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WEB

x1; : : : ; xn

a1x1 C a2x2 C ! ! ! C anxn D b

b a1; : : : ; an

n
n n

4x1 " 5x2 C 2 D x1 x2 D 2
!p

6 " x1

"
C x3

3x1 " 5x2 D "2 2x1 C x2 " x3 D 2
p

6

4x1 " 5x2 D x1x2 x2 D 2
p

x1 " 6

x1x2
p

x1

x1; : : : ; xn

2x1 " x2 C 1:5x3 D 8

x1 " 4x3 D "7



.s1; s2; : : : ; sn/
s1; : : : ; sn x1; : : : ; xn

.5; 6:5; 3/
x1; x2; x3 8 D 8 "7 D "7

x1 " 2x2 D "1

"x1 C 3x2 D 3

`1 `2

.x1; x2/ .x1; x2/
`1 `2 .3; 2/

2

3

x2

x1

!1

!2

x1 " 2x2 D "1

"x1 C 2x2 D 3

x1 " 2x2 D "1

"x1 C 2x2 D 1

!1
!2

2

3

x2

x1

(a)

!1

2

3

x2

x1

(b)



x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

5x1 " 5x3 D 10

2

4
1 "2 1
0 2 "8
5 0 "5

3

5

2

4
1 "2 1 0
0 2 "8 8
5 0 "5 10

3

5

0 ! x1 C 2x2 " 8x3 D 8

3 # 4 m
n m ! n m

n

x1

x1 x2

x2



x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

5x1 " 5x3 D 10

2

4
1 "2 1 0
0 2 "8 8
5 0 "5 10

3

5

x1 "5

"5 ! Œ 1!

C Œ 3!

Œ 3!

"5x1 C 10x2 " 5x3 D 0

5x1 " 5x3 D 10

10x2 " 10x3 D 10

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

10x2 " 10x3 D 10

2

4
1 "2 1 0
0 2 "8 8
0 10 "10 10

3

5

1
2

x2

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

10x2 " 10x3 D 10

2

4
1 "2 1 0
0 1 "4 4
0 10 "10 10

3

5

x2 10x2

"10 ! Œ 2!

C Œ 3!

Œ 3!

"10x2 C 40x3 D "40

10x2 " 10x3 D 10

30x3 D "30

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

30x3 D "30

2

4
1 "2 1 0
0 1 "4 4
0 0 30 "30

3

5

1
30

x3

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D "1

2

4
1 "2 1 0
0 1 "4 4
0 0 1 "1

3

5

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D "1

2

4
1 "2 1 0
0 1 "4 4
0 0 1 "1

3

5



"2x2

x3 "4x3 Cx3

4 ! Œ 3!

C Œ 2!

Œ 2!

4x3 D "4

x2 " 4x3 D 4

x2 D 0

"1 ! Œ 3!

C Œ 1!

Œ 1!

" x3 D 1

x1 " 2x2 C x3 D 0

x1 " 2x2 D 1

x1 " 2x2 D 1

x2 D 0

x3 D "1

2

4
1 "2 0 1
0 1 0 0
0 0 1 "1

3

5

x3 x2

"2x2

x3 x3

x1 D 1

x2 D 0

x3 D "1

2

4
1 0 0 1
0 1 0 0
0 0 1 "1

3

5

x2

x3

(1, 0, !1)

