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ABSTRACT. A composite dilation wavelet is a collection of functions generating
an orthonormal basis for L?(R™) under the actions of translations from a full
rank lattice and dilations by products of elements of non-commuting groups
A and B. A minimally supported frequency composite dilation wavelet has
generating functions whose Fourier transforms are characteristic functions of a
lattice tiling set. In this paper, we study the case where A is the group of integer
powers of some expanding matrix while B is a finite subgroup of the invertible
nxn matrices. This paper establishes that with any finite group B together with
almost any full rank lattice, one can generate a minimally supported frequency
composite dilation wavelet system. The paper proceeds by demonstrating the
ability to find such minimally supported frequency composite dilation wavelets
with a single generator.
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1 Introduction

Recently a new class of representation systems called Affine Systems with Composite
Dilations [11, 12, 13] was introduced in response to the growing interest in oriented oscilla-
tory waveforms used in mathematics and its applications. Examples of oriented oscillatory
waveforms are brushlets [20], contourlets [6], curvelets [3], ridglets [2], and shearlets [9]. Of
these, only shearlets are examples of affine systems with composite dilations. For shearlets,
one uses dilations by a group of shear matrices together with powers of an expanding matrix.
In this paper, we will construct orthonormal composite wavelet systems with an arbitrary
finite group. Like the most basic shearlets [17], these wavelets will be of the MSF (minimally
supported frequency) type; i.e. their Fourier transforms are characteristic functions.

The theory of composite dilation wavelets already has many interesting results includ-
ing simple Haar-type bases in the time domain [16] and the development of shearlets [9],
[10], [17]. One of the noteworthy advantages of composite dilation systems is the natural
extension of a multiresolution analysis (MRA) [13] (recalled here in Section 1.2). Section 2
consists of constructive proofs establishing the main result:

Theorem 1. If B is a finite group of invertible n X n matrices then there exists a Multires-
olution Analysis, Minimally Supported Frequency, Composite Dilation Wavelet for L*(R™).

In Section 3, we show that making wise choices can produce MSF composite dilation
wavelets with a single wavelet generator. Here we see that composite dilation wavelet
systems can significantly reduce the input requirements for potential implementations by
transferring the need for multiple wavelet generators to the composite dilation group.



We study MSF composite dilation wavelets to provide useful insights into the theory of
composite wavelets, but note that they have poor time localization and must be smoothed in
order to be useful in applications. The shearlets are obtained by smoothing MSF shearlets to
form Parseval frames with improved time localization. This paper establishes a foundation
for potentially developing similar directional representation systems using finite groups and
full rank lattices. From the constructive proofs leading to Theorem 3, we can closely
approximate the frequency domain geometry of a signal by choosing our groups and lattices
appropriately. In the spirit of curvelets and shearlets, Section 4 discusses the construction
of long, narrow windows with essentially any orientation.

1.1 Composite Dilation Wavelets

A linear transformation of the integer lattice is a full rank lattice, I' = c¢Z" for c €
GL,(R), the space of invertible n x n matrices. A lattice basis for I' = ¢Z" is a set {;}.—,
such that every element of the lattice, 7 € I', can be uniquely written as an integer com-
bination of the basis elements: v = 2?21 m;~y; where m; € Z. Notice that if ¢; is the ith
column of the matrix ¢, then the set {¢;};; is a lattice basis for T".

For any k € T, the translation of f by k, Ty, acts on a function f in L?(R™) by
Tif(x) = f(x — k). When a € GL,(R), the dilation of f by a is the operator D,f(z) =
|det(a)|_% f(a~'z). These two unitary operators are applied to a set of generating functions
to develop an affine system.

For a countable subset of invertible matrices C' C GL,(R), I' a full rank lattice, and
Y.t € L2(R™), the affine system produced by C, T, and U = (¢, ..., ") is the set
Acr(¥) = {DCTkW ceClkel1<I< L}. As introduced by Guo, Labate, Lim, Weiss,
and Wilson [11, 12, 13] affine systems with composite dilations,

Aapr(¥) = {DanTk¢l acAbeB kel 1<1< L} , (1)

are obtained when C' = AB is the product of two not necessarily commuting subsets of
invertible matrices. In this discussion, A = {aJ 1€ Z} for an expanding matrix a €
GL,(R) while B is a finite subgroup of GL,(R).

Definition 1. ¥ = (y',...,9%) c L}(R") is a Composite Dilation Wavelet if there exist
A, B, and T such that Aapr(¥) is an orthonormal basis for L2(R").

These systems are a generalization of the traditional wavelet systems. When a = 2,
B = {I}, T = Z, and L = 1 we see that (1) becomes the familiar wavelet system
{DQTW gk € Z} - {2—%1/;(2—19; k) :j ke Z}.

