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Introduction

@ In these lectures we will discuss in detail recent results on the
birational geometry of irregular varieties i.e. with h'(Ox) # 0.

@ Let X be a smooth complex projective variety and a: X — A
its Albanese morphism. Let g = dim A = h%(Q}) = h'(Ox).

o Recall that A = HO(X, Q%)Y /Hi(X,Z) and if wy,...,wg is a
basis of HO(X, ), fixing a base point xo € X we may view a
as being defined by a(x) = ([ wi,- .-, [ we).

@ Of course, these integrals are onIy defined up to integrals over
closed loops in X i.e. up to elements of H;(X,Z).

@ We let dim a(X) be the Albanese dimension of X and we say
that X has maximal Albanese dimension (MAD) if
dim a(X) = dim X.

@ The geometry of MAD varieties is very well understood.
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Introduction |

@ Let X be a smooth complex projective variety of MAD, then
X has a good minimal model (Fujino).

@ Let X be a smooth complex projective variety of MAD, then
|4Kx | defines the litaka fibration and |3KXx]| is birational if X
is of general type (Jiang-Lahoz-Tirabassi).

@ Let X be a smooth complex projective variety of MAD, then
X(wx) > 0 (Green-Lazarsfeld).

@ Let f: X — Y be a morphism of smooth complex projective
varieties with general fiber F. If Y has MAD, then
k(X) > k(F) + k(Y) (Cao-Paun).

@ Recall that k(X) = —oco if h°(mKx) = 0 for all m > 0 and
otherwise x(X) = max{dim ¢k, |(X)|m > 0}.

Christopher Hacon Generic vanishing and the birational geometry of irregular varie



Introduction I

o If (A,©) is a PPAV and G € |m©| then mult,(G) < mdim A,
with equality iff A is a product of elliptic curves
(Ein-Lazarsfeld, Hacon).

@ Let X be a smooth complex projective variety with
hO(w%) = 1, then its Albanese morphism is surjective and
hence A°(Q%) < dim X. If A°(w%) =1 and A%(Q%) = dim X,
then X is birational to an abelian variety (Hacon-Chen).

@ These surprising results are obtained by combining Generic
Vanishing theorems developed by Green-Lazarsfeld, Simpson,
Hacon, Popa-Pareschi and others with the Fourier Mukai
transform introduced by S. Mukai.

@ We will also see that using the theory of F-singularities, some
of these results apply to positive characteristics.
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Outline of the talk

@ Vanishing Theorems
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Vanishing Theorems

Kodaira and Kawamata-Viehweg vanishing

@ We begin by reviewing some of the highlights of vanishing
theorems which play a fundamental role in the higher
dimensional birational geometry of complex projective
varieties.

e Kodaira Vanishing (1953): Let X be a smooth complex
projective variety and L an ample line bundle on X, then
H(wx ® L) = 0 for all i > 0.
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Vanishing Theorems

Kodaira and Kawamata-Viehweg vanishing

e Kawamata-Viehweg vanishing (1982): Let X be a smooth
complex projective variety and L a nef and big line bundle on
X, then Hi(wx ® L) = 0 for all i > 0.

@ Recall that L is nef iff L- C = (deg(L|¢)) > 0 for any curve C
on X and L is big if lim h°(L™)/m9™X > 0. In other words L
is big if h°(L™) behaves like a polynomial of degree
n=dimX.

o It is well known that if L is nef, then L is big iff L4™X > 0.

@ If L is ample, then it is clearly nef and big.

@ Pull backs of nef and big line bundles are nef and big (this
fails for ample line bundles).
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Kawamata-Viehweg and Grauert-Riemanschneider
vanishing

o At first sight Kawamata-Viehweg vanishing is a mild technical
generalization of Kodaira Vanishing, however the extra
flexibility has many important applications. For example
Kawamata-Viehweg vanishing easily implies
Grauert-Riemanschneider vanishing.

o Grauert-Riemanschneider vanishing (1970): Let X be a
smooth complex projective variety and f : X — Y be a
birational morphism, then R'f,wx = 0 for all i > 0.

@ To see that Kawamata-Viehweg vanishing implies
Grauert-Riemanschneider vanishing, we proceed as follows.
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Vanishing Theorems

KVV implies GRV

@ Let L be a sufficiently ample line bundle on Y, then
Rif.wx @ L is globally generated and has vanishing higher
cohomologies H/ (R f.wx ® L) = 0 for i >0, j > 0.

@ By an easy spectral sequence argument we have
Hi(wX ® f*L) = HO(Rif*wX ® L).

@ By KVV, the left hand side vanishes for i > 0. Since
Rif.wx @ L is globally generated, it follows that
Rifuwx ® L =0 for i > 0 and hence R'f,wx = 0.

@ One can use the above argument to show that Rf,wx is a
sheaf in degree 0 iff H'(wx ® f*L) = 0 for i > 0 and L
sufficiently ample (iff H"=/((f*L)V) = 0 for i > 0).

@ We will apply this simple observation in the context of the FM
transform.
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Kawamata-Viehweg vanishing Il

@ In what follows we will need a more flexible version of KVV
which can be deduced from the above version via " covering
tricks”.

@ Recall that (X, B) is a kit pair if X is a normal variety and
B > 0 is a R-divisor such that Kx + B is R-Cartier and for
any (one) log resolution f : X’ — X, we have
Kx' + B' = f*(Kx + B) where |B’'] <O0.

@ Thus, if X is smooth and B has snc support, then (X, B) is
kit iff |[B] = 0.

e Kawamata-Viehweg vanishing Il: Let (X, B) be a complex
projective kit pair and L a line bundle such that
L = Kx + B + M where M is nef and big, then H'(L) = 0 for
all i > 0.
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Multiplier ideal sheaves

@ One can even deduce a version of KVV that works for non-klt
pairs.

@ Assume that X is smooth and B > 0 is an R-divsor, then we
define the multiplier ideal sheaf [7(B) as follows:

o Let f: X’ — X be a log resolution of (X, B) so that f is
proper and birational, X’ is smooth, Ex(f) is a divisor, and
Ex(f) + £, 1B has simple normal crossings.

@ Then j(B) = f:kOX/(KX’/X — Lf*BJ)

@ It is not hard to see that the definition is independent of the
log resolution and that if Kx//x — |f*B| = E — F where
E.,F > 0 are divisors with no common component, then E is
exceptional and so J(B) C f,Ox/(E) = Ox is an ideal sheaf.
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Vanishing Theorems

Nadel vanishing

e Nadel Vanishing: Let (X, B) be a smooth complex projective
pair and L a line bundle such that L = Kx + B + M where M
is nef and big, then H'(L ® J(B)) = 0 for all i > 0.

@ This is an immediate consequence of KVV II.

@ Let f: X’ — X be a log resolution and note that
Kxi/x — [f*B] + f*L= Kx + {f*B} + f*M.

@ Since (X’,{f*B}) is kIt and f*M is nef and big,
R'£.Ox/(Kxr/x — |f*B] + f*L) = 0 for i > 0 (by the relative
version of KVV).

@ By the projection formula
f*OX/(KX//X — |f*B| +f*L)=L® J(B).

@ By KVV Il and an easy spectral sequence argument, Vi > 0
0 = Hi(Ox:(Kxiyx — LF*B) + £°L)) = HI(L® J(B)).
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Kollar vanishing

o Kollar vanishing (1986): Let f : X — Y be a surjective
morphism of projective varieties, X smooth and L nef and big
on Y. Then
(1) R'f.wx is torsion free.

