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1. Introduction.

A central problem in subfactor theory is the classification of inclusions
of Il factors, N C M. An important invariant for such an inclusion is the
lattice of higher relative commutants, { M N M, }; ;, known as the standard
invariant, contained in the Jones tower N C M C Mj---. There are
several approaches to studying the standard invariant, namely paragroups
[3], A-lattices [8], and planar algebras [6]. In the geometric framework of
planar algebras, the existence of rotation operators is apparent. This is
in contrast to the paragroup or A-lattice setting where the existence of
rotation operators is by no means obvious. However, for the moment, the
planar algebra framework is restricted to the case then N C M is extremal,
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a condition that is reflected in the spherical invariance of the corresponding
planar algebra. For nonextremal inclusions N C M, it is not yet known
if there are corresponding pictorial descriptions. Our paper provides a
backbone to construct such “planar algebras”. We prove the higher relative
commutants of a subfactor inclusion are isomorphic to the cyclic tensor
products. These cyclic tensor products admit natural rotation operators
and other “planar” actions. In the future, we hope to use these actions to
extend the definition of planar algebras, via the A-lattice description, to
the nonextremal setting.

The main result of this work is a structural result that decomposes a
factor M into elements in N’ N M and commutators with a specific form:

MAIN THEOREM. — Given a pair of II; factors N C M, [M : N] <
0o. There exists m € N such that Vz € M with Enqa(z) =0, z is of the

form
m

z= Z[ai,bi] where a; € N, b; € M,
i=1

9
laill <2, [1o:ll < 5 ll=ll-

The number m depends solely on the Jones index; and thus, is independent
of z. Here En/nps denotes the trace-preserving conditional expectation.

This result can be viewed (by taking N = M) as an extension of a
result appearing in [4], that in a I1; factor, any element whose trace is zero
can be written as a finite sum of commutators.

The proof of the main theorem follows the arguments in [4]: con-
structing a series of commutators with the support of the commutators
being mutually orthogonal. In order for the series to converge, we need to
uniformly bound the norms of the commutators. In [4], the uniform bound
of norms heavily relies on the existence of spectral projections and the like,
which is no longer possible in our case. We use S. Popa’s relative Dixmier
property [9] (which requires the Jones index to be finite) to get the norm
estimate. Hence the series converges strongly.

In Section 2 we present the relative Dixmier property by S. Popa [10]
which is the main technical part in this paper. In Section 3, with the aid of
the relative Dixmier property, we prove the main theorem. In Section 4, we
define the cyclic tensor products. We use the main theorem to prove the
isomorphism between the graded vector space {N’ N M, } and the cyclic
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tensor products. This isomorphism allows us to see clearly the existence of
rotation operators on {N' N M,}.
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comments concerning the organization of this paper. A lot of progress was
done during my visit at University of Geneva, which was sponsored by Swiss
National Science Foundation. I am also thankful to Professor Sorin Popa
for sending me his preprints. A lot of help comes from my fellow students,
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2. Preliminaries.

The following is the relative Dixmier property by S. Popa for any
inclusion of finite von Neumann algebras with finite Pimsner-Popa index.

THEOREM 1 [9], [10]. — For any ¢ > 1, any € > 0, there exists m =
m(c, e) € N, such that given any inclusion N C M of finite von Neumann
algebras with a normal faithful conditional expectation En : M — N
satisfying the Pimsner-Popa index Ind En < ¢ and with a conditional
expectation Enxnpr : M — N' N M satistying Ennn(ab) = Enapr(ba),
where a € N,b € M, we have that, Vo € M with Enx/qp(x) = 0, there are
unitaries ui,- -, Uy, in N such that || Y7"; Lupzuj|l < ||z,

In [10] S. Popa proved the number m can be explicitly given.

The properties of conditional expectations (see for example [11]) are
vital and assumed without further reference in the paper. Let N C M be
a pair of finite von Neumann algebra with a faithful normal trace 7 on M.
Let En (resp. Envnpr) be the trace preserving conditional expectation of
M onto N (resp N’ N M). Define the IT-norm on M with respect to 7 by

lz]|2 = T(Q’J*.’L‘)%, Ve e M.

We observe that En/qpr(ab) = Enap(ba) and Ensqar([a,b]) = 0 where
a € N,be M. And it is a useful fact [2] that for a € N, Ennp(a) = 7(a)
where 7 denotes the trace of M.

