Growth: Linear versus Exponential: We

contrast the two basic forms of growth: linear
growth by the same absolute amount in any time
period and exponential growth by the same relative
amount in any time period. We also explore the
remarkable effects of the repeated doublings that
characterize exponential growth.

Doubling Time and Half-Life: Exponential

growth is characterized by a constant doubling time,
while exponential decay is characterized by a
constant half-life. We explore both ideas and some
of their many applications.

Real Population Growth: Real population growth
is neither strictly linear nor strictly exponential. We
study both the reasons for and the limits to popula-
tion growth, which have important implications for
the future of the human race.

_UNIT 8D

Logarithmic Scales: Earthquakes, Sounds,
and Acids: We study the meaning and use of three
important logarithmic scales: the magnitude scale
for earthquakes, the decibel scale for sound, and the
pH scale for acidity

The greatest shortcoming of the human race is (its)
inability to understand the exponential function.

—Albert A. Bartlett,
Professor of Physics,
University of Colorado

Exponential
Astonishment

World population is Cu.rrently growing by some 75
million people per year—enough to fill an entire new
United States in only four years. A growing population
means new challenges for our species, which we can
meet only if we understand this growth. In this chapter,
we will investigate the mathematical laws of growth—
specifically, exponential growth. We will focus on what
we call exponential astonishment: the intuition-defying
reality of exponential growth. Although we will
emphasize population growth, we will also study many
other important topics, including the decay of waste
from nuclear power plants, the depletion of natural

resources, and the environmental effects of acid rain.
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Use this activity to gain a sense of the kinds of problems
this chapter will enable you to study. Try working through
it before you begin the chapter, then return to it after you've
learned the chapter material.

The game called Towers of Hanoi consists of three pegs and a
set of disks of varying sizes. Each disk has a hole in its center
so that it can be moved from peg to peg. The game begins
with all the disks stacked on one peg in order of decreasing
size (see photo). The object of the game is to move the entire
stack of disks to a different peg, following two rules:

Rule 1. Only one disk can be moved at a time.
Rule 2. A larger disk can never be placed on top of a smaller disk.

You can easily find or make a version of the Towers of Hanoi game; many Web sites have
online simulations of the game, or you can make your own version by cutting disks out of
cardboard. Play the game with seven disks, looking for the most efficient strategy for mov-
ing the disks. Once you have found the best strategy, answer the following questions.

i

You can view the game as a series of goals. The first goal is to end up with 1 disk
on another peg, the second goal is to end up with 2 disks on another peg, and so
on, until all the disks are on another peg. The first goal requires only one move:
taking the smallest (top) disk and moving it to a different peg. The second goal
then requires two more moves: first moving the second-smallest disk to the
empty peg and then putting the smallest disk on top of it. Complete the follow-
ing table as you continue the game.

Moves Required Total Moves in
Goal for This Step Game So Far
1 disk on another peg 1 1
2 disks on another peg 2 1 +2=3

3 disks on another peg
4 disks on another peg
5 disks on another peg
6 disks on another peg
7 disks on another peg

. Look at the patterns in the table. Find general formulas for the second and third

columns after n steps. Confirm that your formulas give the correct results for all
the entries in the table. (Hint: If you are using the most efficient strategy, both
formulas will involve powers of 2, with n appearing in the exponent.)

. Use the formula for the total moves in the game (column 3) to predict the total

number of moves required to complete the game with 10 disks (rather than 7).

. The game is related to a legend claiming that, at the beginning of the world, the

Brahma put three large diamond needles on a brass slab in the Great Temple, and
placed 64 disks of solid gold on one needle; the disks were arranged in order of
decreasing size, just like the disks in the Towers of Hanoi game. Working in
shifts, day and night, the temple priests moved the golden disks according to the

lwo. rul.es of the game. How many total moves are required to move the entire set
of 64 disks to another needle?

- The legend holds that upon completion of the task of moving all 64 disks, the

temple will crumble and the world will come to an end. Assume that the priests
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can move very fas ’

question 4, h?iw :ai(; ;ILE;):.;T:)YF 'On‘e disk each second. Based on your answer to

legend is true, do we have a lh'11 take to move theentize atack of 64 diskst If e

o R nything to worry about right now? (Useful data: Scien-
current age of the universe to be about 14 billion years.)

6. The way in whi
had l)e o hich tlwT number of moves required for each step increases is an
= w}l: o xponefmal growth—the topic of this chapter. Briefly comment
at this game illustrates about the nature of exponential growth

Imagine two communities, Straightown and Powertown, each with an initial population
of l0.00Q people (Figure 8.1). Straightown grows at a constant rate of 500 peg le per
year, so its population reaches 10,500 after 1 year, 11,000 after 2 years, 11 5013) afpler
3 years, aﬂd so on. Powertown grows at a constant rate of 5 percent per yea,r. Be;cause 5%
of 10,000 is 500, Powertown’s population also reaches 10,500 after 1 year. In the second
year, however, Powertown’s population increases by 5% of 10,500, which is 525, to
11,025. In the third year, Powertown’s population increases by 5% of 11,025, or by %51
people. Figure 8.1 contrasts the populations of the two towns over a 45—ye’ar périod. Note
that Powertown’s population rises ever more steeply and quickly outpaces Straightowns.

X third doubling
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FIGURE 8.1 Straightown grows linearly, while Powertown grows exponentially.

Straightown and Powertown illustrate two fundamentally different types of growth.
Straightown grows by the same absolute amount—3500 people—each year, which is
characteristic of linear growth. In contrast, Powertown grows by the same relative
amount—>35%—each year, which is characteristic of exponential growth.

I TWO BASIC GROWTH PATTERNS I
n a quantity grows by the same absolute amount in each |

Linear growth occurs whe
l unit of time.

h occurs when a quantity grows by the same relative amount—

Exponential growt
in each unit of time. —’

l that is, by the same percentage—

m————
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CHAPTER 8

Exponential Astonishment

The terms linear and exponential can also be applied to quantities that decrease with
time. For example, exponential decay occurs when a quantity decreases by the same rel-
ative amount in each unit of time. In the rest of this unit, we will explore the surpris-

ing properties of exponential growth.

Example 1 Linear or Exponential?

In each of the following situations, state whether the growth (or decay) is linear or ex-
ponential, and answer the associated questions.

a. The number of students at Wilson High School has increased by 50 in each of the
past four years. If the student population was 750 four years ago, what is it today?

b. The price of milk has been rising 3% per year. If the price of a gallon of milk was $4
a year ago, what is it now?

c. Tax law allows you to depreciate the value of your equipment by $200 per year. If you
purchased the equipment three years ago for $1000, what is its depreciated value today?

d. The memory capacity of state-of-the-art computer hard drives is doubling approxi-
mately every two years. If a company’s top-of-the-line drive holds 2.5 terabytes
today, what will it hold in six years?

e. The price of high-definition TV sets has been falling by about 25% per year. If the
price is $1000 today, what can you expect it to be in two years?

Solution

a. The number of students increased by the same absolute amount each year, so this is
linear growth. Because the student population increased by 50 students per year, in
four years it grew by 4 X 50 = 200 students, from 750 to 950.

b. The price rises by the same percent each year, so this is exponential growth. 1f the price
was $4 a year ago, it increased by 0.03 X $4 = $0.12, making the price $4.12.

c. The equipment value decreases by the same absolute amount each year, so this is
linear decay. In three years, the value decreases by 3 X $200 = $600, so the value
decreases from $1000 to $400.

d. A doubling is the same as a 100% increase, so the two-year doubling time represents
exponential growth. With a doubling every two years, the capacity will double three
times in six years: from 2.5 terabytes to 5 terabytes after two years, from 5 to 10 ter-
abytes after four years, and from 10 to 20 terabytes after six years.

e. The price decreases by the same percentage each year, so this is exponential decay.
From $1000 today, the price will fall by 25%, or 0.25 X $1000 = $250, in one year.
Therefore, next year’s price will be $750. The following year, the price will again
fall by 25%, or 0.25 X $750 = $187.50, so the price after two years will be
$750 — $187.50 = $562.50. Now try Exercises 9-16.

The Impact of Doublings

Look again at the graph of Powertown’s population in Figure 8.1. After about 14 years, the
original population has doubled to 20,000. In the next 14 years, it doubles again to 40,000.
It then doubles again, to 80,000, 14 years after that. This type of repeated doubling, in which
each doubling occurs in the same amount of time, is a hallmark of exponential growth.

The time it takes for each doubling depends on the rate of the exponential growth.
In Unit 8B, we'll see how the doubling time depends on the percentage growth rate.
Here, we'll explore three parables that show how doublings make exponential growth
so very different from linear growth.

Parable 1: From Hero to Headless in 64 Easy Steps

Legend hgs it Lhal..whcn chess was invented in ancient times, a king was so enchanted
that he said to the inventor, “Name your reward.”
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'_.[f you please, klﬂg, put one grain of wheat on the first square of my chesshoard,”
Sﬂl‘d the ln\’c’nllor. “Then, place two grains on the seu)n-d square foury T ) - ll;e
lhffd équare, eight grains on the fourth square, and so on ‘?The’kin ?,1;2111“5 UT: ed
thinking the man a fool for asking for a few grains ()[_wheal-t when hegg Id {1 e eh d
gold or jewels. But let’s see how it adds up for the 64 squares on a chcssjao:rd G
Table 8.1 shows the calculations. Each square gets twice as many grains a.s AR o
vious square, so the number of grains on any square is a power of 2. The third colfmn

shows the total number of grains up to each point, and the last column gives a simple
formula for the total number of grains.

TABLE 8.1
Grains on Total Grains Formula for
Square This Square Thus Far Total Grains
1 ) =58 1 2t -1
2 2= 7! 1+2= 3 22-1
3 4 = )2 3+4= 7 22 -1
4 =03 7+8=15 2t -1
5 16 = 2% 15 + 16 = 31 2> -1
64 2,\3 2(‘)-0 L

From the pattern in the last column, we see that the grand total for all 64 squares is
2% — 1 grains. How much wheat is this? With a calculator, you can confirm that
10 — 1.8 % 10", or about 18 billion billion. Not only would it be difficult to fit so many
grains on a chessboard, but this number happens to be larger than the total number of
grains of wheat harvested in all human history. The king never finished paying the inven-
tor and, according to legend, instead had him beheaded. Now try Exercises 17-20.