(2) Rfuwx = Sk o Rifuwx[—i] in D(Y) where
k=dim X —dimY, in particular

H"(wxl) = ®i_oH ™ (Rifuwx).

(3) H'(R/ fiwx ® L) =0 for all i > 0.

@ One can also deduce appropriate relative versions for kit pairs
similarly to KVV Il and in fact versions similar to Nadel
vanishing.
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Outline of the talk

© The generic vanishing theorem of Green and Lazarsfeld

Christopher Hacon Generic vanishing and the birational geometry of irregular varie



The generic vanishing theorem of Green and Lazarsfeld

The Picard bundle

@ Let X be a smooth complex projective variety and a: X — A
its Albanese morphism.

o We have q(X) = h%(Q}) = h'(Ox) = dim A.

o Let Pic%(X) be the set of topologically trivial line bundles on
X.

@ From the short exact sequence 0 — Z — Ox — Oy — 0 we
see that Pic®(X) = HY(Ox)/HY(X, 7).

o We also have Pic®(X) 2 Pic’(A) = A (where A denotes the
abelian variety dual to A).

o Let P be the Poincaré line bundle on A x A so that
Plaxo = Oa, Ploy 4 = Oz and in fact P|axx = Py where
P, € Pic?(A) is the topologically trivial line bundle
corresponding to x € A.
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The generic vanishing theorem of Green and Lazarsfeld

Cohomological support loci

@ For any coherent sheaf F on X we define the cohomological
support loci V/(F) = {P € Pic’(A)|h/(F @ a*P) # 0}.
o Note that V/(F) C Pic®(A) are closed subsets.
Theorem (Green and Lazarsfeld (1987))

Let X be a smooth complex projective variety, then

@ each irreducible component of Vi(flfx) is a translate of an
abelian subvariety of Pic®(A),

Q@ the codimension of Vi(wx) C Pic®(A) is
> i — (dim X —dim a(X)), and

@ ifdim X =dim a(X), then we have inclusions
Vo(wx) D) Vl(wX) D) Vz(wX) D) R
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The generic vanishing theorem of Green and Lazarsfeld

Deforming sections of H'({Y)

e Fix x € A corresponding to Py € Pic®(A) = Pic®(X) (for ease
of notation we defote a*Py simply by Py).

o Fix v e H(04) = T,A.

o Suppose that ¢ € H/(Q} ® P), then we hope to show that if
1 deforms to first order in the direction v € H1(04) = T,A,
then ¢ deforms to all orders. '

o Suppose that T is an irreducible component of V/(Q) C A,
x € T is a general point, and v € H}(Ox) = T« A is tangent
to T at x. _

o Pick 0 # ¢ € H'(S, ® Py), then 1 deforms to first order in
the direction of v. But then v deforms to all higher orders
and so T contains the tangent space to T at x which implies
that T is a subtorus of A.
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The generic vanishing theorem of Green and Lazarsfeld

Deforming sections of H'({).

@ For any ball Z C C centered at the origin, with local
coordinate t we consider the linear map 7, : Z — A given by
Tx,v(t) = x + tv. We wish to describe (idx x 7y, )*P.

@ Suppose that U, is a cover of X via open complex balls, v
corresponds to a 0 closed (0,1) form which is locally given by
olu, = O\o and 8ap € O, UarU, 2T€ the transition functions
corresponding to P = Px.

@ The transition functions for (idx x 7y, )*P are given by
8op = exp(2mit(Aa — Ag))8ap and the differential corresponds
to dp,,, = Op, + Atg.
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The generic vanishing theorem of Green and Lazarsfeld

Deforming sections of H'({).

o Note that if P € Pic?(X), then P has a unitary flat connection
and hence we can do Hodge Theory with coefficients in P.

@ For example, there is a C anti linear isomorphism
H(Y ® P) = H/(Q' ® PV) induced by conjugation.

o If ) € AW(P) is O closed and O exact, then ¢» = 9 for
some v € A"=1=1(P) (Principle of two types).

@ We may represent 1 by harmonic representative 19 € A'Y(P).

@ With the above notation, deforming 1) to order k means that
we can solve (Op, + At#)(> ¥it’) = 0 modulo thk+1.

@ i.e. deforming to first order is equivalent to solving
5PX¢1 =Yg N\ ¢ i.e. to showing that g A ¢ is épx-exact or
[o A ¢] =0 € HTHQE! ® P)
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The generic vanishing theorem of Green and Lazarsfeld

Deforming sections of H'({V).

@ Suppose now that 1 deforms to first order so that we are given
a harmonic representative 1y and we have ¥ A ¢ = 5pxw1.

@ Since ¥y and ¢ are harmonic, we have dp (1o A ¢) = 0 and
by the principle of two types 1o A ¢ = dp Ip 1.

@ We replace 1 by ¢1 = 0p, 1.

@ We now have Y1 A ¢ = 9p, 71 A ¢ = Op (71 N @) is Op, exact
and Op, closed since
Op (Y1 ANP)=0p 1 Np=1ho NP A =0.

@ By the principle of two types we have 11 A ¢ = dp_0p, 72 and
we let ip = (9PX’)/2.

@ Repeating this procedure, we obtain Y, it such that
(0p, + Ate) (D ¢it") = 0 modulo t¥*+ for any k > 0.
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The generic vanishing theorem of Green and Lazarsfeld

Linearity of V'/(wx)

@ The above argument can be made precise with some care. We
will not go through the details of the argument, but we
reproduce the following crucial statement of Green and
Lazarsfeld.
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The generic vanishing theorem of Green and Lazarsfeld

Linearity of V'/(wx)

o Let H'(P) be the set of harmonic elements of A%/(P) and D,
be the complex given by Di = H'(P) ® Oz with differentials
induced by Atv (where v is a harmonic representative of
v E Hl(OX))

@ We have an equality of stalks of coherent sheaves
(R'pzx(idx X 7,v)*P)o = (H'(Dp))o.

o It follows that
(Ripz.(idx X 7x,)*P) =K' ® Oz/m & H' ® m where m is
the maximal ideal of Oz at 0, K’ = ker(H(P) — H'*1(P))
and H' = ker(H'(P) — H'TY(P))/im(H'=Y(P) — H'(P))
(here H'(P) — H'*1(P) is induced by Av).

@ In particular Hi(PX+tv) >~ 7' on a punctured neighborhood of
0eZ.
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The generic vanishing theorem of Green and Lazarsfeld

Linearity of V'/(wx)

@ In particular, it follows that if v is tangent to T at x, then the
homomorphisms in H'=1(P) — H'(P) — H™*1(P) vanish,

@ and if v is not tangent to T at x, then
HI=Y(P) — H(P) — H™*(P) is exact.

o Notice that by Serre duality h’(P) = h"~(wx ® PV) where
n=dim X. Thus Vi(wy) = —V"(Ox).

@ We will now deduce that if T is a component of V/(wx), then
T C A has codimension > i — (dim X — dim a(X))

@ If v is tangent to T, then by Serre duality the maps in the
complex H"==Y(P) — H"~/(P) — H"~"*1(P) vanish.
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The generic vanishing theorem of Green and Lazarsfeld

Codimension of V/(wx)

@ By Hodge theory, we then have that the maps in the complex
HY(QY "t @ P) — HY(Q% " ® P) — HY(Q% ™ @ P) vanish.
(Here the differential is induced by wedging with
w=1ve H(Q}).)

o Let S= T and p: A— S the morphism of abelian varieties
dual to the inclusion T — A, then we can identify H1(O7)
with HO(Q2%) and hence the above differentials vanish for any
w € p*HO(Q2%)

@ For a general point x € X, a*p*HO(Q}’-) generates a subspace
of Tx(X)V of dimension > dim S — (dim X — dim a(X)).