Proof. — Forae N,be N'NM,
T(Ennm(a)b) = 7(ab) = 7(aEn (b)) = 7(a)7().
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Note that Enx(b) € N' NN = C. Again Ey is the trace-preserving
conditional expectation [2]. O

3. Main theorem.

In this section we use the relative Dixmier property in Section 2 to
prove the following theorem.

MAIN THEOREM. — Given a pair of II; factors N C M, [M : N] <
0o. There exists m € N such that Vz € M with Enna(z) =0, z is of the
form

z = Z[ai,bi] where a; € N, b; € M.
1=1

9
laill <2, [loall < 5 [l=l-

The number m depends solely on the Jones index; and thus, is independent
of z. Here En'np; denotes the trace-preserving conditional expectation.

3.1. Reduction to the left upper block.

This subsection is about reducing to a special case so that we can
apply the techniques in [4]. First we can reduce the main theorem to the
case where z is supported by a projection which is sufficiently small in the
following sense:

LEMMA 1. — For all z € M with Enqpm(z) = 0, there exist
mutually orthogonal projections p,q in N and elements z1,z_1 in M, such
that

21 = pzip, EN’QM(ZI) :Ov T(p)

1
o) < 3
Dl <30el
1
zo1 = qz-1q¢,  Ennm(z-1) =0,  7(q) = 3 [z—1ll <3|zl
and that z — (21 + z_1) is the sum of three commutators of the form [z, y]
withx € N,y € M, ||z| <1, and ||ly|| < 2||z|.

Proof. — Let p, ¢ be two mutually orthogonal projections in N with
7(p) = 7(q) = 3. Setting

21 =p(z = 2Eninm (p2))p,  2-1 = q(2 — 2ENnnm(g2))g
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we have
z = (21 + z-1) = p2q + qzp + 2pEnnm (p2) + 2¢ENnm (7).
Let w be a partial isometry in N with ¢ as the initial projection and p as
the final projection. Then
pzq = [p,2q), qzp=lq,2p]
2pEniam (p2) + 2¢ENn(q2) = 2pEnam (p2) — 24BN (p2)

= 2ww*Ennn(pz) — 2ENam (p2)w*w
= [w, 2En/An (p2)w™].

Thus z — (21 + z_1) is the sum of three commutators with the special form.
Now we proceed to check the properties of z1,z_1, ’s and y’s:
Eniam(21) = Enam (p(2 — 2Ennm (p2)))
= Eniam (p2) = 2ENnm (p) Eninm (pz) = 0,
since Ex/nar(p) = 7(p) = 3.

lz1]] < |l2]l + 2|1 Envane(pzp)|| < 3]|z]|, because of the following: we

2

can write z = 2! + iz?, where 2!, 22 are self adjoint and have norms less

than or equal to ||z1]|:
1 1
Bxent (09) < |21 B (p) = 211211 < 221

Exont(0220) < |22 Exvnas (o) = 3112%) < 5 2]
In the same manner we get ||z_1]| < 3]|z]|.
For the z’s and y’s part, the only thing to check is
12E (2| < 2]
This follows from the above. O

From now on, we concentrate on showing z; is a finite sum of
commutators with the specific form; while z;, as in the lemma, is in M,
satistying En'nar(z1) = 0, and z; = pzyp. We take p; = p, a projection in
N with 7(p1) = 3. Likewise the case of z_; follows.

3.2. Cutting into diagonal blocks.

This subsection is about setting up the environment we work on.
Take p; as the first term of the sequence (p,),cn of mutually orthogonal
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projections in N, with 7(p,) = 27" for all n € N. we get that > _ypn =1
(the sum converges strongly). For all n € N, we denote M, (resp.
My, +p..,) as the reduced algebra of M by p, (resp. p, + pn+1). Here
the reduced algebra of M by a projection p, in M is the von Neumann
subalgebra M, = {z € M,z = p,ap,} of M. Note the unit of the algebra
M, , which is p,, is in general distinct from 1 € M. Similarly, we can define
Ny, and Ny, 4 p,.. .-

Define E,, np,'apnMp, : PaMpn — pnNpy' N ppMp,, the conditional
expectation by

Ep Npy'tpn Mpy () = T(pn) "' PuEnon (z) for @ € ppMpy.

Note that p,Np,' N p,Mp, = p,N' N Mp,, because p, € (N'NM)' N M
(see [7]). We have that

By Np,'apnMp, (@nbn) = Ep, Np,'ap, Mp, (bnan),

where a,, € p,Npp, b, € ppMp,,.