Parable 2: The Magic Penny

One lucky day, you meet a leprechaun who promises to give you fantastic wealth, but
hands you only a penny before disappearing. You head home and place the penny un-
der your pillow. The next morning, to your surprise, you find two pennies under your
pillow. The following morning, you find four pennies, and the fourth morning, eight
pennies. Apparently, the leprechaun gave you a magic penny: While you sleep, each
magic penny turns into two magic pennies. Table 8.2 shows your growing
wealth. Note that “day 0” is the day you met the leprechaun. Generalizing from
the first four rows of the table, the amount under your pillow after t days is TABLE 8.2

Day Amount Under Pillow
$0.01 X 2° = $0.01
$0.01 x 2' = $0.02
$0.01 X 2* = $0.04
$0.01 x 2° = $0.08

$0.01 x 2* = $0.16

$001 X 2

We can use this formula to figure out how long it will be until you have fan-
tastic wealth. After t = 9 days, you'll have $0.01 X 29 = $5.12, which is
barely enough to buy lunch. But by the end of a month, or t = 30 days,. you'll
have $0.01 X 2%° = $10,737,418.24. That is, you'll be a millionaire within a

month, and you'll need a much larger pillow! In fact, if your ma%ilc pennies
keep doubling, by the end of just 51 days youw'll have $0.01 X 2% =~ $22.5

trillion. which is more than enough to pay off the national debt of the United
States Now try Exercises 21-24.

oo N = O

$0.01 2"

Parable 3: Bacteria in a Bottle
turn to a story with relevance to the future of the human

For our third parable, we
l e bacterium in a bottle at 11:00 a.m. It grows and at

race. Suppose you place a singl
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BY THE WAY

The bacteria in a bottle
parable was developed by
Professor Albert A. Bartlett,
University of Colorado, who
has given more than 1670
lectures on the lessons of
exponential growth around
the country over the past
40 years.

Exponential Astonishment

11:01 divides into two bacteria. These two bacteria each grow and at 11:02 divide into
four bacteria, which grow and at 11:03 divide into eight bacteria, and so on. ‘

Now, suppose the bacteria continue to double every minute, anfﬂ lhe. bottle is full al‘
12:00. You may already realize that the number of bacteria at this point must be 2
(because they doubled every minute for 60 minutes), but the important fact is that we
have a bacte;‘ial disaster on our hands: Because the bacteria have filled the bottle, the
entire bacterial colony is doomed. Let’s examine this tragedy in greater detail, by ask-
ing a few questions about the demise of the colony.

« Question 1: If the tragedy occurred because the bottle was full at 12:00, when was
the bottle half-full?
Answer: Because it took one hour to fill the bottle, many people guess that it was
half-full after a half-hour, or at 11:30. However, because the bacteria double in
number every minute, they must also have doubled during the last minute, which
means the bottle went from being half-full to full during the final minute. That is,
the bottle was half-full at 11:59, just 1 minute before the disaster.

s Question 2: Imagine that you are a mathematically sophisticated bacterium, and at
11:56 you recognize the impending disaster. You immediately jump on your soap-
box and warn that unless your fellow bacteria slow their growth dramatically.
the end is just 4 minutes away. Will anyone believe you?

Answer: Yow've done your mathematics correctly; the bottle will indeed be full

in just 4 minutes. But how will it appear to others who have not done the
calculations? As we've already seen, the bottle will be half-full at 11:59. Continu-
ing to work backward through the doublings each minute, we find that it will be §
full at 11:58, é full at 11:57, and ]];; full at 11:56. Therefore, if your fellow bacteria
look around the bottle at 11:56, they'll see that only 75 of the bottle has been used.
In other words, the amount of unused space is 15 times the amount of used space.
You are asking them to believe that, in just the next 4 minutes, they’'ll fill 15 times
as much space as they did in their entire 56-minute history. Unless they do the
mathematics for themselves, they are unlikely to take your warnings seriously.
Figure 8.2 shows the situation graphically. Note that the bottle remains nearly
empty for most of the 60 minutes, but the continued doublings fill it rapidly in
the final 4 minutes.

100

In the final minutes,
the doublings fill the

80 -

bottle very rapidly

60 -

40 -

|w= maost ot 60

minutes, the bottle

20 -

Percent of bottle filled

i1s nearly empty

L b, W1 |
:30 11:40 11:50 12:00

Time

11:00 11:10 11:20 11

FIGURE 8.2 The population of the bacteria in
the bottle

* Question 3: It's 11:59 and, with the bottle half-full, your fellow bacteria are finally
taking your warnings seriously. They quickly start a space program, sending little
bacterial spaceships out into the lab in search of new bottles. Thankfully, they
discover three more bottles (making ; :

; : : a total of four, including the one already
occupied). Working quickly,

they initiate a mass migration by packing bacteria
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onto spaceships and i
4 por[))ulalios evenl;e;r:i]t)nng 1h;m to the new bottles. They successfully distribute  Facts do not cease to
R R foi t beof(t)lur bol!:les, l__ilusl in time to avert the disaster. exist because they
: es rather t i iR :
they gained for their civilization? v than just one, how much tme have are ignored.
. . —Aldous Huxley
A:strer. Bflcause it l.ook one hour to fill one bottle, you might guess that it would
RS ourdm;)rls to fill four bottles. But remember that the bacterial population con-
SUMRES "_0" l‘)”‘ e each minute. If there are enough bacteria to fill one bottle at 12:00,
there will be enough to fill two bottles by 12:01 and four bottles by 12:02. The dis-
covery of three new bottles gives them only 2 additional minutes.

Qucsnl()m 41 Suppose the bacteria continue their space program, constantly looking for
more ottles. Is there any hope that further discoveries will allow the colony to
continue its exponential growth?

Answer: Let’s do some calculations. After n minutes, the bacterial population is 2".
F?r example, it is 2” = 1 when the first bacterium starts the colony at 11:00,
2! = 2at11:01, 2% = 4 at 11:02, and so on. There are 2° bacteria when the first
bottle fills at 12:00, and 2°* bacteria when four bottles are full at 12:02. Suppose
that, somehow, the bacteria managed to keep doubling every minute until 1:00. By
that time, the number of bacteria would be 2'?°, because it has been 120 minutes
since the colony began. Now, we must figure out how much space they'd require for
this population.

The smallest bacteria measure approximately 107 m (0.1 micrometer) across. If we
assume that the bacteria are roughly cube-shaped, the volume of a single bacterium is

(107m)® = 10" m®
Therefore, the colony of 2'*" bacteria would occupy a total volume of

2120 3¢ 107 ? &~ 1.3 X 10

With this volume, the bacteria would cover the entire surface of the Earth in a layer
more than 2 meters deep! (See Exercise 27 to calculate this result for yourself.)

In fact, if the doublings continued for just 5% hours, the volume of bacteria would
exceed the volume of the entire universe (see Exercise 28). Needless to say, this cannot
happen. The exponential growth of the colony cannot possibly continue for long, no
matter what technological advances might be imagined.  Now try Exercises 25-28.

Time Out to Think

Some people have suggested that we could find room for an exponentially growing human
population by colonizing other planets in our solar system. Is this possible?

Doubling Lessons
The three parables reveal at least two key lessons about the repeated doublings that
arise with exponential growth. First, if you look back at Table 8.1, you'll notice that the
number of grains on each square is nearly equal to the total m%mber of grains on all
previous squares combined. For example, the 16 grains pn the fifth square are 1 more
than the total of 15 grains on the first four squares combined.

Second. all three parables show quantilies growing to impossible proportions. We

cannot possibly fit all the wheat harvested in world history on a chessboard; $22

trillion worth of pennies won't fit under your pillow, and it is far more than the
number of pennies ever produced; and a colony of bacteria cant possibly fill the

universe.
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s — e —————

j KEY FACTS ABOUT EXPONENTIAL GROWTH

o repeated doublings. With each doubling, the
ly equal to the sum of all preceding doublings.

ely. After only a relatively small

'« Exponential growth leads t
amount of increase is approximate

|« Exponential growth cannot continue indefinit ft : :
number of doublings, exponentially growing quantitics reach impossible

proportions.

—— S s mmm—r—

6. On a chessboard with 64 squares, you place 1 penny on the first
square, 2 pennies on the second square, 4 pennies on the third
square, and so on. If you could follow this pattern to fill the en-
tire board, about how much money would you need in total?

Choose the best answer to each of the following questions.
Explain your reasoning with one or more complete sentences.

1. A town'’s population increases in one year from 100,000 to
110,000. If the population is growing linearly, at a steady

rate, then at the end of a second year it will be a. about $1.28 b. about $500,000
a. 110,000 b. 120,000. c. 121,000. ¢. about 10,000 times as much as the current U.S. federal deht
2. A town's population increases in one year from 100,000 to 7. At 11:00 you place a single bacterium in a bottle, and at 11:01
110,000, If the population is growing exponentially at a it divides into 2 bacteria, which at 11:02 divide into 4 bacteria,
steady rate, then at the end of a second year it will be and so on. How many bacterial will be in the bottle at 11:30?
a. 110,000 b. 120,000. ¢. 121,000. a. 2 %X 30 b2 c. 2 X 10%
3. The balance owed on your credit card doubles from $1000 to 8. Consider the bacterial population described in Exercise 7.
$2000 in 6 months. If your balance is growing exponentially, How many more bacteria are in the bottle at 11:31 than
how much longer will it be until it reaches $40007? at 11:30?
a. 6 months b. 12 months c. 18 months a. 30 b. 2% c. 23
d . . y D ’ cP o o . R N - - -
t. The number of songs in \\‘l"_'! od has risen from 200 to 400 9. Consider the bacterial population described in Exercise 7
in 3 months. If the number of songs is increasing linearly, If the bacteria occupy a volume of 1 cubic meter at 12:02 and
. C . . : o : - i 3 5 i
how much longer will it be until you have 800 songs? continue their exponential growth, when will they occupy a
a. 3 months volume of 2 cubic meters?
b. 6 months a. 12:03 b. 12:04 ¢ 1:02
¢. 15 months 10. Which of the following is not true of any exponentially grow-

i ation?

3. Which of the following is an example of exponential decay? g popalation]
a. The population of a rural community is falling by 100 peo- a. With every doubling, the population increase is nearly
ple per yea: equal to the total increase from all previous doublings.

b. The steady growth makes it easy to see any impending

b. The price of gasoline is falling by $0.02 per week.
crisis long before the crisis becomes severe.

