polarizes this
structure. �

A notion of Frobenius module is introduced in [2] for V =
⊕n

p=0 V2p a finite
dimensional, graded, C-vector space with a Sym V2-module structure. A natural
generalization exists if V is a SymW -module for a subspace W ⊂ V2. In this con-
text, Theorem 5.3 implies that V :=

⊕n
p=0 Hp,p

orb(X) is a polarizable SymH1,1(X)-
Frobenius module of weight n := dimC X.

An immediate consequence of Theorems 5.3 and (2.3) in [4] is the following.

Corollary 5.4. Let X be a projective SL-orbifold of dimension n satisfying con-
dition (4.2). Given ω1, . . . , ωr in the Kähler cone of X such that they form a basis
of H1,1(X) and F , Q as in Theorem 5.3, then

θ : Ur → D, θ(z1, . . . , zr) := exp(
r∑

j=1

zjLωj
) · F

is a nilpotent orbit, where U is the upper half plane Im z > 0. Moreover, if KC

is the complexified Kähler cone of X, ξ 	→ exp(Lξ) · F is a polarized variation of
Hodge structure of weight n defined over KC.

Proof. Since �orb is commutative for multiplication by 2-classes, {Lω1 , . . . , Lωr
} is

a commuting subset of gR. By Theorem 5.3 the weight filtration W (
∑r

j=1 λjLωj
)

is the constant W defined by (5.5), hence independent of λj > 0. Again by the
same result, (W, F ) is polarized by every

∑r
j=1 λjLωj

with λj > 0. Noticing that
the mixed Hodge structure (W, F ) is split over R, Theorem (2.3) in [4] completes
the proof. �
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