Observe that p, Np,, C p,Mp, is an inclusion of II; factors with the
conditional expectation E,, np, := En|p, mp,, inherited from the inclusion
N CM,

Ind Ep, np, (PnMpy, — puNDp) = [pnMpy : poNpy,) < [M : NJ.

Remark. — These conditional expectations are 7-preserving.

3.3. Transfer from the upper left to the lower right.

This subsection is about constructing the commutators via transfer-
ring as in [4]. The essence of our argument, inspired by [4], consists of
constructing a sequence (zp, )peN Where each z, is in a proper reduced
algebra M, of M. Each z, is supported by p,, which is orthogonal to
each other. {z,},cn is required to be bounded above in norm. Therefore,
zn, goes to zero in the strong operator topology. One important feature is
that the conditional expectation F N, 'NM,, of z, is zero. We show that
Zn — Zn4+1 equals to a fixed number of commutators of the form [2,,yx]
where x, € Np,4p.i1> Yn € My, 1p,,,. Thus x, and y, are supported by
Dn + Pnr1- It is declared that x,, (resp. y,) has a common upper bound in
norm for all n. Similarly z.,,y, tends to zero strongly as n — oco. We form
two sets for x,,’s (resp. ¥n’s): Xodd = {Z2n-1,1 € N}, Xeven = {224, n € N}
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(resp. Yoad, Yoven). Every element of X,qq is supported by a mutually or-
thogonal projection. In a word these elements are independently work-
ing algebraically in their blocks. From the global view, a unique element
Todd = 22021 ZTo,_1 can represent the behaviors of all these elements. That
is what we are seeking for. It also holds for Teven, Yodd, Yeven- We use them
to construct the commutators and show the latter do have the wanted
properties. This completes the line of the proof.

Remark. — By the proceeding corollary in Section 2 and the fact
that [M,, , Np,] < [M, N], there exists m = m([M : N], 3), Vn,Vz,, € M, ,
En, 'am,, (zn) = 0, there exist w1, -+, Unm € U(Np, ) such that || 7",
nall < 2|z . Please note that by the definition of En, ra,

and viewing z,, as an element of M, C M, the condition En/npy(zyn) =0
ensures us that En, /nag, (Tn) = 0.

1
U kT U

3.3.1. Cutting the norm by half. Let us recollect that z; =
pzipr € M, C M, Ennam(z1) = 0, and 7(p1) = % Therefore
En, 'nm,, (21) = 0. Accordingly

Jui, - ULm €EU(Np,) CN
such that

m

. 1
if we define 2] = - E U R21ULE
k=1

1
240 < 5zl

It is observed that 2| is supported in M), and En/na(21) = 0 and 2z — 2
is the sum of m- commutators in the desired form,

m
! 1 *
21 — 2 = Eul,k , UL,E21 |-
k=1
1 * 1 * 1
where —uy " € Np, © N, |[--ui ™[] < 57,

U1,k21 S Mp1 c M? ||u1,k21H < Hzln

3.3.2. Moving down to the lower right. Find p| and p{ two
mutually orthogonal equivalent projections in NNV, , with the sum equal to
p1. Get w) and wy, partial isometries in N, 4p, with

1k / " .1 i ’,* ", 1%
wy; Wy =p;, Wy Wp =pP1, WW; =P2 = wWpwW

and define

! /¥ "/ 1%
Zo = wWizwy + wyzwy .
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It is clear that 2o is supported in M,, with
Eninm(22) = Enam((p1 +p7)?1) = Enom(pi2)) =0,
2]l < 2llz1]l < -
We want to show that 2] — z5 is a finite sum of commutators in the desired

form in M, 4p,.

3.3.3. Finding the specific commutators. Consider the partial
isometry w; = wi w{ € N,, C Np, 4p, with the initial projection p; and
the final projection p/. And define

z1 = Zywi +w Zw) + 2w € Npitpss Y1 = w1 +w) € Np,ip,.
It is easy to see that [|z1]| < 3|[2{] < 3[z1]], and [|y1 ]| < 2.

LEMMA 2.
! 1% ! 1% 1 "/ 1 *
2y = 2o+ [—y1, o] + [wi , wiziw] | + [—w], wizjw) ],
1 "o 1*

wiziwy € Npyqp,, Wiziwy € Npjyp,.