¢. Government support for education is falling 1% per
year c. The exponential growth must eventually stop.

Exercises 8A

REVIEW QUESTIONS 3. Briefly summarize the story of the bacteria in the bottle.
1. Describe the basic differences between linear growth and Be sure to explain the answers to the four questions asked
exponential growth in the text, and describe why the answers are surprising.
2. Briefly explain how repeated doublings characterize expo- 4. Explain the meaning of the two key facts about exponential
nential growth. Describe the impact of doublings, using the growth given at the end of this unit. Then create your own
chessboard or magic penny parable. i example of exponential growth and describe the influence

and impact of repeated doubling.



90ES IT MAKE SENSE?

pecide whether each of the following statements makes sense
‘Miscleaﬂ}' true) or does not make sense (or is clearly false)
fxplain your reasoning. .

5. Money ina bank account earning compound interest at an an-
nual percentage rate of 3% is an example of exponential growth

4, Suppose you had a magic bank account in which your
palance doubled each day. If you started with just $1, you'd
be a millionaire in less than a month. '

7. Asmall town that grows exponentially can become a large
ity in just a few decades.

g Human population has been growing exponentially for a few
centuries, and we can expect this trend to continue forever in
the future.

BASIC SKILLS & CONCEPTS

0.16: Linear or Exponential? State whether the growth (or decay)
i linear or exponential, and answer the associated question.
9. The population of MeadowView is increasing at a rate of
325 people per year. If the population is 2500 today, what
will it be in four years?
10. The population of Winesburg is increasing at a rate of 3% per
year. If the population is 75,000 today, what will it be in three
years?

. During the 1999 episode of hyperinflation in Brazil, the price of
food increased at a rate of 30% per month. If your food bill was
R$100 one month during this period, what was it three months
later? (RS is the symbol for the real, Brazil's unit of currency.)

~

. The price of a gallon of gasoline is increasing by 3¢ per week. If
the price is $3.10 per gallon today, what will it be in ten weeks?

13. The price of computer memory is decreasing at a rate of 14%
per year, If a memory chip costs $50 today, what will it cost
in three years?

14. The value of your car is decreasing by 10% per year. If the car
is worth $12,000 today, what will it be worth in two years?

15. The value of your house is increasing by $2000 per year. I it
is worth $100,000 today, what will it be worth in five years?

16. The value of your house is decreasing by 7% per year. If it is
worth $250,000 today, what will it be worth in three years?

17-20: Chessboard Parable. Use the chessboard parable presented

in the text. Assume that each grain of wheat weighs 1/7000 pound.

I7. How many grains of wheat should be placed on square 16 of
the chesshoard? Find the total number of grains and their
total weight (in pounds) at this point.

18. How many grains of wheat should be placed on square 320f
the chesshoard? Find the total number of grains and their
total weight (in pounds) at this point.

19, What is the total weight of all the wheat when the
chesshoard is full?

20. According to the U.S. Department of Agriculture, the cur.re.nl
world harvest of all wheat, rice, and corn is less than 2 billion
tons per year. How does this total compare to the weight of

the wheat on the chessboard? (Hint: 1 ton = 2000 pounds,)
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21-24: Magic Penny Parable. Use the magic penny parable
presented in the text.

21. How much money would you have after 22 days?

i Slllppose that you stacked the pennies after 22 days. How
high would the stack rise, in kilometers? (Hint: Find a few
pennies and a ruler.)

23. How many days would elapse before you had a total of over
$1 billion? (Hint: Proceed by trial and error.)

24. Suppose that you could keep making a single stack of the
pennies. After how many days would the stack be long
enough to reach the nearest star (beyond the Sun), w hich is
about 4.3 light-years (4.0 X 10" km) away? (Hint: Proc eed
by trial and error.)

25-26: Bacteria in a Bottle Parable. Use the bacteria parable pre-
sented in the text.

25. How many bacteria are in the bottle at 11:507 What fraction
of the bottle is full at that time?

26. How many bacteria are in the bottle at 11:157 What fraction
of the bottle is full at that time?

27. Knee-Deep in Bacteria. The total surface area of Earth is about
5.1 X 10" m®. Assume that the bacteria continued their dou
blings for two hours (as discussed in the text), at which point
they were distributed uniformly over Eart h's surface. How
deep would the bacterial layer be? Would it be knee-deep,
more than knee-deep, or less than knee-deep? (Hint: Remem
ber that a volume divided by an area gives a depth.)

28. Bacterial Universe. Suppose the bacteria in the parable con
tinued to double their population every minute. How long
would it take until their volume exceeded the total volume
of the observable universe, which is about 10" m*? (Hint
Proceed by trial and error.)

FURTHER APPLICATIONS

29. Human Doubling. Human population in the year 2000 was
about 6 billion. Suppose this population increases exponen
tially with a doubling time of 50 years.

a. Extend the following table, showing the population at

50-year intervals under this scenario, until you reach the
year 3000. Use scientific notation, as shown.

Year Population
2000 6 x 10°
2050 12 X 10° = 1.2 x 10"

2100 24 X 10° = 2.4 x 10"

b. The total surface area of Earth is about 5.1 X 10" m’
Assuming that people could occupy all this area (in reality,
most of it is ocean), approximately when would people be so
crowded that every person would have only 1 m’ of space?

¢. Suppose that, when we take into account the area needed
to grow food and to find other resources, each person actu
ally requires about 10* m? of area to survive. About when
would we reach this limit?
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30.

d. Suppose that we learn to colonize other planets and
moons in our solar system. The total surface area of the
worlds in our solar system that could potentially be
colonized (not counting gas planets such as Jupiter) is
roughly five times the surface area of Earth. Under the
assumptions of part ¢, could humanity fit in our solar
system in the year 3000? Explain.

Doubling Time vs. Initial Amount.

a. Would you rather start with one penny ($0.01) and double
your wealth every day or start with one dime ($0.10) and
double your wealth every five days (assuming you want to
get rich)? Explain.

b. Would you rather start with one penny ($0.01) and double
your wealth every day or start with $1000 and double your
wealth every two days (assuming you want to get rich in the
long run)? Explain.

¢. Which is more important in determining how fast expo-
nential growth occurs: the doubling time or the initial
amount? Explain

WEB PROJECTS

31.

2.

Computing Power. Choose an aspect of computing power
(such as processor speed or memory chip capacity) and inves-
tigate its growth. Has the growth been exponential? How
much longer is the exponential growth likely to continue?
Explain.

Web Growth. Investigate the growth of the Web itself, in
terms of both number of users and number of Web pages.
Has the growth been linear or exponential? How do you
think the growth will change in the future? Explain.

IN YOUR WORLD

33. Linear Growth. Identify at least two news stories that

3%,

describe a quantity undergoing linear growth or decay.
Describe the growth or decay process.

Exponential Growth. Identify at least two news stories that
describe a quantity undergoing exponential growth or decay.
Describe the growth or decay process.

UNIT 8B

Exponential growth leads to repeated doublings and exponential decay leads to re-
peated halvings. However, in most cases of exponential growth or decay, we are given
the rate of growth or decay—usually as a percentage—rather than the time required for
doubling or halving. In this unit, we’ll convert between growth (or decay) rates and
doubling (or halving) times.

Doubling Time

The time required for each doubling in exponential growth is called the doubling time.
For example, the doubling time for the magic penny (see Unit 8A) was one day, be-
cause your wealth doubled each day. The doubling time for the bacteria in the bottle
was one minute.

Given the doubling time, we can easily calculate the value of a quantity at any
time. Consider an initial population of 10,000 that grows with a douhling'limc of
10 years:

* In 10 years, or one doubling time, the population increases by a factor of 2. to a
new population of 2 X 10,000 = 20.000. :

* In 20 years, or two doubling times, the population increases by a factor of 2% = 4,
to a new population of 4 X 10,000 = 40,000.

* In 30 years, or three doubling times, the population increases by a factor of 2° = 8,
to a new population of 8 X 10,000 = 80.000. ]

_ Wecan gcncrallz? [hi“‘_ idea by letting t be the amount of time that has passed and
ljounte be the doubling time. Note that afte ;

T e a1 Tt = 30 years with a doubling time ol
e years, there have been t/ Tyoupe = 30/10 = 3 doublings. Generalizing, we

find that the number of doubli : a ti ie - .
R oy after a time ¢ is t/ Tgouple- That is, the size of the pop-
ulation after time t is the initial population times 2/ Tdoubic
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(—(;ALCULATIONS WITH THE DOUBLING TIME

fter a tim, i :
Afte e t, an exponentially growing quantity with a doubling time of Ty,
jouble

increases in size by a factor of 2Y/Taw: Th
B . The new : BORY
related to its initial value (at ¢ = 0) by value of the growing quantity is

—

‘ new value = initial value X 2YTdouie

SN L A e S ol -

Time Out to Think

Consider an initial population of 10,000 that grows with a doubling time of 10 years.

Confirm that the above formula gives a population of 80,000 after 30 years, as we found
earlier. What does the formula predict for the population after 50 years?

example 1 Doubling with Compound Interest

Compound interest (Unit 4B) produces exponential growth because an interest-
bearing account grows by the same percentage each year. Suppose your bank account
has a doubling time of 13 years. By what factor does your balance increase in 50 years?

Solution Thcl doubling time is Ty,upe = 13 years, so after t = 50 years your balance
increases by a factor of

Zr Tioshlé == 2":(lyr.»'l\yr e 2’..84(\2 ~ 14382

For example, if you start with a balance of $1000, in 50 years it will grow to
$1000 X 14.382 = $14,382. Now try Exercises 25-32.