@ On the other hand, it is easy to see that given ¢ € HO(QS’(’i)
viewing ¢x € Hom(Qy ' ® C(x) — Q% "™ @ C(x)), then
dimker(¢x) < n—iandsoi>dimS — (dim X — dim a(X))
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Inclusions of Cohomological support loci

@ We now assume that dim a(X) = dim X and we aim to show
that VO(wX) D) Vl(wx) D) V2(wx) D...

o Suppose that P € V/(wx), then
W(Q% " ® P) = h"(PV) = hi(wx ® P) # 0.

@ Since dim a(X) = dim X, for general x € X, the differential
T(X) — HO(QL)V is injective and hence the codifferential
HO(Q}) — Q% ® C(x) is surjective.

0 If 0# ¢ € HY(Q% ' ® P), then we may find w € H%(Q}) such
that 0 # a*w A ¢ € HO(Q% " ® P)

o Since h'L(wx @ P) = h""1(PY) = Q% "1 @ P), we
have shown that V/~1(wx) D V/(wx).
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Euler Characteristic of varieties of MAD

@ One immediate consequence of GVT is the following.

@ Corollary: Let X be a smooth projective variety of MAD,
then x(wx) > 0.

o Proof: We have x(wx) = x(wx ® P) = h®(wx ® P) > 0 for
general P € Pic®(X).

@ Note that one could have y(wx) = 0:

@ Let E be an elliptic curve, P a 2 torsion line bundle and L a

line bundle of degree 1 and C — E the double cover
corresponding to a general section of L2

o Let b: C — E be the obvious (Z/27)? cover such that
bOc=0Ocr@ P LY®LYQP.
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Example

@ Weleta: X - A= E x E x E be a bi-double cover such that
3.0x = OtXOeXO®PRLVRLVBLVRPRLYGLVRLYKP

e This is obtained as a (Z/27Z)* quotient of the obvious
(Z/27)® cover Cx Cx C - ExE X E

@ One can easily check that the singularities of X are canonical.

@ Thus if u: X’ — X is a resolution, then we have that
VO(wx) = {Oa}UPXEXEUEXPxEUE x E x P.

@ In particular x(wx) = 0.
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© The Fourier Mukai transform
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The Fourier Mukai transform

The Fourier Mukai transform

o Let A be an abelian variety, A = Pic%(A) its dual abelian
variety and P the Poincaré line bundle on A x A.

o One can define derived functors RS : Db.(A) — DE,(A) and
RS : Db.(A) — DE.(A) as follows:

o R5(?) = Rpj (P& Lp4(?)) and RS(?) = Rpa (P & Lp;(?)).

Theorem (Mukai (1981))

There are isomorphisms of functors on DX.(A) and DE,(A):

RSo RS2 (~1a)[-g], RSoRS=(-1;)[gl

Here g = dim A, [—g] is shift g places to the right.
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The Fourier Mukai transform

The Fourier Mukai transform

@ Remark: It is unknown if we also obtain an isomorphism of
functors on D(A) and D(A).

@ To prove the theorem, one considers the composition RS o RS
which is induced by the kernel

Q = Rp12,+(P13P ® p33P)

where pj; is the projection of A x A x A on to the product of
its i-th and j-th factors.

@ It is easy to see (by the see saw principle for p;») that
P3P @ p5sP = (m x id;)*P where m: Ax A — A'is the
multiplication map.

@ Thus Q = Rp12«(m x id;)*P = m*Rpy«P. (By flat base
change.)
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The Fourier Mukai transform

The Fourier Mukai transform

@ It is well known that for i < g, we have R"pL*P =0 and
R&p1 P = C(0). Grant this for the time being.

e But then Q = Or[—g]| where I is the graph of —14: A — A
and so RS o RS = (—14)*[—g].

@ For completeness we now prove Rp; P = 0 and
Rép; P = C(0).
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The Fourier Mukai transform

The Fourier Mukai transform

o Note in fact that for x # 0, P| , 4 # O; and so
h'(P|, ., 4) =0 for all i and by cohomology and base change,
Rp1,+P is supported on 0 € A and R&p; P = C(0).

@ We may now replace A by the spectrum of the local ring
R = Op0. We pick a regular sequence xi, ..., Xy so that
R/(x1,...,x;) is a local ring of length g — i.

@ It suffices to show that pr*P]AXz, = 0 for j < i where
Zi=V(xt,...,Xg—i)and 0 < i < g.

@ The statement is clear for i = 0. Consider the following short
exact sequence
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The Fourier Mukai transform

e 0— ,P‘AXZ; = ’P‘sz‘. = P‘szi_l — 0 induced by
mutliplication by xz_141.

o Applying Rp. we obtain R“"1p,Plaxz — R 1p.Plaxz —
R*1p,Plaxz_, = R*p.Plaxz, = R*p.Plaxz

@ Proceeding by induction, we may assume that
Rx"1p.Plaxz_, = 0 for k < i and hence that
R"_lp*P|AXz, — Rk_lp*P|AXz, is an injective
homomorphism of Artinian modules.

o But then R“"1p,P|axz = 0. (In fact multiplication by
xé’,_,-Jr:l is zero on Rk_lp*P|AXZI. for some / > 0 and this gives
an immediate contradiction.)
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The Fourier Mukai transform

Vanishing and non-vanishing

o At first sight the FM transforms appears to be very technical,
but it has many easy far reaching applications.

e Lemma: If F € Coh(A) is a non-zero coherent sheaf such
that h'(F @ P) =0 for all i > 0 and P € A, then h°(F) # 0.

o Proof: Suppose that h°(F) = 0, then
h(F ® P) = x(F ® P) = x(F) = h°(F) = 0 and so by
cohomology and base change RS(F) = 0.

o By Mukai's Theorem, F = (—14)*RS(RS(F))[—g] = 0 which
is a contradiction [J

@ This is much stronger than the usual Castelnuovo-Mumford
regularity (which implies that if H'(F(—jH)) =0 for all i >0
and 0 < j < dim X, then F is generated and so H(F) # 0).
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The Fourier Mukai transform

Applications

Theorem (Green and Lazarsfeld)

Let (A, ©)
canonical (hence mult,D < mdimA).

) is log

@ Proof: Recall that since A is smooth, then (A, D/m) is log
canonical iff (A, 1=£D) is kit for 0 < e < 1 iff J(1=£D) = 04
for 0 < e 1.

@ Since © — %D is ample, by Nadel vanishing
H(0a(©)® J(:D)® P) =0 forall i >0 and P € A.

o Thus h%(0a(©) ® J(16D) @ P) # 0 for all P € A.

@ But |Oa(©) ® P| is generated by a translate of © and so all
translates of © van|sh anng the support of Oa/J(1<D), so

1
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The Fourier Mukai transform

Applications

@ In particular it follows that mult, D < mdim A for any closed
point x € A.

@ One can push the above argument to show the following.

Theorem (Hacon)

Let (A,©) be a PPAV and D € |mO|. If mult (D) = mdim A,
then A splits as a product of elliptic curves Ey x ... x Eg and
D = m(pi©1+ ...+ p;Op).

