Sfudent Soluhone Exam 20 297-2  <apjp

Problem 1. (100 points) Debine matvix A, vector b and vector variable @ by e

cquilions
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For the system Aa* = b, display the formula for ay according to Cramer's Rule "To save

time, do not compnte determinants!
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Problem 2. (200 poitds) Deline atrix 4 = ((i 8§ 1
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it Loand anoupper trinngalar matrix U such tha A=LU
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Problemn 3, (100 points)
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Expecied: (a) Augmented matrix. (b) Toolkit step: to RREF.
cquations  (d) Scalar_general solution. (g)fiml the homogeneous

solution 27, which i a linear com-
bination of Strang's special solutions. (f) Find a particular solution Fp.

(c)Mranstation of RREF 1o scalar

(&) Wiite the vector general
solution X = %, 4 X,
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Problem 4. (100 points)

Definition. If In,ln I are o basis for subispate 1" of vector space V, and % == ¢ |1:| +
mlu | iy is a given linear combination of these vectors, then the uniquely determined
constants ey, ¢, ¢4 are calledt the coordinates of i ralative to the basis bl,h_..b_,.

Below, Iet V be the vector space of all functions on (=00,00).  Define subspace §
span{iy, 1. &) where n, c\,,u are independent vectors dedined respectively by the equa-

tions =14y -z . y=2 o422

7A () [0%] Let 1V = span{1, ;::2] Assime known that 1,222 wre independent functions.
Already, 8§ = span{l 4 4.2 + 22,2 | r 4 a2} i a subset of 1. Prove that W is a subset of
S (this proves that 1V = S, therefore ¥,. Vo ¥y are independent ).

)( (h) [(J()%] Define veator Vin § by equation y = 3 - 42 4 22, Conmpute ¢y, ¢y, ¢y satisfving
(lu- equation = ¢ .\'j -I-uv -+ €3V, using coordinate map methods.

pru ted in (): Vectors ¥y, Viy, ¥3 are defined by 14, 2442 ,2-{ a4, respectively. Calculations
of (..,c 7, ¢3 are to be done using column vectors from R3, not functions from V. Zero ¢ redit for not

usmg column vectors.
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Problem s. (100 points) The fnctions 1. %! represent independent veetor:
iy, i, 73 in the veetor space Voof all functions on 0 < + < oy, The st § = spandiy. @iy, i)
is asubspace of V. Let voetors ¢, thy iy in 1V he defined by the functions 1— Lo bra® g0,

respectively. The coordinnd e map defined by

ety | et catly =+ foy

-

maps the vectors i, 7. 7, into (he following images in RS, respectively:
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The independence tests helow can decide independence of veefors i, Ty, iy v ﬁmnulntit’lg
. oL . : . . s ! . . o
the independence qiestion in vector s sace Voo in vector space RY, beeause the coordinale
| :

- ¢ . . - \
map takes independent $6ts (o independent séis.

. . ¢ ' . . . : A
Check helow all independenee tests which apply to decide indopendence of Vi, iy, Uy, J9N-
plain how each chiocked tost applies, giving details/reasons. Zero crodit, for checkilig a
hox without explanation.
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Sampling test

Rauk test

Nonzero sampling determinant for juvented

saples o = gy implics independenee:
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Three column veetans sue independen i
agmentod matnix has ank 3.
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Explain: g?.wm' mobrly:
weebor ava, Lu‘_
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Explain
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Explain

Determinant. test

Three column veetors ave independent if (heir

augmented mateix is square and has llOll?.('m_j
determinant. 63 ! bI N I o /
ot oed - ol ® {1 12

2 (2-0)+ (o-3) - 2 -7

Orthogonality test  Three cohumn vectom are independent if (hey

* Nob ovbkoapmf

Pivol test

are all nenzevo and pairwise orthogonal.

D

Three column veetors are independent if thei
augmented matrix A has 3 pivot cohnnns,
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roblein 6. (100 poin ) Cond 1 (H1N | 1 Jn
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() [30%] Displn s avertible vt 12 ol a diconal wateis 2 cuch thi A2 ro.

Midvices 12 uid D can contam complex nminh

(b) [504) Display o veal e tible matris 1% and a preal diagonal matix Dy suels that
1 PyDy Neithes 22 oo D) ean contain vomplex munhers, The construction of 1, yee

- B ab
the wiap a 4 il ( b ”)‘

() [1024] Display o matiix product formula T A in which the facior: contain only 1eal
umambers. To save time, do nof evaluate any mabrix products.
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Problem 7. (100 paini)

Definition: A subset § of a veeto, space Vs asubispace of V' peovide
(1) The zeio vector is in

(2) Ifvectors % and ¥ are in S, then » 4 yisin Y.

(3) Wvector X isin S and ¢ i any scalar, then ox is in S,

fl Let Vobe the vector space of all real-valued functions on (—oc. 00). Juvent an exanple of o
notvoid subset S of V' that sabisties two of (he Hews i the above definition of stubspace. but
fails the third item,
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Problem s, (100 points)  Define § ) the

NCLES oy, L3 slisfy llu.l\\uxullullu.u,q
that S s 4 mbspace of 73

2ot ol all vectogs X g o3 whose eonupy
MIs oy oy o Y0 s <y ow

Expected Cite 5 known theorcm or eise virify the 3 econditions for the delinition af 3 subspace (se
l\ the precedin: exam prohlem).
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Problem 9. (100 points) Lot A be ad x 3 matrix. Assmne the columns of A7 A4 are

independent. Prove or disprove ihint A has independent colwmns,

Expected: To prove a claim, assemble details and theorem citations to support the claim. To disprove

A
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a claim, invent a specific detailed example that violates the claim.
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Problen: 10, (100 points) Lot U be a2 x 2 matyix with U7 = 1. Let iy, iiy denote
the columns of . Prave that the columns of U ave orthonormal. < ucds 2o g, If= 1 Huslls |
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