Example 2 World Population Growth

World population doubled from 3 billion in 1960 to 6 billion in 2000. Suppose that
world population continued to grow (from 2000 on) with a doubling time of 40 years.
What would the population be in 20307 in 22007
Solution The doubling time is Tgoupe = 40 years. If we let t = O represent 2000, the
year 2030 is t = 30 years later. If the 2000 population of 6 billion is used as the initial
value, the population in 2030 would be

new value = initial value X 2/ Taouble
6 billion X 2307/40r
6 billion X 2°7% = 10.1 billion

Il

Il

By 2200, which is t = 200 years after 2000, the population would reach

AT t/ T aoun
new value = initial value X 27 ¢ e

=  billion X 22EFIH
6 billion X 2° = 192 billion

|

If world population continued to grow at the same rate it did between 1960 and 2000,

itw .ach 10 billion by 2030 and 192 billion by 2200.
it would reach 10 billion by ki 3404

Time Out to Think
Do you think that it's really possible for the human po
;2.' Why or why not?

pulation on Earth to reach 192 billion?
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The Approximate Doubling Time Formula

Consider an ecological study of a prairie dog community. The L‘(Tmmlunili' ‘comam\
100 prairie dogs when the study begins, and rc:‘s.cnrc‘lwrs soon determine t MII.[ e popula-
tion is increasing at a rate of 10% per month. That is, each month the Pnpu ltmn-n grows
to 110% of, or 1.1 times, its previous value (see the “of versus more than” rule in Unit 3A).
Table 8.3 tracks the population growth (rounded to the nearest whole number).

TABLE 8.3 Growth of a Prairie Dog Community

Month Population Month Population
0 100 8 (1.1° X 100 = 214
1 (171 <7100 =110 9 (1.1)?' %100 = 236
2 (1:198 Xi100:=.12] 10 (L1192 % 100 = 259
3 (1.1 X 100 = 133 11 (11N 100 =285
4 .10 X A00 =146 12 (1.1)*%:%.100:= 314
2] (1 1)% 3 100= 161 13 (1.2 x 100 = 345
6 (1.1)% %.100 = 177 14 (1. x 100 = 380
7 (A-Dl% 100 =195 15 (1.D"° X 100 = 418

Note that the population nearly doubles (to 195) after 7 months. then nearly dou-
bles again (to 380) after 14 months. This roughly seven-month doubling time is related
to the 10% growth rate as follows:

’ X 70 70 3
doubling time =~ — : = = 7 mo

percentage growth rate 10/mo
T'his formula, in which the doubling time is approximately 70 divided by the per-
centage growth rate, works whenever the growth rate is relatively small (less than
about 15%). It is often called the rule of 70.

APPROXIMATE DOUBLING TIME FORMULA (RULE OF 70)

For a quantity growing exponentially at a rate of P% per time period, the doubling
time is approximately

70

P

T{]Ull]\ll‘ o
This approximation works he

st for small growth rates and breaks down for
growth rates over about 159,
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gample 3 Population Doubling Time

e popaiase was about 6.0 billion in 2000 and was growing at a rate of about
1.4% per year. What is the approximate doubling time at this growth rate? If this

growth rate were to continue, what would world po i i
; ulation be in ? "
the result in Example 2. o 2030? Compare to

Solution We can use the approximate doubling time formula because the growth rate

: : s
is mulcnlsjlcss than 15%. The percentage growth rate of 1.4% per year means we set
P= 14/yr: E

T ~ E — 70 ki
double p l4/yr = 50 yr

The doubling time is approximately 50 years. The year 2030 is t = 30 years after 2000,
so the population in 2030 would be

new value = initial value X 2Tt
= 6.0 billion x 230y7/30yr
= 6.0 billion X 2%° ~ 9.1 billion

Ata 1.4 % growth rate, world population would be about 9 billion in 2030. This is a
billion fewer people than predicted in Example 2, in which the doubling time was as-
sumed to be 40 years rather than 50 years. Now try Exercises 35-36.

Example 4 Solving the Doubling Time Formula

World population doubled in the 40 years from 1960 to 2000. What was the average
percentage growth rate during this period? Contrast this growth rate with the 2000
growth rate of 1.4% per year.

Solution We can answer the question by solving the approximate doubling time for-
mula for P. We multiply both sides of the formula by P and divide both sides by Tyouble-
You should confirm that this gives the following result:

i

Tduuhlc

Substituting Tyoupe = 40 years, we find

701 1Yl

P == = 1.75/yr
'Tll.ﬂllhh‘ 40 yr

The average population growth rate between 1960 and 2000 was about P% = 1.75%

per year. This is 0.35 percentage point higher than the 2000 growth rate of 1.4% per

year. Now try Exercises 37-40.

Exponential Decay and Half-Life | BY THEWAY

er a quantity decreases by the same percentage in  Flulonum-2 39 is the
by 20% every year). In that case, the value of the chemical element plutonium

stane) with
(o[ wil

Exponential decay occurs whenev

every fixed time period (for example, : s : 1
: i i . p I Y LOT IS

quantity repeatedly decreases to half its value, with each halving occurring in a time in a form (or

(l‘“ﬁ. l 1 - atomic weight 239 Al

i C l} C hﬂl[ li[c ; i ; C S di : s

YU“- [“i‘y hﬂ.\'t hl."‘. d h‘dlf—]i [~ dﬁ.SLr'de r C S uranium weight is the I
T vVES 1 I() Ia(ll()a( ve ]][algr[als su h as

i i S ¢ all-lile f orotons and neutrons ir
or plutonium. For example, radioactive plulomum-239 (Pu-Z}Q) has a h.lllf]hft“;wof T,,F,, , r|.“.| e
about 24,000 years. To understand the meaning of the ha![—hff:, suppose I.;:]l 100 ‘el \u s Bocause y
pounds n‘f Pu-239 is deposited at a nuclear waste site. The plutonium gradually decays  plu le;r:. nuclel have 94

‘ : l : protons, Pu-239 nucle
into other substances as follows: |
* In 24,000 years, or one half-life, the amount of Pu-239 declines to 1/2 its original
value, or to (1/2) X 100 pounds = 50 pounds.

have 239 U4

neutrons
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Historical Note « In 48,000 years, or two half-lives, the amount of Pu-239 declines to (1/2)° = 1/4
- : its original value, or to (1/4) x 100 pounds = 25 pounds.

{ Naga ,:. -el.-! h’}' I « In 72,000 years, or three half-lives, the amount of P_u-239 declines to (1/2)* = 1/8

o 8 oenersibd it its original value, or to (1/8) X 100 pounds = 12.5 pounds.

idea much as we did earlier for the doubling time. A single

A halving reduces a quantity by a factor of 1/2, two halvings reduce it by a factor of (1/2)?,

PR . and three halvings reduce it by a factor of (1/2)°. 1f we let t be the R of time that

has passed and Ty be the half-life, then the number of halvings alter a time ¢ is ¢/ T,y
That is, the quantity after time t is the original quantity times this factor of (1/2)' Thar

i g We can generalize this

CALCULATIONS WITH THE HALF-LIFE

After a time ¢, an exponentially decaying quantity with a half-life of Ty, decreases
in size by a factor of ( 1/2)¥Twi. The new value of the decaying quantity is related

to its initial value (at t = 0) by

t/ Thais
new value = initial value X (5)

BY THE WAY Example 5 Carbon-14 Decay

( - Radioactive carbon-14 has a half-life of about 5700 years. It collects in organisms only
not while they are alive. Once they are dead, it only decays. What fraction of the carbon-14
in an animal bone still remains 1000 years after the animal has died?

' Solution The half-life is Ty, = 5700 years, so the fraction of the initial amount re-

maining after t = 1000 years is

( 1 )l.”h.u ( 1 )wuﬂ_\r,»"‘:?x\m-r
= =\ ~ (0.885
2 2

For example, if the bone originally contained 1 kilogram of carbon-14, the amount
remaining after 1000 years is approximately 0.885 kilogram. We can use this idea to
determine the age of bones found at archaeological sites, as we'll discuss in Unit 9C.

Now try Exercises 41-44,

Example 6 Plutonium After 100,000 Years

Suppose that 100 pounds of Pu-239 is deposited at a nuclear waste site. How much of
it will still be present in 100,000 years?

Solution The half-life of Pu-239 is T,y = 24,000 years. Given an initial amount of
100 pounds, the amount remaining after t = 100,000 vears is
new val initial val 1 \Y/ Tha 1 \\ 100,000yr/24,000yr
w value = 4 - ~ — — 3
ue initial value x 5 100 Ib x ( )) ~ 5.61b

About 5.6 poun > OTiging s of i

o pounds of the original 100 pounds of Pu-239 will still be present in 100,000
years. Now try Exercises 45-48.

5 8

Time Out to Think

Ehi:)r?m?' v;;t;ich is not found naturally on the Earth, is made in nuclear reactors for use
0 | as r:ie or nuclgar power plants and for nuclear weapons. Based on its half-life
explain why the safe disposal of Pu-239 poses a significant challenge

O s S
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the Approximate Half-Life Formula

The approximate doubling time form

ula (the rule of 70) f ;
ell for ex PR Pt O ) found earlier works equally
B l nr‘ L\\«pum_nlml d“'_*) if we replace the doubling time with the half llj["q'tq(l]mll:)
percentage growth rate with the percentage decay rate IO Sone T
APPROXIMATE HALF-LIFE FORMULA AT e

For a quantity decaying exponenti
3 ) . ntially at a rate of P% i i i
3 appmxmmm,y b per time period, the half-life
70 |
Thall Ly |
P i1
This approximation works best for sm: |
: small decay rates and break :
rates over about 15%. * Cx el

| ——

gample 7 Devaluation of Currency

Suppose that inflation causes the value of the Russian ruble to fall at a rate of 12% per
year (relative to _lhc dollar). At this rate, approximately how long does it take for the
ruble to lose half its value?

Solution We can use the approximate half-life formula because the decay rate is less
than 15%. The 12% decay rate means we set P = 12/yr:

70 70
P 12/yr

Th.lﬂ i

The half-life is a little less than six years, meaning that the ruble loses half its value

(against the dollar) in six years. Now try Exercises 49-52.

Exact Formulas for Doubling Time and Half-Life

The approximate doubling time and half-life formulas are useful because they are easy
to remember. However, for more precise work or for cases of larger rates where the ap-
proximate formulas break down, we need the exact formulas, given below. In Unit 9C,
we will see how they are derived. These formulas use the fractional growth rate, defined
as r = P/100, with r positive for growth and negative for decay. For example, if the per-
centage growth rate is 5% per year, the fractional growth rate is r = 0.05 per year. Fora
5% decay rate per year, the fractional growth rate is r = —0.05 per year.