A natural extension of an MSF wavelet [15], we say ¥ = (¢!,... ,¢F) C L*(R") is a
Minimally Supported Frequency Composite Dilation Wavelet if W is a composite dilation
wavelet and there exist disjoint sets Ry, ..., Ry C R” such that ! = |det(c)|% xR, for all
I=1,...,L. With I = ¢Z", each set R; must satisfy m(R;) = |det(c)|™" = |det(c™1)|.

We adopt the notation that the time domain is represented by R", and its elements will
be column vectors denoted by letters of the Roman alphabet, x = (z1,...,2,)" € R". The
elements of the frequency domain, R”, will be row vectors, & = (§1,...,&,) € R", denoted



by letters of the Greek alphabet. We use the Fourier transform f(¢) = Jgn fz)e™ 2% dy.

The inverse Fourier transform of g € L2(R") is §.

The full rank lattice I* = Z"¢ ! is the dual lattice to I’ = ¢Z". The rows of the matrix
¢! form a basis for the dual lattice I'*. The notion of a dual lattice is useful when defining
bases for subspaces of L?(R"™).

1.2 Composite Dilation Multiresolution Analysis

One classical method for constructing orthonormal wavelets is the well known multires-
olution analysis. Guo et al. extend the classical MRA to affine systems with composite
dilations [13]. Here we tailor the definition to our setting.

Definition 2. Let a € GL,(R) be an expanding matrix, B C GL,(R) a finite group, and
I' a full rank lattice. An ABT' multiresolution analysis (MRA) is a sequence, {V;} of

closed subspaces of L2(R") satisfying

JEL

(1) DyTVy = Vy,for any b € B, k € T';
(27) for each j € Z,V; C Vj41 where V; = D7V

(iii) [V ={0} and | JV; = L2R");
JEZ JEZ
() 3¢ € Vo such that {DyTrp: b€ B,k €T} is an orthonormal basis for V.

Notice that in this setting, the scaling space V) has an orthonormal basis generated by
both dilations from the finite group B and translations from the lattice I'.

1.3 Group Actions on R”

The expression Q1 N Q2 = () and the term disjoint are meant in the sense of measure.
We say a set @ is bounded by a collection of hyperplanes {Hq,...,Hs} when @ is the
nonempty intersection of the half-spaces defined by the collection {Hq, ..., Hy}.

Definition 3. Let G be a group acting from the right on a measurable set Q C R™. Then
a G-tiling set for ) is a measurable set R such that

(1) Uyeg Itg = 2 and

(i) Rg1 N Rgo =0 for g1 # g2 € G. )

A set F' C R" is a fundamental region for B if F' is B-tiling set for R".

This distinguishes the fundamental regions of B from other tiling sets. In the following
we deal with convex fundamental regions. For a nonconvex fundamental region, one may
use the following constructions on a convex fundamental region and subsequently transfer
the appropriate subsets to the associated portion of the nonconvex fundamental region.

Example 1. Let B = Dy, the group of symmetries of the square acting on R?; so B is the
group generated by two reflections, r1, the reflection through & = & and, 7o, the reflection
through the line &, = 0. Let F' = {(&1,&2) : &2 < &}3N{(&1,&2) : & > 0}. Then F is bounded
by the hyperplanes Hy = {(£1,&2) : &2 = &1} and Hy = {(&1,&2) : & = 0}. If we let B act
on F', we see that F' is a fundamental region for B. See the left portion of Figure 1.
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Figure 1: Let B be generated by the reflections through & = & and & = 0. F is a
fundamental region for B (left) and R is a B-tiling set for S (right).

Now let S be the unit square centered at the origin, S = {(51,52) : —% <&,86 < %}
Let R be the triangle with vertices (0,0), (3,0), and (%, ). When B acts on R, we see that
R is a B-tiling set for S. See the right portion of Figure 1.

2 Existence of Minimally Supported Frequency Composite
Dilation Wavelets

This section provides constructive proofs for Theorem 1 and is organized in the following
manner. Section 2.1 details two admissibility conditions that define the properties required
of the scaling sets and the wavelet sets, i.e. the sets supporting the Fourier transform of
the scaling function and the wavelets. Section 2.2 is the heart of the paper with three core
results. Theorem 5 describes how one constructs the scaling sets using any finite group
of invertible matrices. Theorem 11 details the construction of the wavelet sets using the
expanding matrix a = 2[,,. These two theorems prove Theorem 3, a more general version
of the main result.

2.1 Admissibility Conditions

This section develops sufficient conditions on B, I', and a to admit minimally supported
frequency composite dilation wavelets. The first condition describes when B and I' will
provide the appropriate scaling sets. A Starlike Neighborhood of n is a set S containing an
open neighborhood of 1 and containing the line segment joining n and & for every € € S.

Definition 4. Let B be a finite subgroup of GL,,(R) and I' = ¢Z" a full rank lattice. Then
I is B-admissible if there exists a measurable set R C R™ such that:

(i) R is a T*-tiling set for R" and

(ii) R is a B-tiling set for a starlike neighborhood of the origin, S.

