Math 2210 Section 1 Exam 1 Solutions

1) The position vector of a particle moving in space is given by
F(t) = (2 +1)i + (—=)] — e*k
What is the velocity vector o(¢)?

The velocity vector is the derivative of the position vector, so

7(t) = (2t +1)i — (t+1)7% — 2e%k

What is the acceleration vector @(t)?

The acceleration is the derivative of the velocity (or the second derivative of
the position):

=2

a(t) = 2+ 2(t + 1) %] — 4ek

What is the angle between #(t) and d@(¢) when t = 07

We will use the fact that for any two vectors 4 and @, the cosine of the angle
0 between them is given by the formula:

@ -0 = |u] |U]cosf

We apply this formula with @ = #(0) and ¢ = @(0). Using the results from
above:

7(0) =7—7 — 2k and 3(0) = 2+ 2] — 4K
Also, |#(0)| = v/6, and |@(0)| = v/24 = 2v/6. So,
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and therefore § = cos™"



2) Find an equation for the plane passing through the points (2,4, 3), (1, 3, —3),
and (—4,3,4).

Call the three points Py, P, and P,. To write the equation for a plane,
we need to know one point of the plane and a vector normal to the plane. In
this problem, we are given three points in the plane, so all we need to do is
find a normal vector. To do this, we first find two vectors in the plane and
then compute their cross product, which will be our normal vector.

PO_PI = —;—_;— 6];" and Po_pz = —6;—I+E
L i J ok e
PQ 1><P0P2=det -1 -1 -6 :—7Z+37]—5k
-6 -1 1

i

Using P, as our point in the plane, an equation for the plane is:

7(x—2)+37(y — 4) — 5(z — 3) = 0.

3) A curve is described by the vector equation 7(¢) = (2cost)i + (3sint)J.

Find the unit tangent vector T'(¢).

The unit tangent vector T"(t) =

7(t) = (—2sint)i + (3 cost)7,

and |7(t)| = V4sin?t + 9cos?t = /4 + 5 cos?t. Therefore,

T(t) = ;((—2 sint)i + (3 cost)j).

V4 + 5cos?t

Recall that the curvature k is given by the following formula, where x
and y are the coordinate functions of the curve:
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Find the maximum and minimum values for .

Using the formula, we get that

_ |6sin®¢ +6cos?t| 6
(4sin®t + 9cos?t)s (44 5cos?t)

5-
2
This has a maximum of % when cost = 0, and a minimum of % when cost = 1.

4) Show that the vector ai + b; is perpendicular to the line ax + by = c.

The line az + by = 0 is parallel to az + by = ¢, so ai + bj is perpendicular
to the line ax + by = c if and only if it is perpendicular to ax + by = 0. The
line ax + by = 0 passes_through the points (0,0) and (b, —a). So the line is
parallel to the vector bi — aj. Now compute the dot product of these two
vectors:

(ai +bj) - (bi — aj) = ab—ab = 0,
so these vectors, and therefore the line and the vector, are perpendicular.

5) For each of the following equations, describe the graph. For example,
if the graph is a sphere, you should say that it is a sphere and give its radius
and its center.

r = 4 in cylindrical coordinates

The graph is the right circular cylinder with radius 4, with the z-axis for its
axis of symmetry.

¢ = 7 in spherical coordinates.
The graph is a circular cone with vertex at the origin and the axis is the
z-axis. The angle between any vector in the cone originating at the origin

and the positive z-axis is 7.

6) Find parametric equations for the line formed by the intersection of the
planes x +y — z =6 and 2x — y + 3z = 2.

The line is in both planes, so it must be perpendicular to the normal of each
plane. Since the cross product is also perpendicular to each of these normals,
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the line and this cross product must be parallel. The vector 71, = i+ j —k
is normal to the first plane, and 7, = 27 — j + 3k is normal to the second.
Then

i ]k

iy xits=det| 1 1 —1|=2i—5j—3k.

2 -1 3
Now we need to find a point on the line. Let z = 0. Now solve the system
of equations formed by setting z = 0 in the equations for the two planes:
x4y =6, and 2z — y = 2. Solving, we obtain (£, 3). Therefore, the point
(8,190) is on the line. Now, since we know a point on the line and a vector

3773
parallel to the line, we can write the parametric equations:

r= $49
i e
y= 3
z= -3t