EXACT DOUBLING TIME AND HALF-LIFE FORMULAS

For an exponentially growing quantity with a fractional growth rate r, the

doubling time is
logio2

Tdouhh' = Tﬂgm(l L r)

we use a negative value for r (for example,

For an exponentially decaying quantity,
: : —0.05 per year). The half-life is

if the decay rate is P = 5% per yean we set r =
log1o2 g
Thatt = T og10(1 + 1) ‘

Note that the units of time used for T and r must be the same. For example, if the

| fractional growth rate is 0.05 per month, then the doubling time will also be
measured in months. Also note that the formulas ensure that both T 4. and T

. have positive values. i R T

o= =

Take Note

485

Some books treat P a¢

negative for exponef tia

decay, in which
half-life is defined a
the

70/ |P

absolute v

alue ¢

re

wher

f |

the
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Example 8 Large Growth Rate
A population of rats is growing at ‘
time for this growth rate and compare it to the doublin
mate doubling time formula.
Solution The growth rate of 80% per month means P = 80/mo orr

doubling time is

logp2

a rate of 80% per month. Find the exact doubling
g time found with the approxi-

= 0.8/mo. The

11030
_ 0301030 _ 0301030 -, .o

T,

A Brief Review = Ei2ictiiie

A logarithm (or log, for short) is a power or exponent.
In this book, we will focus on base 10 logs, also called

common logs, which are defined as follows:
logox is the power to which 10 must be raised to obtain x.

You may find it easier to remember the meaning with a less

technical definition
log;o x means “10 to what power equals x2”

For « \.mlp}('

log s 1000 because 10 = 1000
log 0 10,000,000 because 10 = 10,000,000
logol because 10 = ]
log,00.1 because 10 = 0.1
log,o30 because 10 = 30

Four important rules follow directly from the definition of

a logarithm

I. Taking the logarithm of a power of 10 gives the power.
That is,

log 0 10° = x

2. Raising 10 to a power that is the logarithm of a number
gives back the number. That is,

1010 X (x = 0)

). Because powers of 10 are multiplied by adding their ex-

ponents, we have the addition rule for logarithms:

logjoxy = log,ox + logpy (x> 0andy > 0)

t. We can “bring down” an exponent within a logarithm

by applying the power rule for logarithms:

logpa® = x X log,pa (a > 0)

double = logm(l + 08) 33 ]ng(l.s)

0.255273

Most calculators have a key to compute log,, of any positive
number. You should find this key on your calculator and use
it to verify that log; 1000 = 3 and log ;o2 = 0.301030.

Example: Given that log,o2 =~ 0.301030, find each of the
following:

a. log,8

by, LOf0?

c. log,,200

Solution:
a. We notice that 8 = 2> Therefore, from Rule 4,

log,,8 = log,m.'»l3
3 X logp2 &= 3 X 0.301030 = 0.90309

b. From Rule 2,

I

lolug,,\l =2

c. We notice that 200 = 2 X 100 = 2 X 10% Therefore,
from Rule 3,

log,p200 = log,o(2 X 10%) = log,o2 + log,10?
From Rule 1, we know that log,,10* = 2, so

log10200 = log;o(2 X 10%) = log,p2 + logo 10°
~ 0301030 + 2 = 2.301030

Example: Someone tells you that log,,600 = 5.778. Should
you believe it?

Solution: Because 600 is between 100 and 1000, log ;600
must be between log,, 100 and log,, 1000. From Rule 1, we
find that log,,100 = log1010> = 2 and log (1000 =
log1p10® = 3. Therefore, log 3600 must be between 2 and 3,
so the claimed answer of 5.778 must be wrong,.

Now try Exercises 13-24.



The doubling time is almost 1.2 month
) 3 ¥ s. Note that this answ k -
population growing by 80% in a month, we ex A er makes sense: With the
3 i : ? pect it to take a little
grow by IQO% (which is a dpublmg). In contrast, the approximate do(:]\;i?; Tom}; =
ols P“:‘L'“S a doubling time of 70/P = 70/80 = 0.875 month, which is less than
one month. We see that the approximate formula does not work well for large growth

rates.
Now try Exercises 53-54.

gample 10 Ruble Revisited

Suppose the Rgssian ruble is falling in value against the dollar at 12% per year. Using
the exact half-life formula, determine how long it takes the ruble to lose half its value.
Compare your answer to the approximate answer found in Example 7.

Solution The percentage decay rate is P = 12%/yr. Because this is a rate of decay, we
set the fractional growth rate to r = —0.12/yr. The half-life is :

log o2 0.301030

Phalt = = =
logo(1 — 0.12)  —0.055517

~ 542 yr

The ruble loses half its value against the dollar in about 5.42 years. This result is
about 0.4 year less than the 5.8 years obtained with the approximate formula. We see
that the approximate formula is reasonably accurate for the 12% rate.

Now try Exercises 55-56.

Choose the best answer to each of the following questions.

: g a. 15% per year.
Explain your reasoning with one or more complete sentences.

70
b. E% per year. C
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Logarithms

Most calculators have a
key for computing com-
mon (base 10) loga-
rithms, usually labeled
log. Note, however, that
some calculators use log
to mean the natural
(base ¢) logarithm; you
can check by testing that
your calculator correctly
returns log;p 10 = 1

In Excel, use the built-
in function LOGI10, as
shown in the screen shot
below. (You can also use
the LOG function, which
can be used for any
base but uses base 10 by
default.)

“)- per year

. Suppose an investment rises consistently so that its value
doubles every 7 years. By what factor will its value rise
in 30 years?

g, 2% ., 713 2%

b. 2% — 27

2. Suppose your salary is increasing at a rate of 2.5% per year.
Then your salary will double in approximately

)5 | ars ( == yedrs
4. 2D years. ), years. ¢ ¥
years 5 C 70

[

. Which of the following is not a good approximation ofa
doubling time?
a. Inflation running at 35% per year will cause prices to
double in about 2 years.
b. A town growing at 2% per year will double its population
in about 35 years.
¢. A bank account balance growing at 7% per year wil Sous
ble in about 10 years.
4. A town’s population doubles in 15 years. Its percentage
growth rate is approxima:ely

_ Radioactive tritium (hydrogen-3) has a half-life of about

12 years, which means that if you start with 1 kg of tritium,
0.5 kg will decay during the first 12 years. How much will
decay during the next 12 years?

c. 0.25 kg

do kg b. 0.5 kg

0.5

. Radioactive uranium-235 has a half-life of about

700 million years. Suppose a rock is 2.8 billion years
old. What fraction of the rock’s original uranium-235
still remains?

1 1 2

— b.—
Bty 16 “ 700

. The population of an endangered species is falling at a rate of

7% per year. Approximately how long will it take the popula-
tion to drop by half?

a. 7 years b. 10 years c. 17 years
. logyp10°% =
a. 100,000,000 b. 108 c.8
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9. A rural population is falling at a rate of 20% per decade. If
you wish to calculate its exact half-life, you should set the

fractional growth rate per decade to

ar 20
b. r 0.2
C. 7 0.2

Exercises 8B

REVIEW QUESTIONS

1. What is a doubling time? Suppose a population has a
doubling time of 25 years. By what factor will it grow in
25 years? in 50 years? in 100 years?

2. Given a doubling time, explain how you calculate the value
of an exponentially growing quantity at any time ¢t.

3. State the approximate doubling time formula and the condi-
tions under which it works well. Give an example.

4. What is a half-life? Suppose a radioactive substance has
a hall-life of 1000 years. What fraction will be left after
1000 years? after 2000 years? after 4000 years?

5. Given a hall-life, explain how you calculate the value of an
exponentially decaying quantity at any time t.

6. State the approximate half-life formula and the conditions
under which it works well. Give an example.

7. Briefly describe exact doubling time and half-life formulas.
Explain all their terms

8. Give an example in which it is important to use the exact
doubling time or half-life formula, rather than the approximate
formula. Explain why the approximate formula does not

work well in this case

DOES IT MAKE SENSE?

Decide whether each of the following statements makes sense
(or is clearly true) or does not make sense (or is clearly false).
Explain your reasoning

9. Our town is growing with a doubling time of 25 years, so its
population will triple in 50 years.

10. Our town is growing at a rate of 7% per year, so it will double
in population about every 10 years

1. A toxic chemical decays with a half-life of 10 years, so half of
it will be gone 10 years from now and all the rest will be gone
20 years from now

12, The half-life of plutonium-239 is about 24,000 years, so we
can expect some of the plutonium produced in recent
decades to still be around 100,000 years from now.

BASIC SKILLS & CONCEPTS

13-24: Logarithms. Refer to the Brief Review on p. 486. Determine
whether each statement is true or false without doing any calcula-
tions. Explain your reasoning,

13. 10" is between 1 and 10

14. 10" is between 500 and 1000

10. A new company’s revenues are growing 15% per year. The
doubling time for its revenues is

logo2 log“i s
] _ years. b, — years.
a logo1.15 log,,0.85
|ng(] + 0.15)
¢, —————————— years.
logo2

15. 10772 is between —100,000 and —1,000,000.
16. 107" is between 0.001 and 0.01.

17. log,o is between 3 and 4.

18. log,(96 is between 3 and 4.

19. log;, 1,600,000 is between 16 and 17.

20. logo(8 % 107) is between 9 and 10.

21. logm(,',) is between —1 and 0.

22. log;(0.00045 is between 5 and 6.

23. Using the approximation log;o2 = 0.301, find each of the
following without a calculator.

a. log,p8 b. log ;o 2000 c. log,p0.5
d. log,,64 e. log;01/8 f. log;0.2

24. Using the approximation log;,5 = 0.699, find each of the
following without a calculator.

a. log,50 b. log,, 5000 c. log;,0.05
d.log,025 e. log,,0.20 f. log,p0.04

25-32: Doubling Time. Each exercise gives a doubling time for

an exponentially growing quantity. Answer the questions that

follow.

25. The doubling time of a population of fruit flies is 8 hours.
By what factor does the population increase in 24 hours?
in 1 week?

26. The doubling time of a bank account balance is 20 years. By
what factor does it grow in 40 years? in 100 years?

27. The doubling time of a city’s population is 17 years. How
long does it take for the population to quadruple?

28. Prices are rising with a doubling time of 2 months. By what
factor do prices increase in a year?

29. The initial population of a town is 10,000, and it grows with
a doubling time of 10 years. What will the population be in
12 years? in 24 years?

30

The initial population of a town is 10,000, and it grows with
a doubling time of 8 years. What will the population be in
12 years? in 24 years?

