' Name . K E“:y 2280 Final Exam 52018

Fin8] Exam Differential Equations 2280
Monday, 30 April 2018, 12:45pm-3:15pm

Instructions: Time limit 120 minutes. No calculators, notes, tables or books. No answer check is
expected. A correct answer without details counts 25%.

Chapters 1 and 2: Linear First Order Differential Equations

d 6
A f;)p c£40%] Solve 7Ev(t) =11+ .

v(t), v(0) = 11. Show all integrating factor

A_ (b) [30%] Solve the linear homogeneous equation 2 % =y-+zy.

A_(c) [30%] The problem 1:2% =¥+ 2z + 2 + zy is both linear and separable. It can

be solved by linear theory usin,
solution. Find y,, and Yp-

7\ ‘o b
by T | B VAR T

ing superposition Y = Yn+ Yp, where Yp is an equilibrium
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Chapter 3: Linear Equations of Higher Order

A (a) [10%] Solve for the gencral solution: y” — Gy’ + 25y = 0
M (b) [20%] Solve for the general solution: y® — Gy 4 25,3 . ¢

A (©) [20%] An nth order linear homogeneous differcntial cquation has characteristic
" equation r(r® — r)2(r2 — g 4 25)* = 0. Solve for the general solution.

A. (d) [20%)] Construct the characteristic equation of a linear nth order homogencous
differential equation of least order 7, which has a particular solution y(z) = z cos(2z)+
3ze” + e sin(3z). ore

,Z\ (e) [30%)] An nth order non-homogencous differential equation is specified by its

" characteristic cquation r%(r + 1)%r + 16) = 0 and the forcing term f(z) — 22 4
zde T gedr +sin(4z). Find the shortest trial solution for y, according to the method
of undetermined coefficients. Do not cvaluate undetermined coefficients,

D gy £35y = 0 i] o)y by +354" < o
MP-kr+ a5 =0 | e +a5r% = 5
(r-3)* 4+ 16 =0 Pt bras) = g

—

L3 | 12010,0, 3540
- 3% [y =
g =G s+ e SN (4e)) (4 = GGt Gt s et g puy

t (s Qgtcos (4+)
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Chapters 4 and 5: Systems of Differential Equations

011
(a) [10%] Let A=| 4 0 1
00 3

of X(t) of diti(t) = AX(t) according to the Eigenanalysis Method.
(b) [20%] Find the gencral solution of the 2 x 2 system

d z(t))= 62)(z(t))
dt \ y(t) 2 6/)\ y®
according to the Cayley-Hamilton-Ziebur Method, using the textbook’s

shortcut.
(c) [10%] Assume a3 x 3 system %ﬁ = At has a scalar general solution

). Find all eigenpairs of A and then write the solution

Chapter 4

u(t) = —ce +ce®, wt) = e+ ae®, w(t) = et

Compute a 3 x 3 fundamental matrix ®(t) and then write a formula for the exponential
matrix e*’. Do not simplify any formula.

(d) [20%] Consider the 3 x 3 linear homogeneous system

5z —y p 5 -1 0
—z+5y, or E—ﬁ(t)= -1 5 0 | dt).
T+ 2 ¢ 1 01

—
N @y
L (|

Solve the system by the most efficient method.

}3 . A -AT =(3—7L)(A*-Lf)-io
3 /—2.“.7739\\-2
(N N o = _ /I
313«\/,:(0> => \/,-(a>
O 0 O
I\ - (@] N

. - — - |
S EN A
]l>'A o N Y
3 ., = o _;> = 1
ool ° /0) Vs (5)
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Chapter 6: Dynamical Systems

Consider the nonlinear dynamical system

' = 16z — 222 — zy, (1)
¥ = Uy-2y’—zy
(a) [20%] Find the equilibrium points for nonlinear system (1).

(b) [20%] Compute the Jacobian matrix J(z,y) for nonlinear system (1). Then
evaluate J(z,y) at each of the cquilibrium points found in part (a).

(<) [30%) Consider nonlinear system (1). Classify the linearization at each equilibrium
point found in part (a) as a node, spiral, center, saddle. Do not sub-classify a node.

(d) [30%] Consider nonlinear system (1). Determine the possible classifications of
node, spiral, center or saddle and corresponding stability for each equilibrium de-
termined in part (a), according to the Pasting Theorem, which is Theorem 2 in
section 6.2 (Stability of Almost Linear Systems).

0‘) O = ’XUb-Q\y\—
O:ﬂ(“{‘ggvyﬁz) {O\O)\ (XXO)S(O’NH (6, 4)
’@‘;ZY = = ')(:8
14-9\2:0 => }:'t],
# = b-24x
lq = Qy + X
& ‘:—3&—%)(4—)(
7B =3x = X= 6 and y=4
L’) 3(3(\}): ’Gdh(—g ~X

‘y 'q*qy 'X)
3(0\0) = [l o > _ ,q
- 1

O Iy

J(3,0) = /-y, \SB:H Sl = /=iy -,
<o b

3(@&\:(1 05
.



