
Math 2250 Lab 3 Due September 18, 2014

Name:

1. Consider the differential equation

dx

dt
= 4x4 − x2

(a) Find the equilbria and draw the phase diagram.

(b) Classify the equilibria as stable, unstable, or semi-stable.

(c) Use Maple’s DEplot command to plot the slope field and representative solution
graphs, including graphs of the equilibrium solutions. Unstaple this lab and restaple
with the printed plot here.
(MATLAB: use dfield.m from http://math.rice.edu/~dfield/)
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2. Consider a bioreactor used by a yogurt factory to grow the bacteria needed to make
yogurt. The growth of the bacteria is governed by the logistic equation

dP

dt
= kP (M − P )

where P is the population in millions and t is the time in days. Recall that M is the
carrying capacity of the reactor and k is a constant that depends on the growth rate.

(a) Through observation it is found that after a long time the population in the reactor
stabilizes at 100 million bacteria, and that when the population of the reactor is 20
million the population increases at a rate of 15 million bacteria per day. Using this
information and the governing equation, find values for the constants k and M .

(b) If the colony starts with a population of 40 million bacteria, how long will it take
for the population to reach 65% of the carrying capacity?

(c) Suppose the factory harvests bacteria from the reactor once a week. The harvesting
process takes a day, during which the reactor is not operational, leaving 6 days per
week for the bacteria to grow in the reactor. The factory wants to maximize the
amount of bacteria grown during these 6 days. To achieve this, dP

dt
should be at its

maximum 3 days after harvesting. What initial population (after harvesting) gives
the most growth over the 6 day period? What is the population change during that
time?

(d) Suppose the reactor is modified to allow for continual harvesting without shutting
down the reactor. Let h be the rate at which the bacteria are harvested in millions
per day. Write down the new differential equation governing the bacteria popula-
tion. What is the maximum rate of harvesting h that will not cause the population
of bacteria to go extinct? (Below this rate there will always be a stable equilibrium
point where P is positive).
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3. From 1946 to 1970, the United States disposed of nuclear waste by filling 55 gallon drums
and dumping them in the ocean. Testing was conducted to ensure that the drums would
not corrode for hundreds of years, but the possibility of the barrels rupturing upon
impact with the sea floor was not carefully considered until after hundreds of thousands
of barrels were disposed. Impact experiments showed that the drums do not break if
they strike rock with a velocity less than 40 ft/s (27 mph). Many drums sunk to a depth
of 300 ft. Is it likely that some of these drums ruptured?

If we let the downward direction be the positive direction for our coordinate axes, then
the equation of motion for a drum falling though water is:

w

g

dv

dt
= (w − b) − kv (1)

where w = 527 lb is the weight of the drum, b is the buoyant force equal to the weight of
the water displaced by the drum (the density of seawater is 64.2 lb/ft3 and a 55 gallon
drum displaces 7.35 ft3), and g = 32.2 ft/s2 is the acceleration due to gravity. Note
that w/g is the mass of the drum, thus the left hand side is ma. Towing experiments
were conducted to determine the drag coefficient, k. These experiments showed that the
orientation of the drum had little effect on k, and they found the value to be k = 0.08
lb/(ft/s).

The question is what velocity will the drums have after falling a distance of 300 ft?
However, solving equation (1) will give you v(t), that is, velocity as a function of time.
It would be more convenient if we had velocity as a function of position (depth), that is
v(x). If we treat v as a function of position, x, then the chain rule gives:

dv

dt
=

dv

dx
· dx
dt

=
dv

dx
· v.

Thus we can change the above equation to

w

g

dv

dx
v = (w − b) − kv (2)

and solve for v(x).

(a) It is instructive to obtain an upper bound on the velocity by assuming the drag
force to be zero, k = 0. Solve equation (2) assuming k = 0 and v(0) = 0. Show
that vmax ≈ 45 ft/s.

(b) Equation (2) is separable. Use the separation of variables technique to solve it
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symbolically. The following rewrite of the integrand will be helpful.

v

(w − b) − kv
=

kv

k[(w − b) − kv]

=
kv + (w − b) − (w − b)

k[(w − b) − kv]

= − [(w − b) − kv]

k[(w − b) − kv]
+

(w − b)

k[(w − b) − kv]

= −1

k
+

(w − b)

k[(w − b) − kv]

Assuming v(0) = 0, show that equation (2) has solution:

v =
(w − b)

k
ln

∣∣∣∣ (w − b)

(w − b) − kv

∣∣∣∣− kg

w
x (3)

(c) The solution given above is not an explicit function because v also appears on the
right hand side. Use Maple’s solve command to solve equation (3) for v when
x = 300. Is it likely that some of the drums ruptured?
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