When R is a ['*-tiling set for R, we can generate an orthonormal basis for L?(R) by
using modulations associated with the lattice I'. The duality of the lattices makes this
system orthonormal. The starlike neighborhood of the origin allows the construction of



the wavelet sets with a suitable expanding matrix. The second admissibility condition
determines when an expanding matrix will provide appropriate sets to support the Fourier
transform of the wavelet generating functions.

Definition 5. Let I' be B-admissible and let S be a starlike neighborhood of the origin
satisfying (ii) from Definition 4. A matrix a € GL,(R) is (B,T')-admissible if a is expanding
with S C Sa and there exist disjoint sets Ry,..., Ry, C Sa\S such that:

(i) for each I =1,..., L, Ry is a ['*-tiling set for R" and

(ii) Ur, Ry is a B-tiling set for Sa\S.

R2

Sa

Figure 2: R is a I'*-tiling set and a B-tiling set for S (left). Ry, Ro, R3 are ['*-tiling sets for
R? and R; U Ry U R3 is a B-tiling set for Sa\S (right).
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2 shows a set R that satisfies (i) and (ii) from Definition 4. The set S in this portion of
Figure 2 is a starlike neighborhood of the origin. The right hand portion of Figure 2 shows
that a = 2(,) is (B,T)-admissible. We see that Ry, Ry, and R are [*-tiling sets for R? and
that Ry U Ry U Ry is a B-tiling set for Sa\S. The scaling function ¢ is defined by ¢ = xr,
while the wavelets, ¥, are defined by zﬁl = xR, for { =1,2,3.

Example 2. Again, let B = Dy4. Let I' = 7Z2. Then the left portion of Figure

These two admissibility conditions are sufficient for the existence of MSF, MRA com-
posite dilation wavelets. The following is a straightforward adaptation of Proposition 3
from [13].

Theorem 2. Suppose I' = cZ™ is a B-admissible lattice and a € GL,(R) i
admissible. For Ry,..., Ry (as in Definition 5 (i) and (ii)), let ¢! = |det(c)|
1<I<L. Then ¥ = (¢',... ") is an MRA, composite dilation wavelet.

(B,F)—
Xr, for
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2.2 Existence of MSF Composite Dilation Wavelets in L?(R").

This section establishes Theorem 1 while using almost any full rank lattice. By almost
any full rank lattice, we mean the matrices ¢ € GL,(R) that define B-admissible lattices
I' = ¢Z" form a set of full measure in GL,,(R). We will see in Theorem 5 that any lattice
with a basis element in the interior of a fundamental region for B is B-admissible. Thus, if
I" is not B-admissible, it must be that every element of every basis of I'* is contained in the
hyperplanes bounding a fundamental region for B. After selecting B, the set of ¢ € GL,(R)
defining such lattices is a set of measure zero. Proposition 10 further reduces the size of the
set of lattices that are not necessarily B-admissible.

Theorem 3. If B is a finite subgroup of GL,(R) and T" = ¢Z™ is almost any full rank lattice,
then there exists a Multiresolution Amnalysis, Minimally Supported Frequency, Composite
Dilation Wavelet for L*>(R™).

We first establish that every finite group acting on R™ admits almost any lattice. We
recall the fact that every finite subgroup of GL,(R) has a fundamental region bounded by
hyperplanes through the origin.

Lemma 4. FEvery finite subgroup of GL,(R) has a fundamental region bounded by hyper-
planes through the origin.

We can actually construct these fundamental regions [8]. If B is a finite subgroup
of GL,(R), then B is conjugate to a finite subgroup of the orthogonal group O(n). Let
g € GL,(R) and K C O(n) such that B = gKg~!'. Since O(n) fixes the sphere, the
orbit of a € S"71, orb(a) = {ak : k € K}, is contained in the sphere. Choose « such that
lorb()| = |K| = |B| = m. Construct a Voronoi diagram on S™~! for the set orb(a). Then
the Voronoi cell containing a (or any element of orb(«)) is defined by hyperplanes through
the origin, {H. j};.”zl. The cone defined by these hyperplanes is a fundamental region for K.

Since g is a linear transformation, then {H § g_l};ﬂzl are hyperplanes through the origin and
bound a fundamental region for B.

Theorem 5. Suppose B is a finite subgroup of GL,(R) and I' = c¢Z" is such that I'*
has at least one basis element in the interior of a fundamental region for B. Then I is
B-admissible.

Define the e-neighborhood of 1 as N¢(n) = {£:|£ —n] < e}. We rely on the following
easily verifiable lemmas:

Lemma 6. Let F' be a region bounded by hyperplanes through the origin. Let v be a vector
contained in the interior of F'. Let K be any compact set. Then there exists m € Z such
that K +muv C F.