@ There are many more applications that we will explore later.
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The Fourier Mukai transform

Fourier Mukai calculus

@ Next we describe the relationship between RS, ®P,, T, and
Dp where T, : A — A denotes the translation by a closed
point x € A. We have that the following equalities hold for
any x € X and any isogeny ¢ : A — B

o RSo T} = (®P_y)oRS in Dy(A),

® DpoRS = ((~1a)* 0 RS0 Dj)[g] in Dye(A),
o ¢* 0 RSg = RSp 0 s in Dye(B),

® ¢.0RSp = RSg o * in Dyc(A), and

@ T)oDp=Dpo T} on D(A).
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A derived category approach to Generic Vanishing

Outline of the talk

@ A derived category approach to Generic Vanishing
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A derived category approach to Generic Vanishing

A derived category approach to Generic Vanishing

@ In this section we will establish a version of generic vanishing
theorem via an algebraic proof which avoids Hodge Theory
and (partially) generalizes to positive characteristics. This
approach is due to Hacon and Pareschi-Popa.

@ Recall that if L is an ample line bundle on A then there is an
isogeny ¢ : A — A such that oL(x) =L TiLY € f4 A

o Let [ = ROS(L), then we have ¢%(LV) = [®H°(D),

® Thus [V is an ample vector bundle of rank h%(L) with
RO(LY) = 1.

o If Mis an ample line bundle on A and L = mH, then
¢} (M ® L) = m(m¢§;M — H) is ample for any m > 0.
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A derived category approach to Generic Vanishing

Let A be an abelian variety over an algebraically closed field k and
F a coherent sheaf on A, then the following are equivalent.

Q W(AF®LY)=0 foralli> 0 and L sufficiently ample,
Q@ RS(Da(F)) = RES(Da(F)),
@ codim SuppR'S(F) > i for all i > 0.
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A derived category approach to Generic Vanishing

@ We begin by showing that (1) and (2) are equivalent.

e By Groethencjieck duality and theAprojection formula, we have
Dy(RT(F ® LY)) 2 RT(Da(F @ LY)) =
RT(DA(F) ® L) 2 RT(Da(F) ® pax(P © p3L)) =
RT(Lp; Da(F) @ P @ p3L) = RT(RS(Da(F)) ® L).

o It follows that Dy (R (F @ LV)) is a sheaf if and only if so is
RT(RS(Da(F)) ® L).
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A derived category approach to Generic Vanishing

o Di(RT(F ® L)) is a sheaf in degree 0 if and only if
H(A,F ® LV) =0 for all i > 0.

o If L is sufficiently ample, then we may assume that each
RIS(Da(F)) ® L are globally generated with vanishing higher
cohomologies

o Thus RIT(RS(DA(F)) ® L) = HO(RIS(Da(F)) ® L) is a sheaf
in degree 0 if and only if HO(R/S(Da(F)) ® L) = 0 for all
j > 0 or equivalently if and only if RIS(Da(F)) = 0 for all
j > 0 (since each RIS(D4(F)) ® L is globally generated).
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A derived category approach to Generic Vanishing

e We will now show that (2) implies (3).

o Let G = Rgﬁ(DA(}:)), then we have
RS(F) = D4DA(RS(F)) =
(~14)"DARSDa(Flg]) = (~14)*D(9)

o Thus R'S(F) = (—=14)*Ext'(G, Ox) and we conclude by the
following well known result:

o Lemma: Let F be a coherent sheaf on a smooth projective
variety X, then Ext'(F,Ox) = 0 Vi < codim Supp(F), and
codim Supp Ext'(F,Ox) > i Vi > 0.
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A derived category approach to Generic Vanishing

e Finally we show that (3) implies (1).

° qupque that codim SuppR’g(}") > for all i > 0, then
H/(R'S(F)® LY) =0 for all i +j > g and any line bundle L.

° Fr_om 'tAhe spectral sequence
HI(RI§(F) @ LY) — RHIT(RS(F) ® L), it follows that
R'T(RS(F)® LY) =0 for | > g.

o We have R'T(RS(F) ® LY) = R'T(Rp; (PaF @ P) @ LY) =
R'T(paF @ P ® piLY) = R'T(Rpa«(PaF @ P @ p5LY)).

o Since LV = (—14)*LV[—g], it follows that H/(F ® [V) =
RIT(F® L) = RIFET(pa F ® P ® piLY) =0, VI > 0.
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A derived category approach to Generic Vanishing

Definition

Let F be a coherent sheaf on an abelian variety A, then we say
that F is a GV (generic vanishing) sheaf if F satisfies one of the
equivalent statements of Theorem.

Proposition

Let F be a GV sheaf on an abelian variety A, then
Vi(F) > VITY(F) for all i > 0.
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A derived category approach to Generic Vanishing

Proof: This is an easy consequence of cohomology and base
change.
o Suppose that P ¢ Vi(F), then 0 = HI(A, F ® P)V =
H™'(DxkRT(F @ P)) = R™'T(Da(F) ® PY).
@ But then, by cohomology and base change, the natural
homomorphism
R™=1S(Da(F)) ® k(PY) — R™'7I[(Da(F) @ PY) is
surjective.
e By assumption R~"15(Da(F)) = 0 and so
HFYA, F ® P)V = RHIT(Da(F) ® PY) = 0, so that
P& VTL(F).
o Thus V/(F) > VI+LY(F). O
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Proposition

Let 0 # F be a GV sheaf on an abelian variety A, then
HO(F ® P) # 0 for some P € A.

Proof: Suppose H(F @ P) =0 for all P € A.
Since F is GV, then VI(F) = () for all i > 0.
But then 7 =0. O
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Proposition

Let f : X — A be a morphism from a smooth complex projective
variety to an abelian variety, then R'f,wx is a GV sheaf for every
i > 0. In particular codim V'(R/ fiwx) > i.

@ Proof: This is an easy consequence of Kollar vanishing.

o We must show that W (R fiwx ® [VA) =0 for j > 0 and any
sufficiently ample line bundle L on A.

oletdy:AsAand X=AxsXandd: X = A

@ Then Ria,wx ® LV is a summand of
dL+(Ridwg ® ¢piLY) = Rlawx ® IV ® ¢1..04

o But W(R'd.wg ® ¢5LY) = W(R4.wg © L)®H(1) = 0 by KV.
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Let X be a smooth complex projective variety and a : X — A its
Albanese morphism, then

codim Vi(wx) > i —dim X + dim a(X).

o Proof: Ra,wx = > Ria,wx[—i] so

Hi(wx ® a*P) = &% H~/(R'a,wx ® P) where

k =dim X — dim a(X) so V/(wx) = U, V/~ (R a,wx).
e Each R'a,wx is a GV sheaf.
o But then codim V/~/(R'a,wx) > j — i and so

codim V/(wx) > j — k = j — dim X 4 dim a(X). O
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Fibration Theorem

Theorem (Green Lazarsfeld (1991))

Let X be a smooth complex projective variety and W be an
irreducible component of V''(wx) for some i, then there is a
morphism f : X — Y with Y normal of MAD and

dim Y < dim X — i such that

W C P+ f*Pic’(Y), P € Pic%(X).

Proof: Let A— S = W be the morphism dual to the inclusion
W c A = Pic®(X). Consider the Stein factorization
(hog): X =Y —=S.
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Fibration Theorem

@ We may assume that P is torsion and hence
Rh,(wx ® P) =Y R'h.(wx ® P)[—1].

o Since Rg.(R'hi(wx ® P)) = g«(R'hi(wx ® P)) is a GV sheaf,
then W (g.(R'h.(wx ® P)) ® g*a) = 0 for all j > 0 and
general o € S.

o But then
0 # hi(wx ® P® (hog)*a) = (R h(wx ® P) ® g*a).

