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Please, no hooks, notes or electranie deviees.
Questions 4, 8, 1. 10 iwvolve proofs, Please divide vonr time coretingly.

Ixtra details can appear on the back side or on extra pages. Please supply o vosd map fos

detatls not an the front side.

Details connl 78% and answers comt 25497
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Problem 1. (o0 points)  Doline matrix A, vector & and voctor variabl

eotalions:
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For the system Aqg' = b, display the formula for . according to Cromer's Huli

time, do noi compute determinants!
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Problein 2. (100 points) Define matrix A = ( 68

S 14 —4
wakvin foand an apper triangular matvix U sueh that A4 = LU,
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Problem 3. (L0 points)

Find the complete vector solution # a4 7L for the
nonhomaogeneons systen
i
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Expaocied: (a) Augmented matrix. (b) Toolkit steps to RREF. (c)/\}ransla'.ion of RREF to scalar
eguations. (d) Scalar general salution. (er)q{inc.' the hemogeneous solution 2, which is a linear com-

bination of Strang's special salutions. (f) Fined a particular solutian . (g) Wiite the vecior general
solution X = %, - Xy
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Problem 4. (100 points)

Befinition, I 1), 1, Iy are o basis for subspace 117 of vector space V', and & == ey 4
ealy 4 eshy is a given linear combination of these vectors, then the unicuely determined

constants ey, e, 3 ave called the coordinates of 7 relative to the basis B, D, by,

Below, let V' be the veotor space of all functions on (—o0,00).  Define subspace S
span{ ¥, 15,05} whewe 6.0, T are independent vectors defined respectively by the copua-

tionsy=14r.y=241a2% y=24 a0+ a

7A () HOA] Let W = span{1, @, 27}, Assume known that 1,2, 2% are independent fuuctions.
Already, § = span{l -} 2.2 + 2% 2 -2 4 a?) Is a subset of 1. Prove that W is a subsel of

S (this proves that W = 5, therefore vp. ¥, vy are independent).

)( (I_))‘[(i[)'/(] Define vector ¥ in 8§ by equation y = 3+ da 4 02, Compute ¢, v, ¢y satisfving

the equation ¥ = ¢ V] - e9V - €5V, using coordinate map nrethods.

. e . . o . . .
Expected in (1): Vectors ¥, ¥, V3 are defined by ! 4, 2427, 24 a2, respectively. Calculations
of ¢1, ez, ¢4 are to be done using column vectors from R?, nat funclions from V. Zero eredit {or not

using column vectors.
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Problem 5. (100 points) The unctions 1, 22 2" represent independet veetors
iy, @, 0y 1 the vector space Vool all functions on 0 < o < oo, The sel Y = spandif). ity 7}
is a subspace of V. Lot vectors @), 7, T in 17 be defined by the functions 1—a2, 0 W pa®, 34204,

respectively. The coordinate map defined by

iy b oestts b egirg = | ey
651

—
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maps the vectors ). #,. @ into the following images in B3, respectively:
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The mdependence tests below can decide independence of veelors ¥, 75 0% T forulating
1: U2ty ] &
. S i S 5 ot : ) L
the independence question in veelor space Voor in vector space R?, beeause the coordinate
. LS . . on A
map takes independent séts Lo independent seis.

’
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Check below all independence tests which apply to decide iidependence of @), &, ¥, Fx-
plain Tow' each checked fest applics, giving details/reasons. Zero eredit for checking a

box without explanation.



| ‘./( Wronskian test Nonzero Wranskinn determinant of i fo. [y at

invented vadue o = oy implies independence of

% fido: Js.
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[2 Siimpling test Nemzera sampling determinant fin invented
samples o = rpoes, g implies independenee

ol fi. [ 15

Explain: -~ o~ = = -
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ET Hank fest Three colunm veetors are fndependent if (heir
angmented matrix has rank 3.
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D Determinant test Three colimmn veciors are independent if thed

augmented matiix is square and has nonzero

% determinant.
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I:l Orthogonality test  Thiee colinnn veetors are independent 1f they
are all nonzero and pairwise orthogoual.
(Lll Explai:

Eefpae et N PYs V V= jv\ (ol Vet A

‘3/ Pivol test Three calumm veetors are independent if their
B angmented matrix A hag 3 pivot coluns.
Eaplain:
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Problem 6. ( 100 points) Consider o =03 real nalrix A with elgenmpiaine

i ] L 21, 1 . 2 -1, l
| (§ 0

(n) [30%] Display an invertible matvix 72 and o diagonal matrix £ sach that AP = PL).

Matvices 12 qaul 1 can contain comples numbers.

B (b) F0%] Display a real vertible matris 1Y and a real diagonal matvix Dy such that

APy Py Dy, Neither 22 nor I cancontain complex numbers, The construction of 1Y uses

the wap a - il ( y: h).
~bu

A— (¢) [10%] Display a matrix product formla for A in which the factors contain enly real

mumbers. To =ave time, do not evaluale any matrix products.
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Problem 7. (100 poinis)

Definition: A subset S ol aveetor space Vois o subspace of Voprovided
(1) The zero vectorisin S

(2) Ifvectors ¥ and ¥ are in 9, then ¥ - ¥ is in &,

(3) IMvector X is in S and ¢ is any scalar, then ¢x is in 5.

f‘i Let Vobe the veetor space of all real-valued funetions on (—oc. 00). Invent an exainple of a
nomvoid subset 5 of V' that satisties two of the items in the above definition of subspace, bul
fails the third e,
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Problem 8. (100 points)  Define 8 to be the sei of all veetors ¥ in R? whose RONYIE
neitks oy, g, ey salisfy the bwa restrielion vguations oy 4 0y = oy and 2oy 4 5e = . rove
that 5 is o subspace of R,

Ioxpecled: Cite a known theoreni or else verify the 3 conditions for the definition of a subspace (see

2\ the preceding exam problem).
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Problem 9. (100 poimts)  Let 4 be ad x 3 matrix. Assume the colimms of A7 A are

independent. Mrove or disprove that A has independent colummes,

Expected: To prove a claim, assemble details and theorem citations to support the claim. To disprove

A

Assovee Bor conbradichos bk A her dependen®

a claim, invent a specific detailed example that violates the claim.
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Problem 1o, "[:'iﬂli points)  Let 8 ben 2 x 2 matvis with U078 = 1. 1ol w1 denole

1|

thee columnms of 8 Prove that the colmuns of 8 oare ovthonorinal.
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