Lemma 7. Let G be any group and suppose R is a G-tiling set for a set V with R = Q1UQ3,
Q1NQy=0. If R = Q1 UQa2g for some g € G, then R is a G-tiling set for V.

Lemma 8. Suppose F' is a fundamental region for a finite group B. Then F\(F + v) is
starlike with respect to the origin for any vector v in F.



Lemma 9. Suppose F is a fundamental region for a finite group B and R is a set such
that R C I and N(0) N F C R for some € > 0. Let S = |J,cp Rb. Then

(i) There ezists o > 0 such that N,(0) C S

(ii) if R is starlike with respect to the origin, then S is starlike with respect to the origin.

Proof of Theorem 5.  Choose F, a fundamental region for B bounded by hyperplanes
through the origin. Let {v;}I"; be a basis for I'* ordered so that =, is in the interior of F.

Let P = {37 t;v; :t; € [—3,3]; i =1,...,n}, a ["-tiling set for R”. Since P is
compact and 7, is in the interior of F', Lemma 6 provides a smallest integer m such that

P+ my, C F. Define A = PN F and for j = 1,...,m, iteratively define

j—1
A; =P\ | 4k) + 3} N Fl = jm. (2)
k=0

Then Aj, N Aj, = 0 for all j; # j2 and P = Jj; A;. Define
U (Aj + m)- (3)

Then, by multiple applications of Lemma 7, R is a ['*-tiling set for R™,
For 0 <e < mln{!{y,‘} _1» Ne(0) C P. Since Ag = PN F, then N.(0) N F' C Ap C R.
Since U]_o(P + J7n) is a convex set containing the origin, it is obviously starlike with
respect to the origin. Then, using Lemma 8 and the definition of Ay,

m

U@ +5v) | n[F\E + )] | U 4o (4)
j=0

is starlike with respect to the origin.

By establishing mutual containment between (3) and (4), we see that R satisfies the
hypotheses of Lemma 9 (i) and (ii). Therefore, R is B-tiling set for a starlike neighborhood
of the origin. Hence, I' satisfies Definition 5. O
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Example 3. We look at an example in R2. Let B=Djand I = 9 9

> Z2. Figures

3 and 4 show how we divide P into the sets A; defined by (2).
Figure 4 shows how we build R as a union of translations of the sets A;. In this figure,
we can also see that R is the intersection of the set F'\ (F 4+, ) with a union of translates of

the parallelogram P. In Figure 4, R = U?:o(Aj + 7)) = [U?ZO(P + j72):| N [F\(F + 72)].
Figure 5 depicts the sets R and S establishing the D4-admissibility of I'.

The simplest situation is when the chosen dual lattice, I'*, has basis vectors that each
lie in the one-dimensional faces of the boundary of the fundamental region. More formally:

Definition 6. Let B be a finite subgroup of GL,(R) and fix F, a fundamental region for B
bounded by n hyperplanes through the origin, {H; };L:l. A lattice I'* is directly associated



7 A7 T

Figure 3: P = U?:o Aj=AgUA; U A,
R? F\(F +72)

A2—|—2’7
P—I—Q’}/Q

P+
F\(F +72)

Ay

Figure 4: R = Ao U (A1 +72) U (A2 + 272) = [ULo(P + )| 0 [F\(F +2)]

with (B, F) if there exists a basis of I'*, {;};_,, such that every basis vector lies in the
intersection of a distinct subset of size n — 1 of the set {H;}._;i.e. v € ;- Hj-

Since v, € H; for every k # i and {v;};_, is a basis for I'* = Zre!, then H; =
span{vx : k # i}. One can check that R = {> " | t;vi : t; € [0,1]} is starlike with respect to
the origin and for any e < min{|v;| : i = 1,...,n}, N (0)NF C R. This provides everything
needed to prove the following proposition.

Proposition 10. Suppose B is a finite subgroup of GL,(R) and F is a fundamental region
for B. Suppose T' = cZ" is such that T* is directly associated with (B,F). Then T is
B-admissible.

Next we complete the proof of Theorem 3 by showing that a = 21, is (B, I')-admissible
when B is a finite group acting on R™ and I" is is B-admissible.
Theorem 11. If B is a finite subgroup of GL,(R) and T is almost any full rank lattice,
then a = 21,, is (B,I")-admissible.

Proof. Let {7;};—, be a basis for I'* ordered such that v, is in the interior of F', a fundamen-
tal region for B. Construct the set R according to Theorem 5. Define a set of hyperplanes,



Figure 5: S = (J,cp RD.

each formed by the span of all but one of the lattice basis vectors:
K; =span{v; :j#i,j=1,...,n} for 1 <i<n—-1. (5)

Let {H;};", be the set of hyperplanes bounding F. (If the fundamental regions for
B are bounded by m < n hyperplanes through the origin, then B is acting on R™. For
simplicity, we assume F' is bounded by n hyperplanes.) Let H be the subset of the union
of the hyperplanes H; that forms the boundary of F'. Then, from the construction of R, we
see that R is bounded by H, H + ~,, and the hyperplanes {K; + %% ?:_11.

