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A well known theorem of B. Mazur [1] states that the only possible groups that
appear as torsion subgroups of elliptic curves over Q are of the formZd for d = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12

where Zd = Z/(dZ) or Z2× Z2 for d = 2, 4, 6, 8.

Table 1 shows, for each possible group, an elliptic curve that realizes the group,
as well as a set of generators. All curves come from [2], Exercise 2.12.

Table 2 shows the frequency of each group over different regions of the space of el-
liptic curves. Two realizations of the elliptic curves are used. The usual Weierstrass
form

(1) y2 = x3 + ax2 + bx + c,

and the reduced minimal model form:

(2) y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6, with a1, a3 ∈ {0, 1}, a2 ∈ {−1, 0, 1}.
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1Using the Weierstrass form (1) with a, b, c ∈ [−100, 100].
2Using the Weierstrass form (1) with a, b, c ∈ [−200, 200].
3Using the reduced minimal form (2) with a4 ∈ [−400, 400] and a6 ∈ [−2000, 2000].
4Based on the reduced minimal form (2) with a4 ∈ [−2000, 2000] and a6 ∈ [−10000, 10000],

but only torsion groups of cardinality at least 9 are considered. The other groups are shown as
NC (Not Computed) in the table.
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group curve Weierstrass forma generator(s)b discriminantZ1 y2 = x3 − 2 – ∞ −2233Z2 y2 = x3 + 8 – (−2, 0) −2633Z3 y2 = x3 + 4 – (0, 2) −2433Z4 y2 = x3 + 4x – (2, 4) −28Z5 y2 − y = x3 − x2 y2 = x3 − 4x2 + 16 (4, 4) −28111Z6 y2 = x3 + 1 – (2, 3) −33Z7 y2 = x3 − 43x + 166 – (3, 8) −215131Z8 y2 + 7xy = x3 + 16x y2 = x3 + 49x2 + 256x (−8, 24) 21634171Z9 y2 + xy + y = x3 − x2 − 14x + 29 y2 = x3 − 3x2 − 216x + 1872 (12, 24) −21735Z10 y2 + xy = x3 − 45x + 81 y2 = x3 + x2 − 720x + 5184 (0, 72) −21835111Z12 y2 + 43xy − 210y = x3 − 210x2 y2 = x3 + 1009x2 − 72240x + 705600 (0, 840) 220365374131Z2×Z2 y2 = x3 − 4x – (2, 0), (−2, 0) 28Z4×Z2 y2 + xy − 5y = x3 − 5x2 y2 = x3 − 19x2 − 40x + 400 (0, 20), (4, 0) 283454Z6×Z2 y2 + 5xy − 6y = x3 − 3x2 y2 = x3 + 13x2 − 240x + 576 (48, 360), (3, 0) 2103652Z8×Z2 y2 + 17xy − 120y = x3 − 60x2 y2 = x3 + 49x2 − 16320x + 230400 (960, 30240), (15, 0) 216385472

Table 1. Torsion Groups

aIf the curve is already given in Weiertrass form we just put –
bThese are points on the curve in Weierstrass form (1)
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group frequency
W I1 W II2 M I3 M II4Z1 0.9817 0.9907113 0.9968541 NCZ2 0.0177 0.0090987 0.0030424 NCZ3 0.00018 6.177 10−5 5.819 10−5 NCZ4 8.8 10−5 2.551 10−5 1.248 10−5 NCZ5 3.8 10−6 8.594 10−7 1.378 10−6 NCZ6 5.0 10−7 5.625 10−6 2.730 10−6 NCZ7 5.0 10−7 1.406 10−7 1.560 10−7 NCZ8 6.2 10−7 2.188 10−7 1.820 10−7 NCZ9 0 0 5.201 10−8 2.08 10−9Z10 0 0 7.801 10−8 5.21 10−9Z12 0 0 2.600 10−8 1.04 10−9Z2 ×Z2 0.00029 9.363 10−5 2.741 10−5 NCZ4 ×Z2 8.5 10−6 2.078 10−6 7.021 10−7 NCZ6 ×Z2 0 1.094 10−7 5.201 10−8 4.17 10−9Z8 ×Z2 0 0 0 1.04 10−9

Table 2. Torsion group frequencies


