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1. (Chapter 1: 50 points) Consider the systemn Ad = b with i — Z3 | defined by
L4
I
I +3272+4$3+274 + 25 =2
2:c1+:c2+8:n3+a:4+23:5=4
2:!:1 +2.T2+8$3+.T4+$5—_-2
Solve the following partgs (a) to (e):
(a) [10%] Find the reduced row echelon form of the angmented matrix
(13 9 2 SR I R
218 0y Y . 0 -S 0 - o 0
(21 2 1 V), 0 -9 0 -1 -1
3 4 1 g, LOY D -1
O 1 o' oo p 01 00-1]-) RREF
O L0 4 |, 000 | ¢
(b) [10%] Write the scalar equations corresponding to the answer i (a). Then identify the
free variables and the lead variahjes.
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%] Display a formmla for the vector general solution #,

(d) [10%] Extract from the answer iy

(¢) vector formulas for & particular solution t, and
the homogeneons solution .
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(e) [10%] Extract from the answer in

(d) a vector solution basis for AT = 0. The
are called Strang’s Special Sol

SC vectors
utions,
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2. (Chapter 2: 49 points)

Define A = ( 14

1 5 A B=A4 AT yhowo AT i8 the transpose of A,
)

(a) [20%) Apply two different, methods to find the inverse of the matrix A

A= ‘]J'd’/}(’i) = :::L'—: ('g b” i (f —;)
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4. (Chapters 1 to 4: 20 points) It ig known that functiong Z, cos(z), e* are mdependent,
in the vector space V of all functiong on (—po, 00). Define functions in v by the equationg
hiz) =z 4 ¢, fo(z) =2z — ¢=, Fs(x) = Beos(z) + z 4 e.

Definition: An Buler solution atom is @ base atom muliiplied by o factpr "™ where n —

Check the ndependence tests below which apply to prove that the functions Ju. P, 5 are
independent, in the vector space V. Dont check one which won’t work!

]Z]/ Wronskian test Wronskian of _f;, f—z', f3 nonzero at = g, mplics inde-
Pendence of f, f;, fa.
D Euler Solution Atom test Any finite set of distinct Euler atoms js independent,
@ Sample test Functions f;, fz', f are independent jf 5 sanpling atrix
has nonzero determinant,



5. (Chapters 1 to 4: 30 points) It is known that functions z, cos(z), e are independent,
in the vector space V of all functions on (—co, 00). Define functions in V' by the equations

fi(z) =z + e*, fo(z) = 22 — &=, J3(z) = 3cos(z) + z + &=

(a) [10%)] Independence of the functions f,, f,, f; in the vector space V can be established

using the coordinate map

1
C1Z + e” + c3cos(z)  maps into o
C3

Reformmlate the independence of functions f, fa, f3 into independence of column vectors

Uy, 1, %3 in the vector space T3,

(b) [10%] Show details for one of the tests below applied to ¥1, U2, T3, defined in part (a).
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(c) [10%) Check all tests below

check a test which won’t work!

B
wf
]
o

Rank test

Determinant test

Pivot test

Orthogonality test

Combination test

that may be applied to i, th,

Vectors 4, 4, U3 are independent if their augmented
matrix has rank 3.

Vectors Uy, U2, U3 are independent if thejr square ang-
mented matrix hag nonzero determinant,

Vectors vy, th, ¥ are independent, if their angmented
matrix A has 3 pivot columns.

A set of nonzero Pairwise orthogonal vectors  js
independent,

A list of vectors js independent, if each vector is not g
linear combination of the preceding vectors.

U3, as defined in part (a). Don’t



6. (Chapters 2, 4: 20 points) Define S to be the set of all vectors Z in R3 such that

T+ 223~ Ty =0, 3 = 0 and I3+ Tz = £1. Supply the proof details which verify that S is
a subspace of RS2,
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7. (Chapter 6: 40

(a) [10%) Explain, by citi

points) Let S he the

TARTHI
5

tn S e S
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Sealar mald, P':L n" }‘
(b) [30%) Find 2 Gram-

subspace of R? spanmed by the vectory

Schmict, orthonormal hasis i,
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8. (Chapters 1 to 6: 30 points

) Let A be an m x n matrix ang
rank n — 1. Prove that the rank of

assume that AT A has
A cannot equal n.

in progress
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1 1 2
10. (Chapter 6: 30 points) Definc A= | 1 ~1 |andb={ 3 |. Let W be the
1 0 1

colnmn space of A. Wiite the normal equations for the incousistent problem AZ = b and

solve for the least squares solution Z.

Remark, Vector b = AR is the near point to b in the subspace W.

ATAR = AT

14



11. (Chapter 6: 30 points) Given vectors G, @, ¢z in R3, define

A=20GT+ 5657 + 144 T

(a) [10%] Prove that A is symmetric.
. .
S‘l""ﬂ—ﬁl“[/ l’h#{,'f!bfg . A r = A

AT: 2(% .?["T)T+ S’(Zi‘) {ZT)T 1 /(;(: E(;T)T
4T = Q(Q:TT‘[\IT) ; g(fzﬁ{;)Jr 7(2_{377-{27)
AYE YT+ Sh ATy T = A

(b) [20%)] The Spectral Theorem for symmetric imatrices produces a similar formula where
2,5,7 are replaced by the eigenvalues of A. Write the fm'm_ula for 3 x 3 matrices A and

explain all the symbols used in the formula.

A0 0 q,
A=QD Q" - (q' TL\z 7{:)(0 LR )(FIZ
v 0 }3 f{‘j
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12. (Chapter 7: 30 points)  The spectral theorem says that a symmetric matrix
A satisties AQ = QD where @ is orthogonal and D is diagopal. Find Q and D for the

-1
symmetric matrix A = 4

-1 4/
A=l = (1-D1-2Y - 1 = 2 gy 414 -
= A-0%419 = (2 -5)(h-3)
)\:‘:)3
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13. (Chapter 7: 49 points) Wite out, the singular value decomposition for the matrix
(1)
: g I)( | 26 10
/\/4=(f S |5>"" o 2L
AA-21) -2 (26-3) - 150
= A2 -52X +5U - 100
= A -2+
(4-3)(2-10)
A3, 0 — peyig - 0, = g - y
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14. (Chapter 4: 30 points) Let the lincar transformation 7" from R2 to R2 be defined

by its action on two independent, vectors:

(60)-0)+(0)-0)

Find the nnique 2 x 2 matrix A such that T' is defined by the matrix multiply cquation
Ty - Af

UG e S )
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15. (Chapter 4, 7: 40 points) Let A be an m x n matrix. Denote by S; the row space
of of A and S, the column space of A. Using only the Pivot Theorem and the Toolkit of
swap, comnbo, multiply, prove that S; and S, have the same dimension.

By dhe pinot dhapont ke g of winsdsof A

= e ok o A= dimontiso ol (A
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16. (Chapter 4: 20 points) Least squares can be used to find the best it liney = az+b
for the points (1,2), (2,2), (3,0). Find the line equation by the method of least squares.
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17. (Chapters 1 to 7: 20 points) State the Fundamental Theorem of Lincar Algcbra.

Inctde Part 1: The dimensions of the four subspaces, and Part 2: The orthogonality
equations for the four subspaces.

For o ynxn Waluoy Moo A+ wd A=y
d’W""U‘“*jA\\ - dw\(tol(}\)\:: 0= e wd(A) =0 - dim Y\M(ATB
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Col (A) = nut (AT

Col(A) Ahapace o, @
(OuA) melrepat o, W~:

ood() Aadn g 4 &
Aul?) Al pacof @

21