Let V denote the set of all 1 x (n — 1) vectors with entries from {—1,1}. We divide R
in 277! subsets of equal measure by defining R, to be the region bounded by H, H + ~,,
and the hyperplanes { K; ?:_11 and {K; + ’u,-%’yi}?:_ll for v = (vi,v9,...,v,-1) € V. The sets
R, are parallelepipeds whose union form R: R = ],y Ro.

For each v € V., R,a will be a parallelepiped whose measure is 2" times the measure
of R,. Consequently, we can realize R,a as the union of 2" translated copies of R,. We
enumerate these sets by vectors describing the translation identifying the set.

Let W be the set of all 1 xn vectors with entries from {0,1}. Fix v € V. Define h, ;) € H
as the unique vector of minimal length emanating from the origin and terminating at the
subspace H N {K; + vi%’yi}.

Now we define the regions R,,:

n—1
Ry = Ry + Z wlhv(z) + WnYn- (6)
i=1
We can reconstruct the sets R, (21,) and R(21,) in the following manner
R,(2I,) = | J Ruw (7)
weW
R2L) = | Ro2L) = | U Ruow (8)
veV veV weW

We complete the proof with three lemmas showing that the sets in the collection
{Upey Row : w € W\(0,...,0)} satisfy (i) and (i) in Definition 5.
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Lemma 12. For a fired w € W, m (UUEV va) = m(P) where m is Lebesque measure.

Proof of Lemma 12. For each v € V, Ry, is a parallelepiped, and we compute its measure
by taking the products of the distances between its bounding hyperplanes in the directions
of the basis vectors {v;}I' ;. Since {H + wpvn} — {H + (wy, + 1) }| = ||, then for each
veV

n—1
m (Ryw) = [l 21;11 B B

1 1
{Ki + wivz‘—%} - {Kz + vi(w; + 1)—%}

1 = 1
= FHWH = Fm(P).
i=1

By definition Ry, N Ry = 0 for u # v € V. Therefore

n <U va) =S (R = Y 2n—1_1m(P) — n(P) ()

veV veV veV
with the last equality due to |[V| = 2"~1. Equation (9) verifies Lemma 12. ¢
Lemma 13. Fiz w € W and let 0 # v € I'. Then for any u,v € V, (Ryw +7) N Ry = 0.

Proof of Lemma 13. Let v € I'. Then there exist [, ...l, € Z such that v = >""" | l;y;. The
set Ry, is bounded by the hyperplanes H + wy, 7y, and H + (wy, + 1)y, {K, + viwi%’yi}n_l

i=1"
and {KZ + vi(w; + 1)%%-};:11. Then R, +7 is bounded by the hyperplanes H + (I, 4wy, )Vn,

n—1 n—1

H + (bn +wp + Dy, {Ki + (L +wiwiy) v}, and {K; + [l +wi(w; + 1) 5] v}
If £ € (Ryw + 7) N Ry, then for each j =1,...,n — 1, £ must be in the region

{Kj + [zj 4 uj(w; +t)ﬂ v ite, 1]} n {Kj gy + )50 b€ 1]} .

So there must exist s, § € [0,1] such that £ € K; + [I; + uj(w; + s)3] 7; and simultane-
ously ¢ € K + vj(w; + §)3v;. Then Ij + u;(w; + s)3 = vj(w; + §)3.

Without loss of generality, we assume v; = 1. If u; = v; then [; + (w; + 5)5 = (w; + 3)3
or l; = %(§ —s). Since 0 < 5,5 < 1, then —% <l < % With [; € Z we have [; = 0.
Therefore, v does not translate in the direction of ;.

Now suppose u; # v;. Then uj = —v; = —1. So l; — (w; + s)1 = (w; + §)3. Then
l —w;j = $(3+s). Since l; € Z and w; € {0,1}, then l; — w; € Z. However, with
0<s,5<1,then0<2(5+s) <1 Thus,l;—wj € {0,1}. Ifl; —w; =0, then s = § = 0. If
lj —wj =1, then s =5 = 1. When s,5 € {0,1}, then £ must lie in a bounding hyperplane.

Finally, £ € {H + (ln + wn + )y, : t € [0,1]} N {H + (wy, + )y, : t € [0,1]}. So there
must exist s,5 € [0, 1] such that £ € H + (I, + wy, + $)y, and £ € H + (w, + §)7y,. Thus,
l,=8—s€Z. Since 0 <s,5<1, then §—s € {—1,0,1}. In the cases l,, € {—1,1}, both
s and § must be integers. Hence, £ must lie in a bounding hyperplane. The remaining case
is where [,, = 0; here, there is no translation in the direction of ~,,.