x1

.1; 0; "1/

.1; 0; "1/
.1; 0; "1/

1.1/ " 2.0/ C 1."1/ D 1 " 0 " 1 D 0

2.0/ " 8."1/ D 0 C 8 D 8

5.1/ " 5."1/ D 5 C 5 D 10

.1; 0; "1/



c 1=c

c
"c

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

5x1 " 5x3 D 10

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D "1

2

4
1 "2 1 0
0 1 "4 4
0 0 1 "1

3

5



x3 x3

x2 x1

x2 x3

x1

x2 " 4x3 D 8

2x1 " 3x2 C 2x3 D 1

4x1 " 8x2 C 12x3 D 1

2

4
0 1 "4 8
2 "3 2 1
4 "8 12 1

3

5

x1

2

4
2 "3 2 1
0 1 "4 8
4 "8 12 1

3

5

4x1 "2

2

4
2 "3 2 1
0 1 "4 8
0 "2 8 "1

3

5

x2 "2x2

2

2

4
2 "3 2 1
0 1 "4 8
0 0 0 15

3

5

2x1 " 3x2 C 2x3 D 1

x2 " 4x3 D 8

0 D 15

0 D 15 0x1 C 0x2 C 0x3 D 15
x1; x2; x3

0 D 15

x2
x1

x3



˙:d1 ! ! ! dp # 10r r p

1=3

x1 C 4x2 " 2x3 C 8x4 D 12

x2 " 7x3 C 2x4 D "4

5x3 " x4 D 7

x3 C 3x4 D "5

x1 " 3x2 C 5x3 " 2x4 D 0

x2 C 8x3 D "4

2x3 D 3

x4 D 1

2

4
1 5 2 "6
0 4 "7 2
0 0 5 0

3

5

.3; 4; "2/

5x1 " x2 C 2x3 D 7

"2x1 C 6x2 C 9x3 D 0

"7x1 C 5x2 " 3x3 D "7

h k

2x1 " x2 D h

"6x1 C 3x2 D k



x1 C 5x2 D 7

"2x1 " 7x2 D "5

2x1 C 4x2 D "4

5x1 C 7x2 D 11

.x1; x2/ x1 C 5x2 D 7
x1 " 2x2 D "2

x2

x1

x1 + 5x2 = 7
x1 – 2x2 = –2

x1 " 5x2 D 1
3x1 " 7x2 D 5

2

664

1 "4 5 0 7
0 1 "3 0 6
0 0 1 0 2
0 0 0 1 "5

3

775

2

664

1 "6 4 0 "1
0 2 "7 0 4
0 0 1 2 "3
0 0 3 1 6

3

775

2

664

1 7 3 "4
0 1 "1 3
0 0 0 1
0 0 1 "2

3

775

2

4
1 "4 9 0
0 1 7 0
0 0 2 0

3

5

2

664

1 "1 0 0 "4
0 1 "3 0 "7
0 0 1 "3 "1
0 0 0 2 4

3

775

2

664

1 "2 0 3 "2
0 1 0 "4 7
0 0 1 0 6
0 0 0 1 "3

3

775

x2 C 4x3 D "5

x1 C 3x2 C 5x3 D "2

3x1 C 7x2 C 7x3 D 6

x1 " 3x2 C 4x3 D "4

3x1 " 7x2 C 7x3 D "8

"4x1 C 6x2 " x3 D 7

x1 " 3x3 D 8

2x1 C 2x2 C 9x3 D 7

x2 C 5x3 D "2

x1 " 3x2 D 5

"x1 C x2 C 5x3 D 2

x2 C x3 D 0

x1 C 3x3 D 2

x2 " 3x4 D 3

" 2x2 C 3x3 C 2x4 D 1

3x1 C 7x4 D "5

x1 " 2x4 D "3

2x2 C 2x3 D 0

x3 C 3x4 D 1

"2x1 C 3x2 C 2x3 C x4 D 5

x1 " 4x2 D 1 2x1 " x2 D "3
"x1 " 3x2 D 4

x1 C 2x2 C x3 D 4 x2 " x3 D 1
x1 C 3x2 D 0

h

#
1 h 4
3 6 8
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1 h "3

"2 4 6
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#
1 3 "2

"4 h 8
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2 "3 h

"6 9 5
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5 # 6

x1; : : : ; xn .s1; : : : ; sn/

s1; : : : ; sn x1; : : : ; xn

g h k

2

4
1 "4 7 g
0 3 "5 h

"2 5 "9 k

3

5

x1 D "2 x2 D 1 x3 D 0

f g c d

x1 C 3x2 D f

cx1 C dx2 D g

a b c d a

f g a b c d

ax1 C bx2 D f

cx1 C dx2 D g

2

4
0 "2 5
1 4 "7
3 "1 6

3

5 ;

2

4
1 4 "7
0 "2 5
3 "1 6

3

5

2

4
1 3 "4
0 "2 6
0 "5 9

3

5 ;

2

4
1 3 "4
0 1 "3
0 "5 9

3

5

2

4
1 "2 1 0
0 5 "2 8
4 "1 3 "6

3

5 ;

2

4
1 "2 1 0
0 5 "2 8
0 7 "1 "6

3

5

2

4
1 2 "5 0
0 1 "3 "2
0 "3 9 5

3

5 ;

