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Differential Equations 2280
Midterm Exam 3 Dy ioed
Exam Date: 13 April 2018 at 12:50pm

Instructions: This in-class exam is 50 minutes. No calculators, notes, tables or books. No answer check is
expected. Details count 3/4, answers count 1/4.

Chapter 3 — Nth Order Differential Equations
Problem (1a) [40%) Find the Beats solution for the forced undamped spring-mass problem

=" + 289z = 280 cos(3t), =(0) = z'(0) = 0.

It is known that this solution is the sum of two harmonic escillations of different frequencies. To save time,
please don’t convert your answer.
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Chapter 3 — Nth Order Differential Equations

Problem (1b) [30%] Let f(x) = x?e " sin(x) — me? | rreos(Zr). Find the characteristic equation ol a
lincar homogencous sealar dillerential equation of least order such that y = f(x) is a solution. Kindly leave
f o the characteristic eqnation in (actored form, unexpanded.
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Chapter 3 — Nth Order Differential Equations

Problem (1c) [40%] Consider the mechanical oscillation equation (M) and clectrical current equation (E):

! (M) 22" +52' 450z = 100 cos(wt),
(E) 2I"4+5I' +50] = 100w cos(wt).

Part 1. Explain in terms of of the three coefficients 2,5, 50 why the mcchanical equation must be

overdamped. Then give an example of three positive cocfficients for which the mechanical equation
is critically damped.

Part 2. Determine the practical resonance frequency w for cach cquation.



Chapters 4 and 5 — Systems of Differential Equations
Theorem. (Eigenanalysis Method) If A is a real 3 x 3 matrix with eigenpairs (A1, 7)), (A2, %),
(A4, 73), then the system &’ = AT has general solution

() = et 4 epiige?! 4 eqiige.

Theorem. (Cayley-Hamilton-Ziebur). The components of solution £ of 7't} = AZ(L) are linear
combinations of Euler solution atoms obtained from the roots of the characteristic equation |A — Al| = 0.

Definition. Let A be an n x n real matrix. An augmented matrix ®(t) of n independent solutions of
(1) = AF(t) is called a fundamental matrix. It is known that the general solution is (t) = ®({)Z, where
& is a column vector of arbitrary constants c;,...,c,. An alternate and widely used definition of fundamental

matrix is §'(1) = A®(t), |¢(0)] # 0.
| Problem (2a) {30%)] Assume a 3 x 3 matrix A has cigenvalues A = 3,5 =& 4i. Display a solution formula

C d . . . . .
for the veetor solution (1) Lo system —ii = Atr, inserting what is known what is known from the cigenvalue
A it E

information (supplied above). To save time, observe that it is impossible to solve for cocflicients, becanse
A is not known, only its cigenvalues.
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Chapters 4 and 5 — Systems of Differential Equations

Problem (2b) [40%)] A lincar cascade satisfics -j—tf(t) = A#(t) where the 4 x 4 triangular matrix and vector
Z are defined by
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Use any method to find the vector general solution z(t) of dit:i:'(t) = Az(t).
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Chapters 4 and 5 — Systems of Differential Equations

l
Problem (2c) [40%] A lincar cascade satisfics :t—’.-i:'(!.) — AF(1) where the 4 x 4 triangular matrix A, vector

solution r(£) and initial condition #(0) are defined by

21 00 xp(4) l
o200 o | ) A =1"

A A=to o021 | £y = xx(t) 17 A0=10
/ 000 3 xa(l) 1

Apply Laplace’s method to obtain a 4 x 4 system for £(zy), L(x2), £(x3), L(z4). To save time, don’t use
Cramer’s Rule to find £(z), L{x2), £(n3), L(x1)- Don't nse Laplace tables and don't find the solution ()

i : . Loood ;
Your solution ean use scalar equations or the vector-matrx eqjuation _I.F'T(t) Az(L).
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Chapters 4 and 5 — Systems of Differential Equations

Problem (2d) [30%] The Cayley-Hamilton-Zichur shorteut applies especially to the system
#g=2r+7y, y=-Tzi2y

wiiich has complex cigenvalues A = 2 4 71,

Part 1. Show the details of the method, finally displaying formulas for =(t), y (). k
Part 2. Report a fundamental matrix $(¢).

Part 3. Use Part 2 to find the exponential matrix et
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Chapter 6, Lincar and Nonlinear Dynamical Systems

Problem (3a) [20%)] Classify the unique equilibrium 4 = ¢ as a saddle, center, spiral or node and report, if
it is stable or unstable. Sub-classification of a node into improper or proper node is not. required.
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Chapter 6, Linear and Nonlinear Dynamical Systems

Problem (3b) [30%] Consider the nonlinear dynamical system

' = e +2y-5,

¥ dr+ev 21
An equilibrium point is £ = 0, y = 2. Compute the Jacobian matrix J(z,y) of the lincarized system at this
cquilibrium point.



Chapter 6, Lincar and Nonlinear Dynamical Systems

r = " +2y—5
b 30%)] Consider the incar syste ) : ' y
Problem (3c) |30%] Consider the nonlinear system { S

.A_R (Part 1) Delermine the stability al £ = oo and the phase portrait. classification saddle, center,
J- —
/" spiral or node at % = 0 for the linear dynamical system ;;_tﬁ: = Aii, where A is the Jacobian

matrix of this systemn atl ¢ =0, y = 2.
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(Part 2) Apply the Pasting Theorem, which is Theorem 2 in section 6.2, to classify x = 0, y = 2
" as a saddle, center, spiral or node for the nonlinear dynamical system. Discuss all details of
the application of the theorem. Details count 15%.
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Chapter 6, Linear and Nonlincar Dynamical Systems

Problem (3d) [20%] State the hypotheses and the conclusions of the Pasting Theorem used in problem
(3c) above. Accuracy and completeness expected. Append to the statement the answoer to this question:

For which figures, among spiral, center, saddle and node, is stability of the pasted figure onto
the nonlinear phase portrait not determined?
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