Hence, if £ € (Ryw + 7) N Ry and u = v, then v = 0. If £ € (Ryy + ) N Ry and u # v,
then ¢ must lie only in bounding hyperplanes. Therefore for any u,v € V and 0 # ~v € T,
(Ruw + 7) N va = (Z) <>
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Define S = Upep B0 = Upen (UUEV Rv7(07___,0)) b as in the proof of Theorem 5.

Lemma 14. |J wew Uyey Row is a B-tiling set of S(21,)\S.
w#(0,...,0)

Proof of Lemma 14.
S(2I,) = <U Rb) (2I,) = | RL)b (10)

beB beB

Therefore, using equations (8) and (10) we get

se\S=U| U UBwl|bd (11)

beB wew  veEV
w#(07"'70)

Equation (11) establishes Lemma 14. ¢

Lemmas 12, 13, and 14 verify that the collection of sets {{J,cy Row : w € W\(0,...,0)}
satisfies (i) and (ii) from Definition 5. Therefore, a = 21, is (B,I')-admissible.

When T'* is directly associated to (B, F'), R is the parallelepiped defined by the basis
vectors of I'*. This simplifies the proof as K; = H; is a hyperplane bounding R (although
we must also define K,). This is a specific case of the preceding argument. O

Proof of Theorems 1 and 3: For any finite group B acting on R"”, almost any full rank
lattice I', and a = 2I,,, Theorem 5 (or Proposition 10), Theorem 11, and Theorem 2 prove
Theorem 3 and therefore Theorem 1. O

The supports sets constructed in the proof of Theorem 3 were formed by subtracting the
vector Y 1, %’y,- from the parallelepiped, P, defined by the basis of I'*. More generally, we
could have subtracted any vector o = (o, ..., ) € R™ such that P — 2?21 «;7y; contains
an open neighborhood of the origin.

_; (2) >Zz, and a = 21,.
In dimension two, V = {—1,1} and W = {(0,0),(1,0),(0,1),(1,1)}. Figure 6 shows the
regions R and R, along with the hyperplanes K7 and K + %71.

Figure 7 shows that R (21,) = U,y Uyew Row- The vectors h_jq)y = h_1 and hy) =

hi are also shown.

In Figure 7, we invoke Theorem 2 to produce the composite dilation wavelet ¥ =
(1[)1, P2, 1/)3). Observe that these generating functions, ¢!, 1?2, 4>, are defined by

Example 4. Expanding on Example 3, let B = Dy, I' =

72)1 = \/EX[R 72)2 = \/§X[R

1,0 VR, (1,07 —1,00,) YR, (0,1’

&3 = \/EX[R

—1,a,n) YR

11



R

R_4
Ki— iy
Ry

Ky

Ki+im

Figure 6: R = R_1 U R;.

3 Singly Generated, MSF, Composite Dilation Wavelets

Guo et al. [13] show that in the case of MRA composite dilation wavelets the number of
wavelet generating functions is determined by the expanding matrix. In Definition 1, this
corresponds to L = |det(a)| — 1 when a has an integer determinant. In Section 2.2 we have
shown the existence of composite dilation wavelets with 2" — 1 wavelet generators. This
section provides MSF composite dilation wavelets with a single wavelet generating function.

3.1 Singly Generated MRA, MSF, Composite Dilation Wavelets for L?(R")

Here we select B, I', and a in order to construct a singly generated MRA, MSF, compos-
ite dilation wavelet system for L?(R"™). We surrender the freedom of the previous section.

Theorem 15. There exists a singly generated, MRA, MSF, composite dilation wavelet for
L2(R™).

Proof. Choose T' = Z" so T'* = Z" has the standard basis vectors {&;}7_, = {e!}?_,. Define
H;, = éf, the hyperplane perpendicular to €;. Let B be the group generated by reflections
through H; for every i = 1,...,n. When F is the positive span of {é;}]",, I'* is directly
associated with (B, F'). Therefore, we define R = {>_" | t;é; : t; € [0,1]}. Then R is clearly
a Z" tiling set for R”. Define S = Upes B = {>°i—1 si€i = s; € [—1,1]}. Then S is a starlike
neighborhood of the origin and R is a B-tiling set for S. Therefore Z™ is B-admissible.
Define a as the modified permutation matrix sending &; to &, and & to &_1 for i =