2

4
1 2 "5 0
0 1 "3 "2
0 0 0 "1

3

5

T1; : : : ; T4

T1 D .10 C 20 C T2 C T4/=4; 4T1 " T2 " T4 D 30

10°

10°

40°

40°

20° 20°

30° 30°

1 2

4 3

T1; : : : ; T4

2

1=5
"1=5 x2

4x2

x3 x4

x4

x4 x4



1=2 x3

x1 C 5x2 C 2x3 D "6

4x2 " 7x3 D 2

5x3 D 0

x3 D 0 x3

x3

x2 x1

x1 D 3 x2 D 4
x3 D "2

5.3/ " .4/ C 2."2/ D 15 " 4 " 4 D 7

"2.3/ C 6.4/ C 9."2/ D "6 C 24 " 18 D 0

"7.3/ C 5.4/ " 3."2/ D "21 C 20 C 6 D 5

.3; 4; "2/

x3

x2

x1

(3, 4, !2)

.3; 4; "2/

.3; 4; "2/

2x1 " x2 D h

0 D k C 3h

k C 3h
h k k C 3h D 0



2

4
2 "3 2 1
0 1 "4 8
0 0 0 5=2

3

5

2

4
1 0 0 29
0 1 0 16
0 0 1 3

3

5

$
2

664

$ $ $
0 $ $
0 0 0 0
0 0 0 0

3

775;

2

66664

0 $ $ $ $ $ $ $ $
0 0 0 $ $ $ $ $ $
0 0 0 0 $ $ $ $ $
0 0 0 0 0 $ $ $ $
0 0 0 0 0 0 0 0 $

3

77775

2

664

1 0 $ $
0 1 $ $
0 0 0 0
0 0 0 0

3

775;

2

66664

0 1 $ 0 0 0 $ $ 0 $
0 0 0 1 0 0 $ $ 0 $
0 0 0 0 1 0 $ $ 0 $
0 0 0 0 0 1 $ $ 0 $
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3
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A U U
A U U

A

A A
A A

A
A

A D

2

664

0 "3 "6 4 9
"1 "2 "1 3 1
"2 "3 0 3 "1

1 4 5 "9 "7

3

775

2

664

1 ! 4 5 "9 "7
"1 "2 "1 3 1
"2 "3 0 3 "1

0

"

"3 "6 4 9

3

775

2

664

1 4 5 "9 "7
0 2 ! 4 "6 "6
0 5 10 "15 "15
0 "3

"

"6 4 9

3

775



"5=2 3=2
2

664

1 4 5 "9 "7
0 2 4 "6 "6
0 0 0 0 0
0 0 0 "5 0

3

775

2

664

1 4 5 "9 "7
0 2 4 "6 "6
0 0 0 "5! 0
0

" " "

0 0 0 0

3

775

2

664

$ $ $ $
0 $ $ $
0 0 0 $
0 0 0 0 0

3

775

A

A D

2

664

0!
!

!

"3 "6 4 9
"1 "2 "1 3 1
"2 "3 0 3 "1

1

" " "

4 5 "9 "7

3

775
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2

4
0 3 "6 6 4 "5
3 "7 8 "5 8 9
3 "9 12 "9 6 15

3

5



2

4
0 3 "6 6 4 "5
3 "7 8 "5 8 9
3

"
"9 12 "9 6 15

3

5

2

4
3!"9 12 "9 6 15
3 "7 8 "5 8 9
0 3 "6 6 4 "5

3

5

"1

2

4
3!"9 12 "9 6 15
0 2 "4 4 2 "6
0 3 "6 6 4 "5

3

5

2

4
3 "9 12 "9 6 15
0 2 !"4 4 2 "6
0 3

"
"6 6 4 "5

3

5

"3=2

2

4
3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 4

3

5



2

4
3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 ! 4

3

5

2

4
3 "9 12 "9 0 "9
0 2 "4 4 0 "14
0 0 0 0 1 4

3

5
! C ."6/ !
! C ."2/ !

2

4
3 "9 12 "9 0 "9
0 1 "2 2 0 "7
0 0 0 0 1 4

3

5 ! 1
2

2

4
3 0 "6 9 0 "72
0 1 "2 2 0 "7
0 0 0 0 1 4

3

5
! C .9/ !