31. The number of cells in a tumor doubles every 2.5 months. If
the tumor begins as a single cell, how many cells will there
be after 2 years? after 4 years?

32. The number of cells in a tumor doubles every 6 months. If

the tumor begins with a single cell, how many cells will there
be after 6 years? after 10 years?
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At World Population. In 2009 world population was 6.8 hil
on, Use the given doubling time to predict the population in
310, 2059, and 2109

3}, Assume a doubling time of 45 years.

3. Assume a doubling time of 60 years.

% Rabbits. A community of rabbits begins with an initial popu-
jation of 100 and grows 7% per month. Make a table, similar
10 Table 8.3, that shows the population for each of the next
15 months. Based on the table, find the doubling time of the
population and briefly discuss how well the approximate
doubling time formula works for this case.

of 1000 and grows 20% per month. Make a table, similar to
Table 8.3, that shows the population for each of the next

15 months. Based on the table, find the doubling time of the
population and briefly discuss how well the approximate

doubling time formula works for this case.

37-40: Doubling Time Formula. Use the approximate doubling
time formula (rule of 70). Discuss whether the formula is valid

ase descr lhnl
37. The Consumer Price Index is increasing at a rate of 4% per
year. What is its doubling time? By what factor will prices

increase in 3 years?

o
=

A city’s population is growing at a rate of 3.5% per year.
What is its doubling time?
increase in 50 years?

per month. What is their

39. Prices are rising at a rate of 0.3%
es increase in 1 year?

doubling time? By what factor will pric
in 8 years?
a rate of 2.2% per year.

40. Oil consumption is increasing at
ctor will oil consump-

What is its doubling time? By what fa
tion increase in a decade?
a half-life for an exponen-

41-48: Half-Life. Each exercise gives
estions that follow.

laily n!u.mng quantity Answer the qu

41. The half-life of a radioactive substance is 50 years. 1f you

start with some amount of this substance, what fraction will

remain in 100 years? in 200 years?

3. Mice. A community of mice begins with an initial population

By what factor will the population
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42. The half-life of a radioactive substance is 400 years. If you
start with some amount of this substance, what fraction will
remain in 120 years? in 2500 years?

43. The half-life of a drug in the bloodstream is 18 hours. What

fraction of the original drug dose remains in 24 hours? in
48 hours?

4. The half-life of a drug in the bloodstream is 4 hours. What
fraction of the original drug dose remains in 24 hours? in
48 hours?

45. The current population of a threatened animal species is
1 million, but it is declining with a half-life of 20 years
How many animals will be left in 30 years? in 70 years?

46. The current population of a threatened animal species is
1 million, but it is declining with a half-life of 25 years
How many animals will be left in 20 years? in 40 years?

47. Cobalt-56 has a half-life of 77 days. If you start with 1 kilo
gram of cobalt-56, how much will remain after 150 days?
after 300 days?

48. Radium-226 is a metal with a half-life of 1600 years. Il you
start with 1 kilogram of radium-226, how much will remain
after 1000 years? after 10,000 years?

49-52: Half-Life Formula. Use the approximate half-life formula
Discuss whether the formula is valid for the case described

49. Urban encroachment is causing the area of a forest to de« line
at a rate of 7% per year. What is the half-life of the forest?
What fraction of the forest will remain in 30 years?

50. A clean-up project is reducing the concentration of a pollu
tant in the water supply, with a 3.5% decrease per week
What is the half-life of the concentration of the pollutant?
What fraction of the original amount of the pollutant will
remain when the project ends after 1 year (52 w eeks)?

51. Poaching is causing a population of elephants to decline
by 8% per year. What is the half-life for the population? If
there are 10,000 elephants today, how many will remain in

50 years?

52. The production of a gold mine is declining by 6% per year
What is the half-life for the production decline? I its current
annual production is 5000 kilograms, what will its produ
tion be in 15 years?
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53-56: Exact Formulas. Compare the doubling times found with
the approximate and exact doubling time formulas. Then use the
exact doubling time formula to answer the given question.

53. Inflation is causing prices to rise at a rate of 12% per year. For
an item that costs $500 today, what will the price be in 4 years?

54. Hyperinflation is driving up prices at a rate of 80% per
month. For an item that costs $1000 today, what will the
price be in 1 year?

. A nation of 100 million people is growing at a rate of 4% per
year. What will its population be in 30 years?

it
~

56. A family of 100 termites invades your house and grows at a
rate of 20% per week. How many termites will be in your
house after 1 year (52 weeks)?

FURTHER APPLICATIONS

57. Plutonium on Earth. Scientists believe that Earth once had
naturally existing plutonium-239. Suppose Earth had 10 tril-
lion tons of Pu-239 when it formed. Given plutonium’s half-
life of 24,000 years and Earth’s current age of 4.6 billion
years, how much would remain today? Use your answer to

explain why plutonium is not found naturally on Earth today.

8. Nuclear Weapons. Thermonuclear weapons use tritium for
their nuclear reactions. Tritium is a radioactive form of
hydrogen (containing 1 proton and 2 neutrons) with a half-
life of about 12 years. Suppose a nuclear weapon contains
| kilogram of tritium. How much will remain in 50 years?
Use your answer to explain why thermonuclear weapons

require H‘L',lll.ll mainienance.

WEB PROJECTS

59. National Growth Rates. Find growth rates, doubling times,
and population projections tabulated for different countries.
Select several countries from several continents and record
relevant growth data. Comment on whether the doubling
times and growth rates are consistent. Discuss how these data
are used to make population projections.

60. World Population Growth. The Web site for the U.S. Census
Bureau contains a wealth of data on world population. Visit
this site and gather data on world population growth over the
last 50 vears. Estimate the population growth rate over each
decndc: Compute the associated doubling times. Write a two-
paragraph statement on the trends that you observe.

IN YOUR WORLD

61. Doubling Time. Find a news story that gives an exponential
growth rate. Find the approximate doubling time from the
growth rate and discuss the implications of the growth.

62. Radioactive Half-Life. Find a news story that discusses some
type of radioactive material. If it is not given, look up the
half-life of the material. Discuss the implications for disposal
of the material.

TECHNOLOGY EXERCISES

63. Logarithms 1. Use a calculator or Excel to find each of the
logarithms in Exercise 23. Give answers to 6 decimal places.

64. Logarithms I1. Use a calculator or Excel to find each of the
logarithms in Exercise 24. Give answers to 6 decimal places,

UNIT 8C

Perhaps the most important application of exponential growth concerns human pop-
ulation. From the time of the earliest humans more than 2 million years ago until
about 10,000 years ago, human population probably never exceeded 10 million. The
advent of agriculture brought about more rapid population growth. Human popula-
tion reached 250 million by C.E. 1 and continued growing slowly to about 500 mil-

lion by 1650.

Exponential growth set in with the Industrial Revolution. Our rapidly developing
ability to grow food and exploit natural resources allowed us to build more homes for
more people. Meanwhile, improvements in medicine and health science lowered death
rates dramatically. In fact, world population began growing at a rate exceeding that of
steady exponential growth, in which the doubling time would have remained constant
Population doubled from 500 million to 1 billion in the 150 years from 1650 to 1800.
It then doubled again, to 2 billion, by 1922, only about 120 \J'L‘ars. The next doubling,
to 4 billion, was complete by 1974, a doubling time of only 5:2 years Wurld pupulaliSn
is estimated to have reached 6 billion during 1999 and 6.8 hilllion‘ i-n 2009. Figure 8.3
shows the estimated human population over the past 12,000 years e

lo put current world population growth in perspective, consid;‘.r the following facts:

* Every four years, the world adds as many people as the tot

United States.

al population of the
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World Population, 10,000 B.C.E. to Present
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FIGURE 8.3 World population.

+ Fach month, world population increases by the equivalent of the population of
Switzerland.

« While you study during the next hour and a half, world population will increase by
about 10,000 people.

Projections of future population growth have large uncertainties. Nevertheless, cur-
rent trends suggest that world population will reach 7 billion by about 2012 and 8 bil-
lion by 2025. Even in the United States, where population is growing more slowly than
the world average, the population is expected to increase by 100 million people within the
next 50 years. Fortunately, while the absolute increase in population remains huge,
these numbers indicate that the growth rate is declining. This fact makes many re-
searchers suspect that the growth rate will continue its downward trend, thereby pre-
venting a population catastrophe.

Example 1 Varying Growth Rate

The average annual growth rate for world population since 1650 has been about 0.7%.
However. the annual rate has varied significantly. It peaked at about 2.1% during the
1960s and is currently (as of 2009) about 1.2%. Find the approximate doubling time
for each of these growth rates. Use each to predict world population in 2050, based on
a 2009 population of 6.8 billion.

Solution Using the approximate doubling time formula (Unit 8B), we find the dou-

bling times for the three rates:

70 70
For 0.7%: Tgouble & P = ().%}\:r = 100 yr
70 70
For 2.1%: lrd\!ulvll' = VD_ v iil-_/; e &
. ) 70 75 RS ;
For 1.2%: Ttlullhl!' P J’ h 71_27)_,1' B SS)r

e 5 5 la
To predict world population in 2050, we use the formu

s asd 1/ Taouble
new value = initial value X 27"

an

BY THE WAY

Most of the projected pop

ulation growth (9 out

10 people) will take place
in the developing reg

By 2030, more than 1t
lion people are expected 1
be added to Asia a

and India is expected

1}
o

overtake China as

most populous natior
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We set the initial value to 6.8 billion and note that 2050 is t = 41 years after 2000:

100yt ~ 90 billion
33y 16.1 billion
11.1 billion

For 0.7%: 2050 population = 6.8 billion x 2*"

o

For 2.1%: 2050 population = 6.8 billion X< s
58yr

s

For 1.2%: 2050 population = 6.8 billion X i ek

Notice the large differences for different growth rates. Clearly, decisions we make 1o
affect the growth rate today will have major implications for human population in

the future. Now try Exercises 13-16,

What Determines the Growth Rate?
The world population growth rate is simply the difference between the birth rate and
the death rate. For example, suppose that on average there are 8.5 births per 100 peo-
ple and 6.5 deaths per 100 people per year. Then the population growth rate is

89, % 6.5cizbaks okt E

100 100 100

= 2%

OVERALL GROWTH RATE
The world population growth rate is the difference between the birth rate and the

death rate:
growth rate = birth rate — death rate

Interestingly, birth rates dropped rapidly throughout the world during the past 60
years—the same period that has seen the largest population growth in history. Indeed,
worldwide birth rates have never been lower than they are today. Today’s rapid popula-
tion growth comes from the fact that death rates have fallen even more dramatically.

