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The purpose of this lecture is to prove a con-

jecture of Shokurov which says that rational

curves on varieties with ”mild” singularities be-

have like rational curves on smooth varieties.

Here ”mild singularities” is to be interpreted

from the point of view of the MMP.

A log pair (X,∆) is:

• a normal variety X;

• an effective Q-Weil divisor ∆ =
∑

diDi with

di ∈ Q>0 such that

• KX+∆ is Q-Cartier (that is OX(m(KX+∆))

is a line bundle when m is sufficiently divisible.)
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Pick µ : X ′ −→ X a log resolution i.e. a proper

birational morphism such that X ′ is smooth

and

µ−1(∆) ∪ {exceptional set}

is a divisor with simple normal crossings sup-

port. Let

KX ′ + ∆′ = µ∗(KX + ∆)

with ∆′ =
∑

a′i∆
′
i. Then we say that

• (X,∆) is KLT if ⌊∆′⌋ < 0 i.e. if a′i < 1∀i;

• (X,∆) is LC if ⌊(1 − ǫ)∆′⌋ < 0 for 0, ǫ < 1

i.e. if a′i ≤ 1∀i.

The locus of log canonical singularities is given

by

LCS(X ′,∆′) = ∪ai≥1∆i

and LCS(X,∆) = µ(LCS(X ′,∆′)).
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The main result is the following:

Theorem: Let (X,∆) be a log pair, f : X −→

S a projective morphism such that −KX is rel-

atively big and OX(−m(KX + ∆)) is relatively

generated for some m > 0. Let g : Y −→ X be

any birational morphisms. Then every fiber of

π := f ◦ g is rationally chain connected modulo

g−1LCS(X,∆).

That is, for any two points of any fiber, there is

a chain of curves connecting these points such

that each curve is either rational or contained

in g−1LCS(X,∆).

When S = SpecC we get the following result of

Q. Zhang:

Theorem: Let (X,∆) be a KLT pair such

that −(KX + ∆) is nef and big, then X is ra-

tionally connected (i.e. two general points can

be joined by a rational curve).
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When X = S we have:

Theorem: Let (X,∆) be a KLT pair and g :

Y −→ X a birational morphism, then the fibers

of g are rationally chain connected.

In particular if (X,∆) is a KLT pair, then:

• if g : X 99K Z is a rational map to a proper

variety which is not everywhere defined, then

Z contains a rational curve.

• X is rationally chain connected if and only if

it is rationally connected.
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The statement is sharp:

Let f : S −→ C be a P1 bundle over an elliptic

curve and E a section of minimal self intersec-

tion E2 < 0. Contracting E we get a surface

T which is rationally chain connected but not

rationally connected. Notice that

KS + tE

is KLT for 0 ≤ t < 1 and LC for t = 1 but

−(KS + tE) is nef for 1 ≤ t ≤ 2 and ample for

1 < t < 2.

N.B. T is RCC but not RC, so RCC is not a

birational property (the point is that (T, ∅) is

not KLT).

S → C is the MRC fibration: a surjective map

with connected fibers which are RC, and the

base is not uniruled (see the result of Graber-

Harris-Starr).
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Further consequences: Corollary: Let (X,∆)

be a projective log pair such that −(KX+∆) is

semiample and −(KX+∆) is big. Then Π1(X)

is a quotient of Π1(LCS(X, ∆)).

E.G. (Zhang): If (X,∆) is KLT, −(KX + ∆)

is nef and big then X is simply connected.

Theorem: Let (X,∆) be a KLT pair, f :

X −→ S a projective morphism with connected

fibers such that −KX is relatively big and −(KX+

∆) is relatively nef for some m > 0. Let

g : Y −→ X be any birational morphisms.Then

1) the natural map

π∗ := (f ◦ g)∗ : CH0(Y ) −→ CH0(S)

is an isomorphism.

2) π has a section over any curve.
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How to show that a variety X is RC.

It suffices to show that for any rational map

X 99K Z, Z is uniruled (i.e. covered by rational

curves). In fact let

X ← X ′ → Z

be the MRC fibration of X, then by Graber-

Harris-Starr, Z is not uniruled so Z is a point

i.e. X is RC.

Assuming that Z is smooth, by a result of

Boucksom-Demailly-Paun-Peternell:

Theorem: Z is not uniruled if and only if KZ

is pseudoeffective.

(Recall KZ ∈ PSEF(Z) if for any ǫ > 0, A am-

ple on Z, one has h0(m(KZ + ǫA)) > 0 for all

m≫ 0 sufficiently divisible.)

Conjecturally: KZ ∈ PSEF(Z) iff κ(KZ) ≥ 0.

7



Idea of the proof:

We have π = (f ◦g) : Y −→ X −→ S. Fix s ∈ S.

We may replace Y by a higher birational model

so that Y is smooth and π−1(s) is a divisor with

simple normal crossings. For simplicity assume

that (X,∆) is KLT. We may also assume that

KX + ∆ = 0

(just replace ∆ by ∆+B/m where B is a gen-

eral section of |−m(KX +∆)|). We now write:

KY + Γ = g∗(KX + ∆) + E

where Γ, E have no common components and

E is exceptional. Replacying Γ by an appro-

priate Q-linearly equivalent divisor, we may as-

sume that

Γ ≥ A

where A is an ample divisor.
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Pick G on S sufficiently singular at s so that

for t = 0, t1, ..., tk = 1 we have :

LCS(Y,Γ + tπ∗G) = ∅, F1, F1 ∪ F2,

..., π−1(s) = F1 ∪ ... ∪ Fk

The point is to show that F1 is RC, F2 is RCC

modulo F1 etc. (Fi is RCC modulo Vi = Fi ∩

(F1 ∪ ... ∪ Fi−1).)