@ Thus R'h.(wx ® P) # 0. In particular (as R'h,(wx ® P) is
torsion free), i > dim X —dim Y. O
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Structure of CSL

Proposition

Let F be a GV coherent sheaf on an abelian variety A and

Z C VO(F) an irreducible component of codimension k. Then Z
is a component of V¥(F). Thus dim Supp(F) > k.

Proof: We know that RS(Da(F)) = RES(Da(F)) is a sheaf.
Thus RSF = RHom(G, O,4) (where G=(-14) Rg( A(F)))-
Then Suppg = (—1)*Supp(RES(Da(F))) = (~15)* VO(F).
Localizing at the generic point of Z, we have

RISF = Ext'(G,04) =0 for i < k and

codimSuppR@}" > .

@ Thus Z is a component of R*SF and hence a component of
V¥(F) (by cohomology and base change). [J
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© Pluricanonical maps of MAD varieties
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Pluricanonical maps

@ Let X be a smooth complex projective variety, then the m-th
pluricanonical map is Gk, : X --+ PV = |mKx|

o If sp,..., sy is a basis of H(mKx), then this map is simply
defined by ¢mk, (x) = [so(x) : ... : sn(x)].

@ The Kodaira dimension of X is
k(X) = max{dim ¢k, (X)|m > 0} (unless |mKx| = 0 for all
m > 0 in which case we say that x(X) = —o0).

o For example, if dim(X) =1, then x(X) = —00,0, 1 iff
g(X)=0,1,>2.

o If kK(X) =dim X, then X has general type and ¢nk, is
birational for some m > 0.
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Pluricanonical maps

o If dim X =1,2,3, then ¢nk, is birational for m > 3,5,77 (by
results of Bombieri and Chen-Chen).

@ In general (by a result of Hacon-McKernan, Takayama, Tsuji)
there is an integer r, depending on n = dim X such that ¢k,
is birational for m > rp,.

Theorem (Lahoz, Jiang, Tirabassi (2011))

Let X be a smooth complex projective variety of MAD and general
type. Then ¢mk, is birational for all m > 3.
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Pluricanonical maps

@ We will give an idea of the proof for m > 6. A similar
argument works for m > 3 if we assume x(wx) > 0 (eg. if the
Albanese variety is simple). The general case is of course
more involved.

@ Proof: We begin by observing that ho(w§< ® a*P) # 0 for all
P € A (where a: X — Ais the Albanese morphism).

o To this end, consider F = a.(w% @ J(||Kx||))-

e Claim: h'(F® P)=0forall i >0 and P € A and since
F # 0. (Grant this for now.)

e Then hP(w% ® J(||Kx||) ® a*P) = h°(F ® P) # 0 for all
P € A. It follows that
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Pluricanonical maps

@ There is an open subset U C X such that if x € U, then for
general P € A, wy ® J(||Kx||) ® a*P is generated at x € X.

o Note that J(|[Kx|[) - T(||KxIl) € T(I[3Kx]|).

@ From the natural map
H(wx ® J(||Kxl]) ® a*P) ® H(w} ® J(||Kx|l) ® a*Q) —
Ho(w% ® J(|13Kx||) ® a*P @ a* Q) it follows that
w @ T (|[3Kx]|) ® a*R is generated at x for any R € A.

@ From the short exact sequence
0 — wi ® T(|3Kx]]) ® Ik — w§ @ T(||3Kx]||) = C(x) — 0,
it follows easily that h'(w @ J(|[3Kx]|) ® Ik ® P) = 0 for all
i>0 PeA
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Pluricanonical maps

e Since wy ® J(||3Kx||) ® Ik # 0, it follows that
hO(wh ® T (||3Kx||) ® hk ® P) > 0 for all P € A.

@ Possibly shrinking U, we may assume that for general P € A
wy ® J(||13Kx||) ® Ix ® P is generated at any point
x#x' e U.

o Arguing as above, w% ® ‘A7(H3KXH) ® Iy ® P is generated at
x#x' € Uforany Pe A O

@ We must now verify the claim that A
hi(a.(wy ® J(]|Kx||)) ® P) =0 forall i > 0and P € A

o Recall that J(||Kx||)) = Um>0T (L |mKx|) = T (L|mKx|)
for some m > 0 sufficiently divisible.
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Pluricanonical maps

o To compute J(&|mKx|), let 1 : X' — X be a log resolution
of [mKx| so that X’ is smooth, Ex(p) is a divisor,
w|mKx| = Fpm + Mp, where M, is base point free and Fp, is
a divisor such that F,, + Ex(u) has SNC support.
o Then w¥ ® J(&|mKx|) = 1:Ox/(Kx: + w*Kx — | Fm/m]).
e Since f*Kx — |Fm/m| = {Fmn/m} + Mp/m, where
(X', {Fm/m}) is kit and M,/ m is nef and big, we have
Rj,U,*OX/(KX/ + p*Kx — |Fm/m]) =0 for j > 0.
o Thus for all i > 0 and P € Pic®(X)
Hi(w} ® J(&ImKx|) ® P) =
H'(Ox/(Kx: + *Kx — | Fm/m]) ® p*P) = 0.
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Characterization of abelian varieties

Theorem (Chen-Hacon (2002))

Let X be a smooth complex projective variety and a : X — A be
its Albanese morphism.

@ If Py(X) <1, then a is surjective and in particular
q(X) < dim X.

Q If Py(X) =1 and q(X) =dim X, then X is birational to an
abelian variety.

o

@ The above result has a long history. Kawamata showed that if
k(X) = 0, then the Albanese morphism a is surjective and if
moreover g(X) = dim(X), then X is birational to an abelian
variety.
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Chm Conjecture

@ The first statement is a consequence of Kawamata's results
on the C, , conjecture:

@ C,m Conjecture: Let g : V — W be a surjective morphism
of smooth complex projective varieties with connected fibers.
Let F be a very general fiber. Then x(V) > k(W) + &(F).

@ Recall that if P,(V) > 0 for some m > 0, then we let

~(V) = max{dim(¢mk, (V))}.

o If instead P, (V) =0 for all m > 0, then we say that
Kk(V) = —o0.
e We say that V is of general type if x(V) = dim V.
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Chm Conjecture

Kawamata proved several important cases of the above conjecture.

Theorem (Kawamata (1981))

Let g : V — W be a surjective morphism of smooth complex
projective varieties with connected fibers. Let F be a very general
fiber. If W is of general type, then Then

k(V) > dim(W) + k(F).

Therefore, if X is a smooth complex projective variety with

k(X) =0, it is easy to see that for any surjective morphism

f: X — Y with connected very general fiber F, we have x(F) >0
(simply because if G € [mKx|, then G|r € |mKF|) and then by the
above theorem, we have that Y is not of general type.
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Characterization of abelian varieties

@ Consider now the Albanese morphism a: X — A. Let W be
its image.

o If

K={acAa+WcWw}°
then W — V := W/K is the litaka fibration of W and
V C A/K is of general type.

o If dim V > 0, then this is a contradiction as explained above.

@ IfdmV =0,then V=A/Kandso W =Aie. a: X > A
is surjective.

@ One then shows that if kK(X) = 0 and g(X) = dim(X) then
the generically finite map X — A is étale in codimension 1
and hence birationally étale so that X is birational to an
abelian variety.
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@ We will now explain the proof of the above theorem of
Chen-Hacon.

@ Assume that Py(X)=1and let W =a(X) and V= W/K as
above. We denote f : X — V the induced morphism.