Example 2 Birth and Death Rates

In 1950, the world birth rate was 3.7 births per 100 people and the world death rate
was 2.0 deaths per 100 people. By 1975, the birth rate had fallen to 2.8 births per 100
people and the death rate to 1.1 deaths per 100 people. Contrast the growth rates in
1950 and 1975.

Solution In 1950, the overall growth rate was

3.7 2,00 =

— J0,

100 100 100 °
In 1975, the overall growth rate was

2.8 13 137

e = = 1.7%

100 100 100
Despite a dramatic fall in birth rates during the 25-year period, the growth rate remained
unchanged because death rates fell equally dramatically. Now try Exercises 17-20.

Time Out to Think

Suppose. that medical science finds a way to extend human lifespans significantly. How
would this affect the population growth rate?
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qarrying Capacity and Real Growth Models

As we saw in Unit 8A, exponenti;
ponential growth cannot continue indefinitely. Indeed, human

pnpulalion cannot continue to grow much longer at its curre g g

elbow to elbow over the entire Earth in just a few ccnlu;icq Ttl[']-l r'al't“- l’“““‘f’t"we s
ulation growth therefore assume that human P(\])Lllzllil)n- -is u[‘[?l("m:; flpqu)lﬁ ol pap.
carrying capacity of Earth—the number of people that Earth can“s]::;:bzwrtlmlth i

DEFINITION

For ;ny pnrnculj‘!r species in a given environment, the carrying capacity is the
maximum sustainable population. That is, it is the largest population the environ-
ment can support for extended periods of time.

Iwo important models for populations approaching the carrying capacity are (1) a
gradual leveling off, known as logistic growth, and (2) a rapid increase followed by a
rapid decrease, known as overshoot and collapse. Let’s investigate each model.

Logistic Growth

A logistic growth model assumes that population growth gradually slows as the popula-
tion approaches the carrying capacity. For example, if the carrying capacity is 12 billion
people, a logistic model assumes that population growth will slow as this number is ap-
proached. The growth rate falls to zero as the carrying capacity is approached, allowing
the population to remain steady at that level thereafter.

LOGISTIC GROWTH

When the population is small relative to the carrying capacity, logistic growth is
exponential with a fractional growth rate close to the base growth rate r. As the
population approaches the carrying capacity, the logistic growth rate approaches
zero. The logistic growth rate at any particular time depends on the population at
that time, the carrying capacity, and the base growth rate r:

population
logistic growth rate = r S ) B e e TR

carrying capacity

and exponential growth for the same base growth rate r.
ate stays equal to r at all times. In the logistic case,
so the logistic curve and the exponential curve

Figure 8.4 contrasts logistic
In the exponential case, the growth r
the growth rate starts out equal tor,

carrying capacity

A\ yulat 11 1-)‘,1\\Ii1'

Time

FIGURE 8.4 This graph contrasts exponential growth with logistic

growth for the same base growth rate .
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look the same at early times. As time progresses, the logistic growth rate becomes ever

smaller than r, and it finally reaches zero as the population levels out at the carrying

capacity.

Example 3 Are We Growing Logistically?

Assume that the Earth’s carrying capacity is 12 billion people. Given that the popula-
tion growth rate peaked in the 1960s at about 2.1%, when the populalmn‘was about
3 billion. is it reasonable to assume that human population has been following a logis-
tic growth pattern since the 1960s? Is it reasonable to assume that population has been
growing logistically throughout the past century? Explain.

Solution We need to conipare the 2009 growth rate of about 1.2% (see Example 1) 1o
the growth rate predicted by a logistic model. First, we must use the 1960s data to find
the base growth rate r in the logistic model. You should confirm that solving the logis-
tic growth rate formula for r gives

growth rate

r= .
: population )
carrying capacity

Substituting the 1960s growth rate of 2.1% = 0.021 and population of 3 billion, along
with a carrying capacity of 12 billion, we find

.0
e OO 0 e
(1 2 _3hi|linn> (1 — 0.25)

r=

-]Z billion

Now, we use this value of r to predict the growth rate for the 2009 population of about
6.8 billion:

6.8 ITiIIi(\I]

thrate = 0028 X1 — —— ~ 0.012
sk ( 12 hillion) :

T'his logistic model predicts a current growth rate of 1.2%, matching the actual current

growth rate of 1.2%. Therefore, it is reasonable to say that human population has been

growing logistically since the 1960s. However, human population has not been follow-
DS/ ing logistic growth over longer periods. Logistic growth requires a continually decreas-

ing growth rate, which is inconsistent with the growth rate peaking in the 1960s. In

sulation conclusion, it is still too early to know whether the growth rate will continue to decline

f a preda as population approaches 12 billion or whether we are simply experiencing a tempo-
Sl e rary change in the exponential growth rate. Now try Exercises 21-22

e prey Overshoot and Collapse

A logistic model assumes that the growth rate automatically adjusts as the population
g approaches the carrying capacity. However, because of the a:;lnnlishing rate of exponen-
tial growth, real populations often increase beyond the carrying capacity in a relatively
short period of time. This phenomenon is called overshoot. :

When a population overshoots the carrying capacity of its environment, a decrease
in the population is inevitable. If the overshoot is substantial the decrease can be rapid
and severe—a phenomenon known as collapse. : V

1 Figure 8.5 contrasts a logistic growth
model with overshoot and collapse.




Population

logistic
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overshoot and collapse

Time

FIGURE 8.5 This graph contrasts logistic growth with overshoot and collapse.

Time Out to Think

The concept of carrying capacity can be applied to any localized environment. Consider
the decline of past civilizations such as the ancient Greeks, Romans, Mayans, and Anasazi.
Does an overshoot and collapse model describe the fall of any of these or other civiliza-

tions? Explain.

What Is the Carrying Capacity?

Given that human population cannot grow exponentially forever, logistic growth is clearly
preferable to any kind of overshoot and collapse. Logistic growth means a sustainable fu-
wre population, while overshoot and collapse might mean the end of our civilization.

PRIAlCITlIICIA[LEM]ATITIEIR]S
Choosing Our Fate

As the parable of the bacteria in a bottle (Unit 8A)
showed, exponential growth cannot continue indefi-
nitely. The exponential growth of human population
will stop. The only questions are when and how.

First consider the question of when. The highest
estimates put the Earth’s carrying capacity around
40 billion, which we would reach within about 150
years at recent growth rates. In that case, regardless
of other assumptions, population growth must stop
or slow considerably within the next 150 years—
quite soon on the scale of human history.

As for how, there are only two basic ways t0 slow

the growth of a population:
* a decrease in the birth rate or
* an increase in the death rate.

Most people are already choosing the first option,
as birth rates now are at historic lows. Indeed,

population actually is decreasing in a few European
nations. Nevertheless, worldwide birth rates still are
much higher than death rates, so exponential growth
continues.

If a decrease in birth rates doesn't halt the
exponential growth, an increase in the death rate
will. If population significantly overshoots the carry-
ing capacity by the time this process begins, the
increase in the death rate will be dramatic—probably
on a scale never before seen. This forecast is not a
threat, a warning, or a prophecy of doom. It is simply
a law of nature: Exponential growth always stops

As human beings, we can choose to slow our pop-
ulation growth through intelligent and careful deci-
sions. Or, we can choose to do nothing, leaving
ourselves to the mercy of natural forces over which
we have no more control than we do over hurricanes,
tornadoes, earthquakes, or the explosions of distant
stars. Either way, it's a choice that each and every one
of us must make, and upon which our entire future

depends.
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The most fundamental question about population growth therefore concerns the
carrying capacity. If the carrying capacity is well above the current pnpglunon_ .lhen we
have plenty of time to settle into logistic growth and Fong-{crm population :‘;[;II)IIII}L But
if the current population is near the carrying capacity, we need to act quickly to pre-
vent overshoot and collapse. Unfortunately, any estimate of carrying capacity is subject
to great uncertainty, for at least four important reasons:

The carrying capacity depends on consumption of resources such as energy.
However. different countries consume at very different rates. For example, the car-
rying capacity is much lower if we assume that the growing population will
consume energy at the U.S. average rate rather than the Japanese average rate
(which is about half the U.S. rate).

« The carrying capacity depends on assumptions about the environmental impact of
the average person. A larger average impact on the environment means a lower car-
rying capacity.

« The carrying capacity can change with both human technology and the environment.
For example, estimates of carrying capacity typically consider the availability of
fresh water. However, if we can develop new sources of energy (such as fusion),
nearly unlimited amounts of fresh water may be obtained through the desaliniza-
tion of seawater. Conversely, global warming might alter the environment and
reduce our ability to grow food, thereby lowering the carrying capacity.

» Even il we could account for the many individual factors in the carrying capacity

(such as food production, energy, and pollution), the Earth is such a complex

system that precisely predicting the carrying capacity may well be impossible. For

example, no one can predict whether or how much the loss of rain forest species
affects the carrying capacity.

The power of popula I'he history of attempts to guess the carrying capacity of the Earth is full of missed
tion is indefinitely predictions. Among the most famous was that made by English economist Thomas
yreater than the Malthus (1766-1834). In a 1798 paper entitled An Essay on the Principle of Population
power in the Earth to as It Affects the Future Improvement of Society, Malthus argued that food production
produce subsistence would not be able to keep up with the rapidly growing populations of Europe and
for man America. He concluded that mass starvation would soon hit these continents. His pre-

s Malthy diction did not come true, primarily because advances in technology did allow food

production to keep pace with population growth.

Time Out to Think

Some people argue that while Malthus’s immediate predictions didn’t come true, his over-
all point about a limit to population is still valid. Others cite Malthus as a classic example of
underestimating the ingenuity of our species. What do you think? Defend your opinion

Case Study The Population of Egypt

(_)\'n long periods of time, real population growth patterns tend to be quite complex
Sometimes the growth may look exponential, while at other times it may appear logis-
tic or like overshoot and collapse. It may even appear to be some cm‘nhil‘mlinn of 1hl‘~'€
possibilities all at once.