So we consider the MRC fibration

Fi ← F ′i → Z.

We must show that Vi = Fi ∩ (F1 ∪ ... ∪ Fi−1)

dominates Z. Assume this is not the case. We

know that KZ is pseudoeffective. We claim

that for H ample on Z, sections of m(KZ +

ǫH) can be liftled to m(KF ′i
+ {Γ}|F ′i

) and then

to sections of m(KY + Γ) + A′ where A′ is a

sufficiently ample divisor on Y .
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The point is that if A′ ≤ g∗A′′, then

π∗OY (m(KY + Γ) + A′) ⊂

π∗OY (mE + g∗A′′) = f∗OY (A′′)

is a fixed coherent sheaf containing lifts of sec-

tions of m(KZ + ǫH). But then as κ(KZ +

ǫH) = dimZ, we see that Z is a point as re-

quired.

Sections of m(KZ + ǫH) can be lifted to

m(KF ′i
+ {Γ}|F ′i

):

This follows from the log additivity of the Ko-

daira dimension (cf. Campana, Lu). Let z ∈ Z

be a general point. We have

(KY +{Γ}+F)|Fz = (KY +Γ+F)|Fz = E|Fz ≥ 0;

{Γ} ≥ ǫp∗H

(KY + {Γ}+ F)|Fz = KF + {Γ}|Fz is LC

Therefore, one has that

κ(KF + {Γ}) ≥ κ(KZ + ǫH).
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Sections of m(KF ′i
+ {Γ}|F ′i

) can be lifted to

sections of m(KY + Γ) + A′:

This follows from a generalization of the fol-

lowing result of Siu and Kawamata:

Theorem: Let X ⊂ Y be a smooth divisor on

a smooth variety, π : Y −→ S a projective mor-

phism, H a π-very ample divisor on Y . Then

π∗OY (m(KY +X)+H) −→ π∗OX(m(KY +X)+H)

is surjective for all m > 0.

We show that:
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Theorem: Let X ⊂ Y be a smooth divisor

on a smooth variety, π : Y −→ S a projective

morphism, H a sufficiently π-ample divisor on

Y , A = (dimY )H. Assume that

1) Γ is a Q-divisor with simple normal crossings

support such that Γ contains X with coefficient

1 and (Y,Γ) is LC;

2) k ∈ Z>0 is such that kΓ is integral;

3) C ≥ 0 is an int. divisor not containing X;

4) Given D = k(KY +Γ), D′ = D|X = KX +∆

and G = D + C, then D′+ ǫH ′ is π-Q-effective

for any ǫ > 0 and π∗OY (mG) −→ π∗OZ(mG) is

non-zero for any Z ∈ LCC(Y, pΓq).

Then, for all m > 0, the image of

π∗OY (mG + H + A) −→ π∗OX(mG + H + A)

contains the image of the sheaf

π∗OX(mD + H)

considered as a subsheaf of π∗OX(mG + H +

A) by the inclusion induced by any divisor in

mC + |A| not containing X.

12



We apply this with X = Fi, Γ = Fi + {Γi},

C = k(Γi − Fi − {Γi}). Then mG = m(KY +

Γi) = g∗(KX + ∆ + tiG) + mE is π-generated

at all Z ∈ LCC(Y,Γ).

The statement is necessarily technical. After

all, let Y −→ P2 be the blow up of a point P

and X be the strict transform of a line through

this point, and E the exceptional divisor. Then

we don’t expect to lift sections of OX(mE) to

OY (mE). Our additional hypothesis are nat-

ural in the sense that they take into account

the base locus on Y .

There is another application of this extension

result (for S = SpecC). Following ideas of

Tsuji, we can show that:
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Theorem: For any positive integer n, there

exists an integer rn such that if X is a smooth

projective variety of general type and dimen-

sion n, then φrKX
: X 99K P(H0(OX(rKX))) is

birational for all r ≥ rn.

Tsuji’s idea: It suffices to show that for x ∈ X

very general, there is a Q-divisor G ∼Q λKX

such that G has an isolated log canonical cen-

ter at x and

λ =
A

(vol(KX))1/n
+ B

where A, B are positive constants depending

only on n = dim(X). Then, for an analo-

gous bound, one has that the map φrKX
is

birational. If vol(KX) ≥ 1, the theorem is

clear. If vol(KX) < 1, one then shows that X

belongs to a birationally bounded family and

hence there is a uniform lower bound for the

volume of KX.
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In fact, let Z be the image of φrKX
, one sees

that

deg(Z) ≤ vol(rKX) = rnvol(KX) ≤ (An + B)n.

It is straightforward to produce a Q-divisor G ∼

λ1KX with nontrivial log canonical center Vx

at x. The point now is to cut down this divi-

sor to a point. Since X is of gen. type and

x ∈ X is general, we may assume that Vx is

of general type. By Kawamata’s Subadjunc-

tion, one expects that (1 + λ1)KX |Vx ≥ KVx.

The main difficulty is to lift these sections to

X. If KX is ample (eg. assuming the MMP),

this is immediate. In general, it is a very deli-

cate statement. Using our extension result we

are able to achieve this on an appropriate log

resolution Y −→ X......
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