CY R -aTl= (- (14 -A) = O
A= e, 1Y
H‘L‘DMS: .e"“ ﬁl‘i‘b’-

)

Unstable node at (0>0)
Ry~ ATl = (-16-2)(b-2) =0

' )
wnstable Sqolo“@ ot (0\‘.;)
Ry —ATI = 229 (-3 -2y < ¢

—

= A0 +94 -3y

= -0)2-qg
A= jp+ Jze
Atoms ° o oat
WN Stab | Canet®
T nodg (6. 4)

O{) Al aF then PO\S{T{’, (no ecluo\l g?%@mvalw,s

or Fum’y 7Mq2‘fnc&,f‘y eigenvaluesy and s’mb".l’ﬂ%{ transters
(O\O) ° UnStable node from Brear Case
(2.0) = unstable  suddlle
‘0, F) unstable saddle

(0, 9) 2 unstable nede
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Chapter 7: Laplace Theory

A (a) |120%] Solve for f(2) in the relation £(f) = (%E (tzeasint))

[ ]

A (b) [20%)] Find £(f) given @) = (—t)e' + tetsin(2t). ox¢, red

o (c) [30%) Consider the forced lincar dynamical system
' = br—y+2,
Y = —z+5y+1

Show that subject to initial states z(0) = 0, y(0) = 0 the solution z(t), y(t) satisfics

§—10 §?
£(.’E(t)) = 82(5—4)(8'—6), E(y(t)) = 32(

i (d) [30%] Solve for z(t) in the relation L(z(t)) = 510

fraction constants unevaluated.
RGN (PP )]s sea
fe) = “tzﬁ%sﬁnf
o) o) = <4 e++te‘tsom(;;t)
RIS ARERY
I 73,—)—,-,\ -(\;1,( ~2(25+2) S

\ (5%42s +5)%

(s-1)? " fa o
: (s +3s+5)

<) EX‘ N 5)(—7 2t
y\ -X 4’53 +1

400 - ) = 550
2 y) - 0

(!

— - ll

Py

TEHD 22 S < g0, Ly

i LS I

T esl = ey Ay= 2571075 0 s-i0
A= | A(s-5) =5 59<5 *0s+24) T S*(s-4)(5-0)
| - —_—
/s 5*5‘ s> i() s3_55-3 S3_ ¢ ;
py= |575 NS:I _ Slssy -3 3= = = ~5s -
2 b = <3 s 5*(s*(0s +2Y) m



d). Az = 2219
ST (s-Ws-6)

sso LA g <, D

M s-u)ls-0) s s> <oy S-6
SO\ &(X) - —A—éﬂ" ;B'S-# ._9 b _R
S -4 S-6

X = R+ Bt e, ot
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Chapter 9: Fourier Series and Partial Differential Equations

In parts (a) and (b), let fo(z) = —1 on the interval —2 < £ < —1, fo(z) =1
on the interval 1 < z < 2, fo(z) = O for all other values of z on —2 <z <2
Let f(z) be the periodic extension of f, to the whole real line, of period 4.

A (2) [20%) Compute the Fourier coefficients of f(z) on [-2,2).
' (b) [10%)] Find all values of z in || < 4 which will exhibit Gibb’s over-shoot.
(c) [30%] Heat Conduction in a Rod. Solve the rod problemon 0 < < 2,¢ > 0:

ug = Uge,
b — u(0,t) = 0,
n v ) w(L,t) = 0,
| L v(z,0) = 2sin(xz)+ 5sin(27z)
| ). (d) [40%] Vibration of a Finite String. Solve the finite string vibration problem
OO\O\  on0<z<#t>0:
N ~———— 5
— un(z,t) = 16ug.(z,t),
L - )\ u,t(tO,t) = 0,
u(5,t) = 0,
wz,0) = sin(5nz) + 2sin(7xz),
2 w(z,0) = sin(77z) + sin(107z).
A) An = :El?[ol\’q cos (n—————Tf_x)O&X =0 ¥n=z20
OM\ /€’V€h
[ﬁ 2 odch
On = & 2 [ TTX - ' L
2350 = 2S04 2§ st (2
© /
— Q\NL__ o A A =
T eS| T{_XWX_'
— N 0
. ( CO.S(I'\TT\ + Cos(ﬁ\> evYwy
= -y Zoro o
) wroosiam) ¥ w7 T
X"‘ 31‘Q\‘|\\\Q\3 ‘:‘E’_r‘ .
1) K=1, =2 'hﬁ( “*‘(”“ﬂco:@;u

X= sin( M Tt = .Q-(O_EP‘K&
lh=0 ¥ n @((.@Pf C?\:l an d CH:S
(X\t) = D»S‘:'\(WX)Q‘T‘&{: + 5 Salﬂ (1”')()’4 Nlt

6



0” C=H4H, L=5 o INATIX T = COS(qn"t>+dln:;n/‘/_.:
at) = TRTE) | Xk = 50X G cos (40 .

Ak, 0) = %X(*)T(D) = 2 (s ) < IN(ETX) + 2 570 (Trx)
n=

h=71
(h=0O vwn X cept Q%: I C3e = &
Uy (%, 0) = hZ:_J_ X"(X)T‘(O) = hg'l LM%’-‘IFS%[Q%’E) = sth(FT)+ 57, (10 )
N=35 0 aswd =1 < A= L
N= 5o - ﬂond50~i =2 oy =
o= 0 except d, o e and] L/"Zso  Zon
“’110\, UX\t) = s (57x)

Cos(20t) 4 4 ST (1TTx) Cos (a8 )

T S—l{i?r ST (77f)<)5m(

ST + G STl o) <o n(40mt)