2

4
1 0 "2 3 0 "24
0 1 "2 2 0 "7
0 0 0 0 1 4

3

5
! 1

3



2

4
1 0 "5 1
0 1 1 4
0 0 0 0

3

5

x1 " 5x3 D 1

x2 C x3 D 4

0 D 0

x1 x2

x3

x1

x2
8
<̂

:̂

x1 D 1 C 5x3

x2 D 4 " x3

x3

x3 x3

x1 x2

x3 D 0 .1; 4; 0/ x3 D 1 .6; 3; 1/
x3

x3

2

4
1 6 2 "5 "2 "4
0 0 2 "8 "1 3
0 0 0 0 1 7

3

5

%
2

4
1 6 2 "5 "2 "4
0 0 2 "8 "1 3
0 0 0 0 1 7

3

5 %

2

4
1 6 2 "5 0 10
0 0 2 "8 0 10
0 0 0 0 1 7

3

5

%

2

4
1 6 2 "5 0 10
0 0 1 "4 0 5
0 0 0 0 1 7

3

5 %

2

4
1 6 0 3 0 0
0 0 1 "4 0 5
0 0 0 0 1 7

3

5



x1 C 6x2 C 3x4 D 0

x3 " 4x4 D 5

x5 D 7

x1 x3 x5

x2 x4

8
ˆ̂̂
ˆ̂̂
<

ˆ̂̂
ˆ̂̂
:

x1 D "6x2 " 3x4

x2

x3 D 5 C 4x4

x4

x5 D 7

x5

x1 C 5x2 D 21

x2 C x3 D 4

x2 x1 x3 x2

x1 " 7x2 C 2x3 " 5x4 C 8x5 D 10

x2 " 3x3 C 3x4 C x5 D "5

x4 " x5 D 4

x4

x5 x4 x2

x2 x4 x1



C; "; $; =
n # .n C 1/

2n3=3 C n2=2 " 7n=6
2n3=3 n n & 30/

n2

3x2 " 6x3 C 6x4 C 4x5 D "5

3x1 " 7x2 C 8x3 " 5x4 C 8x5 D 9

3x1 " 9x2 C 12x3 " 9x4 C 6x5 D 15

2

4
3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 4

3

5

x1 x2 x5 x3 x4

0 D 1

x3 x4

0 D b
b



Œ 0 ! ! ! 0 b ! b

#
1 "3 "5 0
0 1 "1 "1

$

x1 " 2x2 " x3 C 3x4 D 0

"2x1 C 4x2 C 5x3 " 5x4 D 3

3x1 " 6x2 " 6x3 C 8x4 D 2

4 # 7

2

4
1 0 0 0
0 1 0 0
0 0 1 1

3

5

2

4
1 0 1 0
0 1 1 0
0 0 0 1

3

5

2

664

1 0 0 0
0 1 1 0
0 0 0 0
0 0 0 1

3

775

2

664

1 1 0 1 1
0 2 0 2 2
0 0 0 3 3
0 0 0 0 4

3

775



2

4
1 1 0 1
0 0 1 1
0 0 0 0

3

5

2

4
1 1 0 0
0 1 1 0
0 0 1 1

3

5

2

664

1 0 0 0
1 1 0 0
0 1 1 0
0 0 1 1

3

775

2

664

0 1 1 1 1
0 0 2 2 2
0 0 0 0 3
0 0 0 0 0

3

775

2

4
1 2 3 4
4 5 6 7
6 7 8 9

3

5

2

4
1 3 5 7
3 5 7 9
5 7 9 1

3

5

2 # 2
$

3 # 2

#
1 3 4 7
3 9 7 6

$ #
1 4 0 7
2 7 0 10

$

#
0 1 "6 5
1 "2 7 "6

$ #
1 "2 "1 3
3 "6 "2 2

$

2

4
3 "4 2 0

"9 12 "6 0
"6 8 "4 0

3

5

2

4
1 "7 0 6 5
0 0 1 "2 "3

"1 7 "4 2 7

3

5

2

664

1 "3 0 "1 0 "2
0 1 0 0 "4 1
0 0 0 1 9 4
0 0 0 0 0 0

3

775

2

664

1 2 "5 "6 0 "5
0 1 "6 "3 0 2
0 0 0 0 1 0
0 0 0 0 0 0

3

775

2

4
$ $ $

0 $ $
0 0 0

3

5

2

4
0 $ $ $
0 0 $ $
0 0 0 0

3

5

2

4
$ $

0 $
0 0 0

3

5

2

4
$ $ $ $

0 0 $ $
0 0 0 $

3

5

h

#
2 3 h
4 6 7

$ #
1 "3 "2
5 h "7

$

h k

x1 C hx2 D 2

4x1 C 8x2 D k

x1 C 3x2 D 2

3x1 C hx2 D k

Œ 0 0 0 5 0 !