: One (_w.[ the few cases for which long-term population data are available is that of
Egypt. Figure 8.6 shows these data, along with a few historical events that affected
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FIGURE 8.6 The historical population of Egypt. Notice that each tick mark on the vertical axis represents
a doubling of the population in millions (2, 4, 8, 16, 32).

Source: T H. Hollingsworth, Historical Demography (Ithaca, NY: Cornell University Press, 1969).

the population. (The graph uses an exponential vertical scale, with each tick mark
representing a number twice as big as the previous one.) Note the complexity of the
pattern. Even with the best mathematical models, it is hard to imagine that scientists
in ancient Egypt could have predicted the future population of the region over a pe-
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Current UN projections sug
gest that world population
will level out later in this
century at about 9 billion
These projections assume
that the fertility rate will
decline from the current
level of 2.6 children per
woman to the “replace-
ment level” of 2.1 children
per woman by 2050-an
assumption that in turn is
based on an assumption of
greater availability of and
education about contra

ceptive choices

models can be used to predict future
spaceship because the

to predict it reliably.

Choose the best answer to each of the following questions.

Explain your reasoning with one or more complete

sentences

1. World population is currently rising by about 75 million peo-
ple per year. About how many people are added to the popu-
lation each minute?

a3

140
world population in 2012

b. 30 c.

2. Based on the data given in the text,
will be about

a. 5.2 billion.
b. 7.0 billion.
¢. 8.7 billion.

simple. For example, it is easy to use mathematica

population is such a complex phenomenon that w

riod of even a hundred years, let alone several thousand years.

This example offers an important lesson about mathematical models. They are
useful for gaining insight into the processes being modeled. However, mathematical
changes only when the processes are relatively
1 modeling to predict the path of a
law of gravity is relatively simple. But the growth of human
¢ have little hope of ever being able

. The primary reason for the rapid growth of human

population over the past century has been
a. an increasing birth rate. b. a decreasing death rate

c. a combination of an increasing birth rate and a decreasing
death rate.

. The carrying capacity of the Earth is defined as
a. the maximum number of people who could fit clbow-to
elbow on the planet.
b. the maximum population that could be sustained for a
long period of time.
c. the peak population that would be reached just before a
collapse in the population size.
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5. Which of the following would cause estimates of Earth’s
carrying capacity to increase?
a. the discovery of a way to make people live longer
b. the spread of a disease that killed off many crops
¢. the development of a new, inexpensive, and nonpolluting
energy source

6. Recall the bacteria in a bottle example from Unit 84, in which
the number of bacteria in a bottle doubles each minute until the
bottle is full and the bacteria all die. The full history of the pop-
ulation of these bacteria, including their death, is an example of

a. overshoot and collapse.
b. unending exponential growth.
c. logistic growth

When researchers project that human population will reach a
steady 9 billion later in this century, what type of growth
model are they assuming?

-4

a. overshoot and collapse
b. exponential

c. logistic

Exercises 8C
REVIEW QUESTIONS

1. Based on Figure 8.3, contrast the changes in human popula-
tion for the 10,000 years preceding C.E. 1 and the 2000 years
since. What has happened over the past few centuries?

Briefly describe how the overall growth rate is related to birth
and death rates

[

3. How do today’s birth and death rates compare to those in the
past? Why is human population growing?

4. What do we mean by carrying capacity? Why is it so difficult
to determine the carrying capacity of Earth?

What is logistic growth? Why would it be good if human popu-
lation growth followed a logistic growth pattern in the future?

6. What is overshoot and collapse? Under what conditions does
it occur? Why would it be a bad thing for the human race?

DOES IT MAKE SENSE?

Decide whether each of the following statements makes sense
or is clearly true) or does not make sense (or is clearly false).
Explain your reasoning

7. Within the next decade, world population will grow by more
than twice the current population of the United States.

8. Il birth rates fall more than death rates, the growth rate of
world population will fall.

9. The carrying capacity of our planet depends only on our

planet’s size

10. Thanks to rapid increases in computing technology, we
should be able to pin down the carrying capacity of the Earth
to a precise number within just a few years.

8. The projection that population will level out at 9 billion peo-
pleis based on the assumption that birth rates will fall from
current levels. Suppose instead that the birth rate returns o
what it was in 1950. If the death rate remains steady,

a. population will grow to far more than 9 billion.

b. population will level off before reaching 9 billion.

c. population will still level off at 9 billion, but a little sooner
than otherwise expected.

9. Suppose that population continues to grow at the 2009 rate
of 1.2% per year. Given the 2009 population of 6.8 billion,
when will the population double to about 14 billion?

b. around 2215 c. around 2450

a. around 2070

10. Which of the following is not a requirement if world popula-
tion is to level out, without an increase in the death rate,
later in this century at 9 or 10 billion people?

a. We must increase food production by close to 50%.
b. The average woman must give birth to fewer children than
she does at present.

¢. We must discover a new source of inexpensive and
nonpolluting energy.

11. In the wild, we always expect the population of any animal
species to follow a logistic growth pattern.

12. Past history gives us strong reason to believe that human
population is following a logistic growth pattern.

BASIC SKILLS & CONCEPTS

13-16: Varying Growth Rates. Starting from a 2009 population
of 6.8 billion, use the given growth rate to find the approximate
doubling time (use the rule of 70) and to predict world population
in 2050.

13. Use the average annual growth rate between 1850 and 1950,
which was about 0.9%.

14. Use the average annual growth rate between 1950 and 2000
which was about 1.8%.

15. Use the average annual growth rate between 1970 and 2000,

which was about 1.6%.

16. Use the current annual growth rate of the United States,
which is about 0.7%.

17-20: Birth and Death Rates. The following table gives the

birth and death rates for four countries in three different years.

Birth Rate Death Rate

(per 1000) (per 1000)
Country 1985 1995 2007 1985 1995 2007
Czech Rep. 145 9.3 9.0 118 114 106
Israel 3.8 N0 1R T 6.6 63 . 2
Sweden 0 B b AR o T B i e S
U.Ss. o7 R [T, 3 S 87 = a8 S8




for the country given in each exercise, do the following;

, ind the country’s net growth rate due to births and deaths
¢, neglect immigration) in 1985, 1995, and 2007.

; Describe in words the general trend in the country’s growth
¢, Based on this trend, predict how the country’s population
4ill change over the next 20 years. Do you think your prediction
s reliable? Explain.

17. Czech Republic 18. Israel

19, Sweden 20. United States

11. Logistic Growth. Consider a population that begins growin
exponentially at a base rate of 4.0% per year and then [ollovfs
alogistic growth pattern. If the carrying capacity is 60 million
find the actual growth rate when the population is 10 million‘
30 million, and 50 million. b

1. Logistic Growth. Consider a population that begins growing
e,\-puncmially at a base rate of 6.0% per year and then follows
alogistic growth pattern. If the carrying capacity is 80 million,
find the actual growth rate when the population is 10 million,
50 million, and 70 million.

FURTHER APPLICATIONS

13-26: US. Population. Starting from an estimated U.S. popula-
ion of 305 million in 2009, use the given growth rate to estimate
US. population in 2059 and 2109. Use the approximate doubling
time formula.

13, Use the current U.S. annual growth rate of 0.7%. @
4. Use a growth rate of 0.5%.
25. Use a growth rate of 1.0%.
26. Use a growth rate of 0.4%.

27. Population Growth in Your Lifetime. Starting from the @
6.8 billion population in 2009, assume that world population
maintains its current annual growth rate of 1.2%. What will
be the world population when you are 50 years old? 80 years
old? 100 years old?

8. Slower Growth. Repeat Exercise 27, but for a growth rate of
1% rather than 1.2%.

29-32: World Carrying Capacity. For the given carrying capaci-
ties, use the 1960s peak annual growth rate of 2.1% and popula-
tion of 3 billion to predict the base growth rate and current

growth rate with a logistic model. Assume a current world popu-
tion of 6.8 billion. How do the prcdlclul growth rates compare
to the actual growth rate of about 1.2% per year?

2. Assume the carrying capacity is 8 billion.

30. Assume the carrying capacity is 10 billion.

31. Assume the carrying capacity is 15 billion. @

31. Assume the carrying capacity is 20 billion.

3. Growth Control Mediation. A city with a 2010 population of
100,000 has a growth control policy that limits the increase
in residents to 2% per year. Naturally, this policy causes 4
great deal of dispute. On one side, some people argue lhél
growth costs the city its small-town charm and clean environ-

ment. On the other side, some people argue that gmwt_h 2uls

trol costs the city jobs and drives up housing prices. Finding

499
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their work limited by the policy, developers suggest a
compromise of raising the allowed growth rate to 5% per
year. Contrast the populations of this city in 2020, 2030, and
2070 for 2% annual growth and 5% annual growth. Use the
approximate doubling formula. If you were asked 1o mediate
the dispute between growth control advocates and
opponents, explain the strategy you would use.
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34. Population Predictions. Find population predictions from an
organization that studies population, such as the United
Nations or the U.S. Census Bureau. Read about how the pre
dictions are made. Write a short summary of the methods
used to predict future population. Be sure to discuss the un
certainties in the predictions.

35. Carrying Capacity. Find several different opinions concern
ing the Earth’s human population carrying capacity Based on
your research, draw some conclusions about whether
overpopulation presents an immediate threat. Write a short
essay detailing the results of your research and clearly

explaining your conclusions.

36. U.S. Population Growth. Research population growth in the
United States to determine the relative proportions of the
growth resulting from birth rates and from immigration
Then research both the problems and the benefits of the
growing U.S. population. Form your own opinions about
whether the United States has a population problem. Write
an essay covering the results of your research and stating and

defending your opinions.

Thomas Malthus. Find more information about Thomas
Malthus and his famous predictions about population. Write
a short paper on either his personal biography or his work

G s

Extinction. Choose an endangered species and research
why it is in decline. Is the decline a case of overshoot and
collapse? 1s human activity changing the carrying capacity
for the species? Write a short summary of your findings

38.

IN YOUR WORLD

39. Population Growth. Find a recent news story that concerns
population growth. Does the story consider the long-term
effects of the growth? If so, do you agree with the claims?
If not, discuss a few possible effects of future growth

Immigration. Within the United States, immigration is an
important part of the overall population growth. Find a
recent story that discusses either the pros or the cons of im-
migration. Discuss the story and its conclusions

40.