12



Ry © » B o RS}

RO O

e e

Figure 7: R (21,) = Uy Upew Row-

2,...,n with the modification that it doubles &. So

0 00 01
200 0 0
010 0 0
“a=10 0 1 0 0
000 -- 10

Then |det(a)| = 2 and a" = 2I,,. Thus, a is expanding.
Observe that

n
Ra = {tlél +Ztiéi 1t € [0,2],ti S [0, 1] for i = 2,...,1’L}
=2

n
Sa = {Slél —|—Zsiéi 181 € [—2,2],8] S [—1,1] for ¢ = 2,...,n} .
=2

Then RAC Ra and S C Sa. Define Ry = Ra\R = R+ ¢é;. By Lemma 7, R; is a Z”—tiling
set for R". As B acts on R; we obtain Sa\S:

| Rib = Sa\s. (12)
beB

By (12), R; is a B-tiling set for Sa\S. Therefore, a is (B, Z")-admissible.
From Theorem 2, with 1 = Yg,, Aapr(¢) is an orthonormal basis for L?(R"). There-
fore, ¢ is an MRA, composite dilation wavelet for L?(R"). O
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Example 5. Remaining in Rz, let B be the group generated by the reflections through

& =0and & =0. Let I' = Z2 and a = ( (2) (1) > Figure 8 shows the sets R, R1, S, and

Sa. We see that S = |J,cp Rb and Sa\S = [J,cp R1b. In this case the composite dilation
wavelet is the function ¢ defined by 1[1 = XR,. The associated composite dilation scaling
function for the MRA is the function ¢ defined by ¢ = xg.

R2
Sa

R | Ry

Figure 8: S = (Jycg Rb and Sa\S = ¢, R1b.

This demonstrates one of the potentially useful properties of composite dilation wavelets.
Without the dilations by the group B, we could generate a wavelet system using a = 2(1},)
and a unit square centered at the origin. In that case, we know the wavelet space would
need 2" — 1 wavelet generators. However, the composite dilations allow us to transfer this
need for generators into the group B. When the number of generators for B is considerably
smaller than the determinant of the expanding matrix (in this section B has n generators
while |det(a)] = 2™) we are able to significantly reduce the input requirements for any
implementation (in this section, from 2" — 1 to n + 1). Using composite dilations, an
implementation would only require input of the n generators of the composite dilation
group B and the single wavelet generator. It is plausible that implementation algorithms
can exploit the group properties to take advantage of this fact.

3.2 Singly Generated Non-MRA, MSF, Composite Dilation Wavelets for
L*(R™)

In this section, we retain the freedom to choose an arbitrary finite group B by sacrificing
the MRA structure. We do so by selecting a fundamental region F' and a lattice I' so that
I'™* is directly associated with (B, F).

Theorem 16. For any finite subgroup of GL,(R) there exists a singly generated non-MRA,
MSF, composite dilation wavelet for L?(R™).

Proof. Let B be a finite subgroup of GL,(R) and select F', a fundamental region for B.
Choose I' = ¢Z™ so that I'* is directly associated with (B, F).

Define R = {37, tiv; : t; € [0,1]} and let a = 2I,,. To construct a set whose dilations
by a are orthogonal to each other requires an iterative process. First apply a=! to R.
Then RN Ra~' = Ra~' # (). This nonempty intersection prevents the orthogonality of
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the a dilations of R. Remove and translate this intersection, Ra~', by an element of I'* to
maintain the I'*-tiling property. Then we obtain a new set, R} = (R\Ra_l) U (Ra_1 + ’y).

Now R; is again a ['*-tiling set for R”, however, the a dilations of R; are not orthogonal.
Repeat the process with R; to obtain Ry and continue the iterative process to obtain Ry
for any natural number k. Then define Ry, = limy_,oo Ri. R is a I'*-tiling set of R™ and
has orthogonal a dilations. The union of the a dilates of Ry is F: F = . ez Rood.

F' is a fundamental region for B so applying the dilations from B will give orthogonal
sets filling R”. As a commutes with any matrix, R” = = Ujez Upes Rba’. Since Ry, is a

I™-tiling set, we establish an orthonormal basis for LQ(R") as in the previous proofs.
1
Let ¢ = |det(c)|Z YR, then A4 pr(v) is an orthonormal basis for L?(R™). Therefore, 1

is a non-MRA, MSF, composite dilation wavelet. (It is non-MRA since there is no scaling
function ¢ corresponding to ¢.) O

Example 6. Let a = 2(I3) and B = Dy. Choose the full rank lattice, I' = < _1 (1) > 72,

so that I'* is directly associated with (B, F'). Figure 9 depicts the set R, when we take
¥ =172 0ry = +72. It is apparent in each figure how the sets Ry are formed. In both
cases, the wavelet ¢ is defined by ¢ = xg__.

R2 R2

72 V2

At et

Figure 9: Ry = limg_.oo Ry for v = v (left) and v = 1 + 72 (right).

3.3 Singly generated, MRA, MSF, Composite Dilation Wavelets for L?(R?)

The two previous subsections dealt with singly generated composite dilation wavelets for
L?(R™). Letting the dimension be arbitrary forced us to give something up. In dimension
two, we maintain the MRA structure and the freedom in choosing our group B.

Theorem 17. If B is a finite Cozeter group acting on R?, there exists a singly generated,
MRA, MSF composite dilation wavelet for L*(R?).