3 # 5

3 # 5

4



n # .n C 1/

n D 30 n D 300

WEB

p.t/ D a0 C a1t C a2t
2

.1; 12/ .2; 15/ .3; 16/ a0 a1

a2

a0 C a1.1/ C a2.1/2 D 12

a0 C a1.2/ C a2.2/2 D 15

a0 C a1.3/ C a2.3/2 D 16

p.t/ D a0 C a1t C a2t
2 C a3t

3 C a4t
4

C a5t
5

5

5

x3

x1
x2

#
1 0 "8 "3
0 1 "1 "1

$
x1 " 8x3 D "3

x2 " x3 D "1

x1 x2

8
<̂

:̂

x1 D "3 C 8x3

x2 D "1 C x3

x3

8
<̂

:̂

x1 D "3 C 8x3

x2 D "1 C x3

x3 D 1 C x2

x2 x3



2

4
1 "2 "1 3 0

"2 4 5 "5 3
3 "6 "6 8 2

3

5 %

2

4
1 "2 "1 3 0
0 0 3 1 3
0 0 "3 "1 2

3

5

%

2

4
1 "2 "1 3 0
0 0 3 1 3
0 0 0 0 5

3

5

0 0 ! ! ! 0 b b

R2

D
#

3
"1

$
; D

#
:2
:3

$
; D

#
w1

w2

$

w1 w2

R2 R

R2
#

4
7

$ #
7
4

$
R2



R2 C

#
1

"2

$
C

#
2
5

$
D

#
1 C 2

"2 C 5

$
D

#
3
3

$

c c c
c

D
#

3
"1

$
c D 5; c D 5

#
3

"1

$
D

#
15
"5

$

c c

D
#

1
"2

$
D

#
2

"5

$
4 ."3/ 4 C ."3/

4 D
#

4
"8

$
; ."3/ D

#
"6
15

$

4 C ."3/ D
#

4
"8

$
C

#
"6
15

$
D

#
"2

7

$

#
3

"1

$
.3; "1/

.3; "1/ 1 # 2
%

3 "1
&

#
3

"1

$
¤

%
3 "1

&

R2

.a; b/#
a
b

$
R2

x2

x1

(2, 2)

(3, –1)(–2, –1)

x2

x1

(2, 2)

(3, –1)(–2, –1)



#
3

"1

$

.0; 0/ .3; "1/

R2 C

v

u

x2

x1

u

v

u + v

0

D
#

2
2

$
D

#
"6

1

$
C D

#
"4

3

$

x2

x1

u

v

u + v

2–6

3

.0; 0/

D
#

3
"1

$
2 " 2

3

2 D
#

6
"2

$
" 2

3
D

#
"2

2=3

$

2
" 2

3
c jcj

.0; 0/ .a; b/p
a2 C b2



x2

x1

u

x2

x1

u

0u

2u

u

The set of all multiples of uTypical multiples of u

2
3

– –

R3

R3 3 # 1

2a

a

x2x1

x3

D

2

4
2
3
4

3

5 2

Rn

n Rn

n n n # 1

D

2

6664

u1

u2

:::
un

3

7775

Rn

Rn R2

Rn

; ; Rn c d

C D C c. C / D c C c

. C / C D C . C / .c C d/ D c C d

C D C D c.d / D .cd/

C ." / D " C D 1 D
" ."1/

C ."1/ "
" "

x1

x2

v

u

–v

u – v



1; 2; : : : ; p Rn c1; c2; : : : ; cp

D c1 1 C ! ! ! C cp p

1; : : : ; p c1; : : : ; cp

1 2p
3 1 C 2; 1

2 1 .D 1
2 1 C 0 2/; .D 0 1 C 0 2/

1 D
#

"1
1

$

2 D
#

2
1

$

1 2 1 2

3v2

2v22v1

–2v1–2v2

v1 – v2 –2v1 + v2

3v1

v1

–v1–v2

w
u

v2

v1 + v2 3v2

3
2–

0

1 2

3 1 "2 2

D 3 1 " 2 2

1 3 1 "
2 2

.5=2/ 1 ."1=2/ 2

v1

w

–v2

2v1

3v1

0

D 5
2 1 " 1

2 2

1 D

2

4
1

"2
"5

3

5
2 D

2

4
2
5
6

3

5 D

2

4
7
4

"3

3

5

1 2

x1 x2

x1 1 C x2 2 D



x1

2

4
1

"2
"5

3

5

"
1

C x2

2

4
2
5
6

3

5

"
2

D

2

4
7
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