Note that the norm of either is less than the norm of 2.

Proof. — It is noted that the calculation can be simplified in the
matricial form relative to p},p{, pe and the associated partial isometries:

set
1 00 0 0O 0 0 O
pPi=10 0 0], pf=10 1 0], p2={0 0 0O
0 0 O 0 0 O 0 0 1
0 1 0 0 0 O 0 0 O
wy=(00 0], wy=[0 0 0], w’l'(O 0 0
0 0 O 1 0 0 0 1 0
Then
a b 0 0 0 0
2i=1c d 0], 22=[0 0 0 )
0 0 0 0 0 a+d
0 b 0 0 O
z1=10 ¢ a+d]|, y1=1|1 0 0).
0 0 0 01 0
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0 0 O 0 0 O
wiziw! =10 0 0, w/Zw"=]0 0 0
0 0 b 0 0 ¢
And
a b 0 0 0 0 a b 0
[-y1,z1]=c¢c a+d 0] —10 a b =(c¢c d —b
0 0 0 0 ¢ a+ 0 —¢ —(a+4d)

000 oo o &

S OO o o o
S OO o oo

3.3.4. Constructing the sequence. Then we obtain step by step
the sequences (2, )neN, (Un,1)s 5 (Un,m),

(2), (pn); (P), (W), (wr), (w), (20), (yn) in M satisfying

Zn, 20 € Mp, ,Un1, ", Up,m unitaries € Ny, ,

Enan(zn) = Enam(z,) =0,

Zn = 20+ ey [t Un 2n],

Izl < llznll;

Py Dy Projections € N, , w),, w), wy, partial isometries € Np, 4p. . 1,

/ /o VA A | nx, 1o /! / 1 x ", 0%
y2n +pn = Pn; Wy Wy = Py, Wy Wy = Ppy, WW, = W, W, = Pn+l,
_ /]
Wp =W, W,,

o o * 1 1%
Zngl = WpZpWy + WpZpWy

[Zntall < 2[[z0ll < Izl

EN/mM(Zn+1) =0
2y = Zpgt F [ =Y ] + [0 wh w4 [y wh 2wy,

— A * o/ 7 * / 1% _ * 1
Ty = Z,Wn + Wy 2, W, + 2, W, , Yp = Wy —+ Wy,

Tn € Mpn+pn+17 Yn € an+pn+1‘

Note that the sequence (||zp||)nen is bounded and the construction
implies that [[z,] < 2||zn] < 3llz1ll < 3zl llynll < 2 for all n € N.
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The terms of the sequence (z2r)reN are in the respective reduced algebras
of M supported by the projections (per + P2r+1)reny Which are mutually
orthogonal; as they are uniformly bounded, the series > ,-, xax converge
for the strong operator topology to an element whose uniform norm is equal
to supy, [|zak|| < 2|21]] < 2||2(|- Similarly, we can define:

o o

1 1
* . _ *
Ujyor, = E EUQ]{;J; cN o Ujgqg = E Equ—lai eN
k=1 k=1

o0 o0
li li
Vieyen = Zuzk,z‘zzk EM 5 Uiy, = Zu2k71,iz2k71 €M

k=1 k=1
oo oo
Teven = § Tok € M ; Todd = § Tok—1 € M
k=1 k=1
oo o0
Yoven = E Y2k €N 5 Yodd = E Yok—1 € N
k=1 k=1
o0 o0
1 1
Teven = E war €N 5 Todd = E wor—1 € N
k=1 k=1
oo oo
/ ! 1% / I 1%
Seven = E Wor zor wor”T EM 7 Sodqd = E Wak—1 22k—1 Wog—1 €M
k=1 k=1
oo oo
" i ¥ 1 ! 1%
teven = E war 2ok’ war €M 5 toaad = E Wok—1 Zok—1 Wap—1 €M.
k=1 k=1
Then we have
oo m
21 = E (z’ﬂ - Z7l+1) = E ([uiovcm vicvcn] + [uiodd7 Uiodd])
n=1 i=1
+ [_yeven7 xeven] + [_yodd7 xodd]

+ [Teven*7 Seven] + [Todd*a Sodd}
+ [_revena teven] + [_rodda todd]

with

v Miceenll Vigaall < Mlz2ll < 3JI211,

[ |5 [[tia | <

3

9
Izl < Slzl - Mgevenll, yoaall < 2,

N o

||zeven||7 ||1'0dd|| <

[I7evenll; IToaall < 1,
1 3
||Seven||7 ||SoddH < §||Zl|| < 5”2”’
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1 3
ftevenll; [ftoaall < Sllz1ll < 5ll=]l-

We have therefore showed the following statement, combined with the
lemma in Subsection 3.1: given a pair of I1; factors N C M with finite Jones
index, and z is an element of M. The following conditions are equivalent:

(1) EN/QM(Z) = 0;

(2) z is a sum of 2m + 9 commutators of the form [a,b] where
a € N,b e M. Here m, giving in [10] depends solely on the index.