@ Consider now the asymptotic multiplier ideal sheaf

1
J =J(|Kxl]) = Um>o\7(;\me|)~

@ Recall that if u: X’ — X is a log resolution of |mKx| so that
w*|mKx| = Fp + My, where p is a proper birational
morphism, X’ is smooth, Ex(u) is a divisor, Fp, is the fixed
divisor of p*|mKx|, Fm + Ex(u) has simple normal crossings
support and M, is base point free.

o Then J(X|mKx|) = u.Ox/(Kx:/x — | Fm/m]).

[
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@ Notice that if  is a log resolution for [mKx| and |pmKx|,
then from the inclusion |mKx|*P — |pmKx|, one easily sees
that pF, > Fpm and hence that
I (71mKx]) € T (5 lpmKx|).

o Since X is Noetherian, Ups0J (& |mKx|) = J(%|kKx|) for
any k > 0 sufficiently divisible and in particular J(||Kx]|) is a
coherent sheaf.

We have that H'(f.(w% ® J(||Kx||)) ® P) =0 for all i > 0 and
P < Pic®(A/K).
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o To see the claim, let f = f o v, then since
V'Kx — |Fm/m| = {Fmn/m} + Mpn/m

and (X', {Fn/m}) is kit whilst M,,/m is semiample, it follows
that Riv,(wx: ® v*wx(—|Fm/m])) =0 for i >0

o Thus Hi(f,(w} ® J(||Kx|[)) ® P) =
HI(£(wx (v* Kx — | Fm/m])) @ P).

@ We may assume that dim V > 0 and hence that V is of
general type.

@ From the proof of Kawamata's Theorem, it follows that for
some m > 0 we have mv*Kx ~ f"*H + E where H is ample
on A/K and E > 0. It is easy to see that F,, < E. But then
V*Kx — | Fm/m| = {Fn/m} +6(E—Fp)+(1—8)My/m+35f"H/m.
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e Since (X', {Fm/m} +d(E — Fp)) is klt for 0 < § < 1, and
H/m + P is ample, by Kolldr vanishing we have that
H(f!(w%/ (= Fm/m])) ® P) = 0. The claim is proven.

o Claim: We have that HO(f,(w% ® J(||Kx||)) ® P) =1 for all
P € Pic’(A/K).

@ To see the claim, assume that y is a log resolution of |2Kx|
and |[mKx]|.

e Notice that F,,,/m < F,/2 < F, (with room to spare!).

o Thus H(f(wk ® J(IIKxl]))) = H(f(wk (= [Fm/m]))) D
HO(f! (wx (—F2))) = H(f/(w%/))
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@ But then
H(f(wk @ T (I|Kxl)))) = H(fl(wk,)) = P2(X) = 1.

@ We next observe that
HO(f{(wx ® T(I1Kx|1)) ® P) = x(fl(wk: ® T(||Kx|])) ® P) =
X(F(wgk @ T([1Kxl)))) = B (f(wx @ T(IKx]]))) = 1.

@ The claim is proven.

Christopher Hacon Generic vanishing and the birational geometry of irregular varie



Characterization of abelian varieties

o Let RS denote the Fourier Mukai transform from A/K to
AJK.

@ By cohomology and base change, one sees that
RS(f(wk © T(II1KxD)) = ROS(fl(wi ® T(IIKxI1))) is a
line bundle L of index dim A/K (i.e. —L is ample) and hence
fl(w%, @ J(||Kx||)) is a vector bundle of rank A4imA/K(L).

e In particular Supp(f!/(w% @ J(||Kx||))) = A/K and so
X — A is surjective and (1) is proven.
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@ We now turn to the proof of (2). From what we have already
seen, we may assume that a : X — A is generically finite on to
its image. We begin by proving the following.

o Claim: VO(wX) = {Ox}

o Recall that if P is an isolated point of V%(wx), then
h&(wx ® P) # 0. Since g = dim A = dim X, it follows that
h%(PY) # 0 and hence that P = Ox.

@ Suppose now that {Ox} # Z is an irreducible component of
VO(wx), then dim Z > 0.
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o If Ox € Z, then as Z is a subtorus of A, we have Z = —Z
and hence nontrivial maps

|Kx + P| x |Kx — P| — |2KXx]|

for any P € Z.

@ Since dim [2Kx| = 0, it follows that |Kx + P| is non-empty for
only finitely many P. Thus dim Z = 0 contradicting our
assumption.
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Therefore we may assume that Ox ¢ Z

We may write Z = P+ T where T is a subtorus (i.e.
Ox € T) and P € Pic®(X) is a torsion point.

Let S= T, and consider p: A — S the induced morphism.

Let k = g(X) — dim T be the codimension of T in A. We
have H*(wx ® Q) # 0 for any Q € Z.

Forany a e T = S we have
H*(wx ® PR a*p*a) = @j-‘onk_j(S, Ri(poa)s(wx ® P)®a).

The left hand side does not vanish for any o € § (since

N

Z =P+ (poa)S).
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@ By the generic vanishing Theorem, we have
0= I:Ik_j(S, Ri(p o a)«(wx ® P) ® a) for any j < k and
a € S general.

@ Hence H(S,RK(po a).(wx ® P)®a) #0 forany o € §.

o In particular R¥(p o a).(wx ® P) # 0.

@ Let X - W — S be the Stein factorization and F the general
fiber of X — W, then dim F = k.

o Since R¥(poa).(wx ® P) # 0, it follows easily that
RO(F, (P|F)Y) = h*(F,wr ® P|F) # 0.

@ But then P|f =2 Of and so R¥(po a).(wx ® PY) #0. It
follows that VO(R¥(p o a).(wx ® PY)) # 0.
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o Notice that if & € § is an isolated point of
VO(RK(poa).(wx ® P¥)) C S, then it is also a point in
vamS(Rk(po a)(wx ® PY)).

@ However k +dimS = dim A and then
hdimA(wx @ PV ® (po a)*a) # 0.

@ Thus (P ® (poa)*aV) # 0 so that P = ®(p o a)*a which is
a contradiction.

@ Therefore there is a positive dimensional subtorus T’ C T and
a point P’ € Pic®(X) such that T/ + P, T/ — P’ ¢ VO(wx).

e Considering the map |Kx + Q| x |Kx — Q| — |2Kx]| for any
Q € T’ + P’ shows that dim |2Kx| > 0 which is impossible. [J
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Therefore VO(wx) = {Oa}.

Consider the inclusion Op — a.wx and let F = a,wx/Oa.
Since H8(Oa) — H&(a.wx) is an isomorphism (dual to
HO(A(’)X) — H%(O,)), it follows that V&(F) = () and hence
RES(F) = 0.

Since Vi(awwx) C {Oa}, RS(a,wx) = R85 (a,wx)[—g].
Since k(0;) = RES(04) — RES(a.wx) is nonzero, it is
injective and hence an isomorphism (as R&S(F) = 0).

But then R5(04) — RS(a.wx) is an isomorphism and hence
sois Op — axwx.

Thus the degree of a is one and hence X — A is birational. [J
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Other Birational characterization results

Theorem (Hacon-Pardini, Pirola (2001))

Let X be a smooth complex projective surface with p, = q =3
then X is birational to a theta divisor or to the quotient
G x G3/(Z/2Z) where C; are curves of genus i.

Theorem (Hacon-Pardini (2004))

Let X be a variety of maximal Albanese dimension. if x(wx) =1
then the q(X) < 2dimX and if g(X) = 2dimX, then X is
birational to a product of curves of genus 2.
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Other Birational characterization results

Theorem (Hacon-Pardini, Hacon, Hacon-Chen)

If P3(X) < 4, then X — A is surjective and if moreover
q(X) = dim X then X is classified up to birational isomorphism.

v

Theorem (Jiang-Lahoz-Tirabassi (2013))

Let X C A be a subvariety of an abelian variety and . : X' — X a
resolution. Then X is a product of Theta divisors if and only if X
is normal and x(wx’) = 1.

