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1. (Chapter 1: 60 points) Consider the system A4 = b with @ = *{ defined by
T3
T4
2T+ 329 FAxs 2= 2 Z 3 4 L
Az + 335 + By + 34 = 4 =74 308 ‘\"‘
L > 8\

txy + 3x2 + 8xy + x4 = 2

Solve the following parts:

/5( (a) [10%] Find the reduced row echelon form of the angmented matrix.

A (b) [10%] Identify the free variables and the lead variables.

-1t
A (c) [10%] Display a vector formula for a particular solution .7 i

® 0
/%—(d) [10%] Display a vector formula for the homogencous solution 4. - t."ﬁ
o 1
A (e) [10%] Identify cacl: of Strang’s Special Solutions. = :’;1 ‘ "0 3
-V %
A* (F) [10%] Display the vector general solution @, using Huperpolsition. A el e VIR
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2. (Chapter 2: 40 points)
(a) [10%,

| Describe for n x n matrices two different, methods for finding the matrix inverse.

1 -3
(b) [20%) Apply the two methods to find the inverse of the matrix A - )

0 2
(¢) [10%] Find the inverse of the trauspose of the matrix in part, (b).
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3. (Chapter 3: 30 points) Define matrix A and vector § by the equations

-2 3 0 1
A= 0 -2 4], 6=1{21{.
1 0 -2 3

Find the valuc of 23 by Cramer’s Rule in the system AF = b.
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RSN o
_ - 3
(A= x| 3 ]+ 3c] 2 3
=(6+2) +3x 4= @rir=na
RRMER 1|23
- 4 —
X2 o+ (2 %y
T 12-8=4
i )(3: 2.0



)((Chapters 1 to 4: 30 points) Let

Removed from the final exam. 0 0 o
Corrections are change R*4 to -3 -2 -1
to R*5 and text A=} -1 0 ¢
"of the matrix" to 6 6 3
"of some matrix" 9 9 1

(a) Check the independence tests below which apply to prove that the column vectors of the
matrix A are independent in the vector space R,
(b) Show the details for one of the independence tests that, you checked.

D Wronskian test Wronskian of fj, fz f3 nonzero at z = zp implies inde-
pendence of fi, Iz, fa.
Rank test Vectors oy, 7, 93 are independent if their angmented
matrix has rank 3.
Determinant test  Vectors %, U2, %3 arc independent, if their square aug-
meuted matrix has nonzero deterininant.
Euler Atom test Any finite set of distinet atoms is independent.

has nonzero determinant.

Pivot test Vectors 97, 0, Uy are independent if their augmented
matrix A has 3 pivot cohunns.

Orthogonality test A sct of nonzero pairwise orthogonal vectors is

independent.

D Sample test Functions f:, f;, f;; are independent, if a sampling matrix

Combination test A list of vectors is independent. if each vector is not a
linear combination of the preceding vectors.

Solution: Find the RREF of A. It has 2 pivots. No test applies to
prove the columns are independent, because the columns of A are

dependent.
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5. (Chapters 2, 4: 20 points) Define S to be the set, of all vectors Zin R3

B such that
-T1+$3—--’E2,.’173=Ua.11d$3+:c2-_—:1;1_ )

Prove that S is a subspace of R,
o The bestorspae for all westors W via R phet Sorws freg e st
CAR
Ay =X PK3=0 ~
K ety =0 05 e mul Pra of the a5 T the tef
X3 =9 Thwt S s Bppoce of R

Also possible: Apply the Kernel Theorem, which says that a system
of linear homogeneous algebraic equations has solution set which
is a subspace.



6. (Chapter 6: 40 points) Let S be the subspace of R? spanned by the vectors

1 1
. _ 1 5=
1= 1 H 2 = 0 J
0 1
Find a Gram-Scinnidt orthenormal basis of S. fﬁ’
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7. (Chapters 1 to 6: 30 points) Let A be an m x n matrix and assume that ATA has
nonzero determinant. Prove that the rauk of A equals n.
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8. (Chapter 5: 40 points) The matrix A below has cigenvalues 3, 3 and 3. Test A to
see it is diagonalizable, and if it is, then display three cigenpairs of A.
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11
9. (Chapter 6: 30 points} Let W be the colnnn space of 4 = ( 11 ) andd et

10

1
b= ( -1 ) Lot b be the near point. to b in the subspace W. Find b.
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10. (Chapter 6: 30 points) Let @ be an orthogonal matrix with columns G, G2, G3-

Let D be a diagonal matrix with diagonal entries A1, A2, A3. Prove that the 3 x 3 matrix
A = QDQT satisfics A = \@iq7 + doGad + AaGag?
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11. (Chapter 7: 30 points) The spectral theorem says that a symmetric matrix A can
be factored into A == QDQT where Q is orthogonal and D is diagonal. Find @ and D for
4 -1
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12. (Chapter 7: 30 points) Write out the singular value decomposition for the matrix
2 2
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13. (Chapter 4: 30 points) Let the lincar transformation T' from R? to R? be defined
by its action on three independent vectors:

(6)-G-6)-6-(E)-6

Find the unique 3 x 3 matrix A such that T is defined by the matrix multiply equation
T(£) = AT,
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14. (Chapter 4, T: 40 points) Lot Abeaumxn matrix. Denote by S; the row
space of of A and S the colummn space of A. It is known that S; and S; have dimension
r — rank(A). Let pi,...,p be a basis for 5y and Jot. @y,...,G be a basis for Sp. For
exanple, select the pivot cohtnms of AT and A, respectively. Define I° - S; —= Sp initially
by T'(@) — ¢, i = 1,....r. Extend T to all of §; by linearity, which means the final

definition is A 1 A —_
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15. (Chapter 4: 29 points) Least Suares can be used to find the best fit line for the

boints (1,2), (2, 2), (3,0). Without finding the line cquation, describe how to do it, in a few
sentences,
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the Fundamental Theorem of Linear Algebra.

16. (Chapters 1 to T: 20 points) State
and Part 2: The orthogonality /jY

Inchide Part 1; ‘The dimensions of the four subspaces,
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17. (Chapter T: 20 points) State the Spectral Theorem for symmetric matrices.
Include the important results included in the spectral theorem, about real cigenvalues and
diagonahzability. Then discuss the spectral decomposition. A__.- 1 A‘
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An eigenspace may have multiple vectors found as Strang's Special solutions
which are not orthogonal. Gram-Schmidt is applied to these vectors to replace
the eigenspace basis by an orthogonal basis.