Proof. Let B be generated by reflections through two lines through the origin. Define b;
as the reflection through the lines /;, j = 1,2, bounding a fundamental region for B. The
angle between [; and I is % where m € Z is the order of the rotation bybs.
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Choose I' = ¢Z" so the basis vectors for I'*, {71,72}, lie in {1 and I3, respectively, and
il = 1, |y2| = V2. Let R = {t171 + taya : t1,t2 € [0,1]} since I'* is directly associated with
(B, F). By Theorem 10, I' is B-admissible with S = |,z Rb a starlike neighborhood of
the origin.

Let p(7) denote the counter-clockwise rotation by -. Define a = V2p(Z). Then a is

s
m

an expanding matrix and y1a = g, y2a = (271) ba. Since by = 72, we have

Ra = {timia+taya : ty,t2 € [0,1]}
= {t172 + 2tay1by : t1,t2 € [0,1]} = Rbo U (Rba + 71b2) (13)

Applying by to (13) we have Raby = RU (R + 7). When B acts on Ra we obtain:

|J Rab = ] Rabsb = | J [RU(R+y)]b=SU
beB beB beB

U @®+w)b|.

beB

(14)

In R?, all rotations commute and have a commuting relationship with the reflections bj:
p(0)b; = bjp(—0) for j = 1,2. Then abibsa™ = biby = p (%) and abra™! = by. Since B
can be generated by one reflection b; and the rotation biby, we have aB = Ba. Hence

Sa = (U Rb)a: URba: URab. (15)

beB beB beB

Thus, combining (14) and (15) and defining R; = R + 1, we observe that S C Sa and

Sa\S = | J Rub. (16)
beB

Lemma 7 and (16) establish that R; is a I'*-tiling set for R” and a B-tiling set for Sa\S.

Therefore, a is (B, I")-admissible. By Theorem 2, for ¢ = \det(c)]% XR,, we have Aapr(1)
is an orthonormal basis for L2(R"), and 1 is a singly generated, MRA, MSF, composite
dilation wavelet for L?2(R?). O

Example 7. Let B be the group generated by b1 and bo, the reflections through £ = 0 and
&9 = &1, respectively. Choose I' = ( _i (1) >Z2 and a = < _1 1 > = \/5,0(%) Figure
10 depicts Raby = RU (R + 71).

Tpe left hand portion of Figure 11 depicts the sets Sa, Sa\S, S, R, and Ry. Let ¢ = xr
and ¢ = yr,.

The usefulness of Coxeter groups in the development of orthonormal bases and wavelets
has a well-established history; for example, see the works of Geronimo, Hardin, Kessler, and
Mossapust including [7], [14], and [19]. For more information on Coxeter groups see [4], [5],
and [8].

By interchanging the roles of reflections and rotations between a and B, we may also
obtain a singly generated, MRA, MSF composite dilation wavelet with rotation groups. A
similar proof to the proof of Theorem 17 provides the following theorem:
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V2
R R+

94!

Figure 10: Raby = RU (R + 7).

Sa Sa

RR/ R R/J/

Sa\S Sa\S
B B

Figure 11: R is a B-tiling set for S. R; is a B-tiling set for Sa\S.

Theorem 18. If B is a finite rotation group acting on R?, there exists a singly generated,
MSF, MRA composite dilation wavelet for L*(R?).

Example 8. The right hand portion of Figure 11 depicts the sets Sa, Sa\S, S, R, and R; for
an example related to Theorem 18. In this case, B is the group generated by the rotation

p(§) and a = \/5( (1) (1) > is an expanding reflection through the line & = &;. Again,

¢ = xr and ¢ = xp,.

4 Conclusion

To capture directional information, long, narrow windows in multiple directions have
been utilized in [3], [6], [9], and more. From the constructive proofs leading to Theorem 3,
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we can create windows as long and narrow as we wish with essentially any orientation. In ]R2,
choose B generated by reflections through the line {3 = 0 and the line {3 = tan(7-)¢;. Since
I' can be essentially arbitrary, we may choose I' to create long, narrow ['*-tiling sets. We
select m to obtain the desired orientations. Increasing the number of orientations requires
only a change in the generators for B, not an increase in their number. Therefore, the
necessary input for an implementation is independent of the desired number of orientations.

Example 9. Figure 12 depicts one possible set of three wavelet generating functions for
dimension two when m = 5 (the dark sets). We then show the support sets for several of
the B-dilates (but not all) and a few translates for one of these functions. Notice that we
can capture directional information with these windows in m = 5 distinct orientations.

N

~~——

Figure 12: Some oriented windows in the Fourier domain for a group generated by reflections
through the {;-axis and the line through the origin with slope tan().

The obvious next step is to use the results of this paper to find composite dilation
systems with improved time localization. As with shearlets, this will likely require the
construction of Parseval frames by forming smoother generating functions supported on the
sets constructed in Theorem 3.
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