A\
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Generic vanishing in positive characteristics

Failure of vanishing and GV

@ It is well known that Kodaira vanishing fails in positive
characteristics (Mumford, Raynaud, Mukai, Lauritzen-Rao....)

@ Therefore, one expects that generic vanishing will also fail in
positive characteristic.

Theorem (Hacon-Kovacs (2013), Filipazzi (2016))

Let p be a prime number and n > 2 then there exists a smooth
complex projective variety X defined over an algebraically closed
field of characteristic p with dim X = n and a generically finite
morphism a : X — A to an abelian variety such that

Rpj.((a % pa)*P) is not a sheaf (and in particular generic
vanishing fails).
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Generic vanishing in positive characteristics

Failure of GV

@ The idea is as follows. Fix n =2 and p a prime.

@ Let X be a smooth projective surface defined over an
algebraically closed field of char p > 0 and L a line bundle
such that HY(Kx + L) # 0 (Mukai).

@ It may happen that g(X) = 0, so consider a generic projection
X — P? and A — P? where A is an abelian surface.

Consider a: X' = X xp2 A — A, then « is generically finite.
X' is smooth (as the projections are generic).
Note that 0 # HY(Kx + L) C HY(Kx: + L') (if p fdeg(a)).

Replacing (X, L) by (X’, L"), we may assume that a: X — A
is finite.
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Generic vanishing in positive characteristics

Failure of GV

o Now, 0 # HY(Kx + L) = HY(a.(Kx + L)).
@ We must show that if m > 0 and H is ample on A, then
HY (wx ® a*ﬁv) = H'(a,wx ® EF/V) #0
o Let ¢y : A — A. Assume that p doesn't divide h%(mH) and
hence p does not divide the degree of ¢ny.
o Let X =X X A A then it suffices to show that
HY (wg ® 8%y mH ) = Spo(mmy H (wg © ma*H) # 0.
o For r71>> 0, assume thatA there is a smooth curve A
C ~ L — m&*H (where L is the pull back of L to X).

@ This can be achieved after taking another finite cover.
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Generic vanishing in positive characteristics

Failure of GV

o Clearly hl(wc(8*(mH)|c)) = 0.

@ From the short exact sequence
0 — wg(d"(mH)) — w;(([) — wc(8(mH)|c) =0

it follows that A
hl(w;((é*(mH))) > hl(w;((L)) > h'(wx(L)) > 0.
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Generic vanishing in positive characteristics

GV in positive characteristics

@ Of course, if we assume that X lifts to the second Witt
vectors W5, then by the celebrated theorem of Deligne-lllusie,
Kodaira vanishing still holds on X and hence we expect that
Generic Vanishing also holds.

@ If dim X =2 and X lifts to W,, then Yuan Wang has shown
that Generic Vanishing holds.

@ In general one can still recover a version of generic vanishing
by using the theory of F singularities.

Christopher Hacon Generic vanishing and the birational geometry of irregular varie



Generic vanishing in positive characteristics

positive characteristics

Let F: X — X be the Frobenius morphism, by Groethendieck
duality there is an isomorphism

F.Hom(wx,wx) = Hom(F.wx, wx).

Let @ : FLwx — wx be the homomorphism corresponding to
Fi(idyy ), and &€ : Ffwx — wx the homomorphism obtained
by iterating this procedure e times.

Note that Im(®) D Im(®?) D Im(®3) > ...

By a result of Gabber, we have Ne~oIm(®€) = Im(P) for
some ¢y > 0.

In particular the sheaves Ffwx satisfy the Mittag-Leffler
condition so that H’(I(i_m Ffwx) = lim H'(Ffwx).

Christopher Hacon Generic vanishing and the birational geometry of irregular varie



Generic vanishing in positive characteristics

GV in positive characteristics

@ Therefore if L is ample on X, we have
H((lim Ffwx) ® L) = lim Hi(F(wx ® LPY)).

e Since F is finite, H'(F£(wx ® LP%)) = H'(wx ® LP°) = 0 for
all i > 0 and hence H'((lim Ffwx) ® L) = 0 for all i > 0.

@ One could hope that h(_m FZwx could play the role played by
wx in characteristic 0. However, since Iﬂ Ffwx is not even
quasi-coherent, this leads to many difficulties.

@ For example it is hoped that if f : X — Y is a birational map
and X is smooth then lim Rif,wx = 0 for j > 0 (which would
generalize Grauert Riemanschneider vanishing).

@ In practice one often considers
SO%wx ® L) = Im(HO(F&(wx ® LP°)) — H%(wx ® L)) and
wx ® o0 = Im($€) for e > 0.
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Generic vanishing in positive characteristics

GV in positive characteristics

Theorem (Hacon-Patakfalvi (2013))

Let Qeyr1 — Qe be an inverse system of coherent sheaves on an
abelian veriety A such that for any sufficiently ample line bundle L
on A and any e > 0 we have H'(Qe ® V) = 0 for i > 0, then

A := hocolimRS(Da(S)) is a quasi-coherent sheaf in degree 0
(i.e. AN=HO(N)). If Q. satisfies the Mittag Leffler property, then
Q:=limQe = (—14)"DaRS(A)[—¢].

The proof of the above statement is omitted because it is similar
to the derived category proof of generic vanishing. It is somewhat
more involved due to some technical issues arising from the fact
that we are not dealing with coherent sheaves.
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Generic vanishing in positive characteristics

positive characteristics

Let a: X — A a morphism from a smooth projective variety
to an abelian variety.

The homomorphism &€ : Ffwx — wx gives rise to a
homomorphism Ffa.wx = a,Ffwx — a,wx.

o If Q. = Ffa,wy, then Q. satisfies the ML.

e Claim: If Q. = Ffa,wy, then H(Qe ® [V ® P) = 0 for
e>0,i>0and PcA

Proof. To see this, note that

H(Q.® Y@ P)= HI(FEQy® [V @ P) =

HI(FE(Qo ® Fo*LY ® PP)) = HI(Qo ® Fo* LY ® PP°).
By Cohomology and base change, the above condition is
equivalent to R'S(Q ® F&*LY) =0 for i # 0.
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Generic vanishing in positive characteristics

GV in positive characteristics

° '[his i§Aequiva|ent to 5 )
DL+R'S(Qo® Fe*LV) = R'S(¢} (R ® F&*LV)) = 0 for i # 0.
@ Arguing as abovek this is equivalent to
Hi(¢5(Q0 ® F&*LV) ® P) = 0 for i # 0.
o But ¢jFe*[V = Fergt[V = Bpo(1yLP* and so it suffices to
show that H'(Qp ® LP° ® P) =0 for i # 0 and P € A.
@ Since e > 0, this follows immediately from Fujita vanishing OJ

@ Somewhat surprisingly, one can use the above theorem to
prove some interesting consequences concerning the birational
geometry of irregular varieties.
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Generic vanishing in positive characteristics

GV in positive characteristics

Lety e A is a closed point, then .
N @ k(y) = lim HY(Q. ® P))" = lim HO(Qo ® P, 7).

Proof: Since A = HO(A) = Ii_>m7-[°(/\e) and by cohomology and
base change and Serre duality H°(Ae) ® k(y) =
HO(RSDA(Qe)) ® k(y) = RT(Da(we) ® Py) = HO(Qe ® PY)Y. O

If HO(Qe ® P) =0 for all P € A, then A =0 and hence Q = 0.