4. Application.

In this section we prove the vector space isomorphism between the
relative commutants and the cyclic tensor products. We also show the
existence of the rotations operators on them.

THEOREM 2 [5]. — Let N C M be an inclusion of I, factors with
finite Jones index. The tower of 11, factors M, is defined by M_1 = N,
My =M, M,, = (M,,_1,e,) where e, is the Jones projection of M,, onto
M,,_1. We have M, ~ MQn M QN Qp - QN M (n+1-terms) asa M — M
(N — N) bimodule.

Proof. — The proof can be found in [5] and is included here for the
convenience of the reader.

CLAIM. — Themapw : M®xM — M defined by n(zQyny) = ey
is a M — M bimodule isomorphism.

The 2-sided ideal 22:1 Tpe1yy is equal to My, since M, is alge-
braically simple. This proves the map is onto. We need to prove it is injective
too. Because [M : N] < oo, we have a finite orthonormal basis {my}; for
N C M. Take z in M @ M. Tt is easily seen that z = ZM M2k N M,
where 2 is in N,

* * *
elmpﬂ'(z)mqel = E exmymyzge1myer = fpzp o feer =0, Vp, g,
k.l

where Ex(mimy) = fi, € P(N) and my = my fi,

* *
E :mpzp,q N My = E My fp2p,qfq ON mg = 0.

p.q
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The rest is an induction process:
My, = M1 ®n,_y My
=(Mp_2®m, 4 Mpn—2) @, o (Mp_2®n, 5 Mp_2)
=Mp2®m, 3 Mp—2®m, 3 Mp—2

a

COROLLARY [1]. — Let N C M be an inclusion of 11 factors with
finite Jones index. Then M = (N’ N M) & [N, M] as a vector space. Here
[N, M| denotes the vector space spanned by the commutators of the form
[a,b] where a € N, b € M,. And the (n+ 1)th cyclic tensor product V1,
defined to be the quotient space of M @y M &y -+ @n M (n + 1-terms)
by the subspace generated by the vectors of the form [a,b,] where a € N,
b, € M,, is isomorphic to the relative commutant N’ N M, where the
tower of I1; factors is defined by Mo = M, M, = (M,_1,e,).

Proof. — The main theorem showed that M = (N’ N M) + [N, M].
And it is obvious that (N’ N M) N [N,M] = 0. This gives the first half
of the corollary. Now [M,, : N] = [M : N]"*! < co. Therefore we have
M, = (N'NnM,)® [N,M,] as a vector space. By the above theorem,
M, ~M@y M@y - @y M (n+1 terms) as an N — N bimodule. And
the cyclic tensor product V11 is isomorphic to M, /[N, M,]| ~ N'N M, as
a vector space. O

Under the above isomorphism, we can consider all the N—N bimodule
mapson M @y ---®@n M (n+1 terms). These maps preserve the N- central
vectors V11 and hence have their counterparts on N’ N M,,. However there
is another operator, the rotation operator, which does not arise in this
manner. We define this operator, p,, : V41 — Vi1 by

p‘h([l‘l, Ty« 7xn+l]) = [x27 e )xn-‘rl?xl])
where [21, T2, -, Z,41] represents an equivalence classin M@y ---Qn M.

This map is well defined because

(T2, Tng1,210] = [n@2, - Tpy1,21]  (mod by [N, M,]);
(T2, Tpp1n, 1] = [T2, -+, Tpy1, nr],
where 1,29, -, Zp41 € M and n € N. There is a natural multiplication

operators, ®py, on the graded cyclic tensor product spaces. The multipli-
cation operator on the relative commutants can be recovered via the above
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maps. Equipped with all the maps mentioned above, it should be possible
to build planar algebras within the frames of cyclic tensor product spaces.
The existence of rotation operators is an immediate advantage.

[10]

[11]
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