Proof: Immediate. [J
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Generic vanishing in positive characteristics

GV in positive characteristics

Proposition
Suppose that F£Qq — Qg is surjective for e > 0 (eg.
Qo = SPa.wx ). If VO(Qo) is contained in finitely many translates

of an abelian subvariety B C A, then TQ = Q for any x € A/B.
Thus the supports of Q and g are fibered by the projection
A— B.

Proof: The coherent sheaf H%(Ag) is supported on V°(Qp) and
hence on finitely many fibers of 7: A — A/B.

Thus H°(Ag) @ P = HO(Ag) for any P € A/B.

For e > 0 we also have HO(Ao) ® m*P = F&*HO(Ag) @ 7* P =
Fes(HO(Mo) @ mQ) == Fe*H(Ao) = HO(Ae).
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Generic vanishing in positive characteristics

GV in positive characteristics

@ Therefore A @ *P = HO(N\) ® 7" P & |i_n_’l)7'[0(/\e) QTP =
lim HO(Ae) 2 A,
@ Since T*,RS(?) = RS(? ® Py), it follows that T;Q = Q for
any x e A/B. O
Let a: X — A and VQ(X) := {P € A|S%(wx ® a*P) # 0}, then it
is easy to see that V2(X) C VQ(X) is the complement of
countably many closed subsets.
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Generic vanishing in positive characteristics

GV in positive characteristics

Proposition
If P e V_g(X), then PP € Vg(X).

Proof: By definition, if P € V(X), then the image of the
compositions ... — HO(F3(wx ® PP*)) — HO(F2(wx ® PP’)) —
HO(F.(wx ® PP)) — H%wx ® P) is non-zero.

Ignoring the last term in the above sequence and using the
isomorphism HO(F&(wx @ PP)) =2 HO(F&(wx @ PPT")), one
sees that the image of the compositions

.= HY(F2(wx ® PP*)) = HO(Fy(wx @ PP*)) — HO(wx ® PP) is
non-zero.

Thus PP € VA(X). O
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Generic vanishing in positive characteristics

GV in positive characteristics

Corollary (Hacon-Patakfalvi)

If A is ordinary (or has no supersingular factors) then VS(AX ) is a
finite union of torsion translats of abelian subverieties of A.

This is an immediate consequence of the following.

Theorem (Pink-Rossler)

If A has no supersingular factors and X C A is a subscheme such
that p(X) = X (resp. p(X) C X), then X (resp. any maximal
dimensional irreducible components of X) is a finite union of
torsion translates of sub abelian varieties of A.
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Generic vanishing in positive characteristics

positive characteristics

Recall that A is ordinary (resp. supersingular) if

F*: HY(Oa) — H(O4,) is bijective (resp. 0).

It is expected that if A is defined over Z, then its reduction
mod p is ordinary for infinitely many primes p.

This result is known for elliptic curves.

It is also known that if A is defined over Z, then its reduction
mod p has no supersingular factors for infinitely many primes
p.

Pink and Rossler use this to re-prove that if X is a smooth
complex projective variety then V"(QJ)'<) is a finite union of
torsion translates of sub abelian varieties of A.
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Generic vanishing in positive characteristics

Characterization of ordinary AV

@ Consider the trace map Ffwx — wx and tensor it by wm !

for m > 1.
o We obtain ®¢: Ff(wy LH(m-= 1)pe) — wy.
o Define S%(w?) = NesoIm(HO(F(wi ™ VPY)) = HO(wD)).
o Let S(WX) = @mzos (wX) C @monO(w)'?) = R(wx).
@ Then S(wx) C R(wx) is an ideal.
o In fact, if f € S°(w¥) and g € HO(w), then f = ®¢(£.) and
by the projection formula fg = ®¢(f.g?").
We define ks(X) = max{k|limdim S°(w7)/m* > 0}. (If
dim S%(w¥) = 0 for all m > 0, then let ks(X) = —c0.)
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Generic vanishing in positive characteristics

Characterization of ordinary AV

@ Since S(wx) C R(wx) is an ideal, it follows that if
ks(X) # —oo, then ks(X) = K(X).

o If Ais an abelian variety, then xs(A) = 0 iff A is ordinary.

Theorem (Hacon-Patakfalvi)

If ks(X) = 0, then the Albanese map a: X — A is surjective (and
in particular by(X) < 2dim X). If ks(X) =0, b1(X) < 2dim X
and p does not divide the degree of a: X — A, then X is
birational to an abelian variety.

Here b;(X) = dimg, H:.(X,Q)), | # p and by(X) = 2dim A.
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Generic vanishing in positive characteristics

Characterization of ordinary AV

@ We illustrate the proof of the first statement.

@ Claim: There exists a neighborhood 0 € U C A such that for
any 0 # P € U, h®(wx ® a*P) = 0.

@ Suppose not and let 0 € T C A be a positive dimensional
component of VO(wx).

@ Themap g: T8+ — A has positive dimensional fibers, in
particular Z = g~10 is positive dimensional.

@ For (P1,...,pg+1) € Z consider the map
Ho(wx ® a*P1) x ... x Ho(wx ® a*P1) — HO(w&™™).

@ Since k(X) =0, ho(w)g<+1) =1 and so the unique divisor in
|(g + 1)Kx| can be decomposed in only finitely many ways.

@ This contradicts dim Z > 0.
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Generic vanishing in positive characteristics

Characterization of ordinary AV

o Therefore (by cohomology and base change) H°(A.) has a
summand A, which is an Artinian module supported at 0. It
follows that A := Ii_>mAe is a summand of A

e Claim: A= Ii_n_;Ae #0.

@ By cohomology and base cahnge A, @ k(0) = HO(Ffa.wx)"
and lim HO(Fea.wx)V # 0 since lim HO(Fga.wx) # 0.

@ Since Q = lim Ffa,wx = Da(RS(N)), we have
Supp(S°a.wx) = Supp() O Supp(Da(Rs(A))).

o Let Ay =Im(Ae — A), then A :=lim A; and the induced
maps A, — A, are injective.

o Let V. = ROS(AL) be the corresponding unipotent vector
bundle, then the induced map V., — V.1 is injective.
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Generic vanishing in positive characteristics

Characterization of ordinary AV

o It follows that V/.; — V.’ are surjective and hence
ljim V) # 0 is supported on A.

o But since lim V.’ is a summand of €, it follows that Q (and
hence also SOa*wX) is supported on the whole of A.

@ Thus X — A is surjective.

@ We will now show that if moreover a: X — A is generically

finite and the degree of a is not divisible by p, then X — A is
birational.

@ There is a splitting wa — a.wx — wa compatible with the
traces of the frobenii.

Christopher Hacon Generic vanishing and the birational geometry of irregular varie



Generic vanishing in positive characteristics

Characterization of ordinary AV

o It follows that A is an ordinary abelian variety (as
rs(A) = rs(X) = 0).

o We write a,wx = wa ® M. Then VO(M) contains no torsion
points.

@ Thus the support of Ay, := RS(Da(FEM)) contains no
torsion points.

o Let Apq,, =limApy,, then im(Apm, = A, ) = 0 so that
A, =0.

@ But then I@ FEM =0 and hence L@ Ffawwx = L@ Fiwa.

@ From the surjection I|<_m Fawx — S%a,wx we deduce
Sa,wx = wa.

@ Since S%,wx equals a,wx over the open subset U C A where
a is étale, it follows that the degree of a.is 1. []
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