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Differential Equations 2280
Final Exam
Thursday, 28 April 2017, 12:45pm-3:15pm

Instructions: This in-class exam is 120 minutes. No calculators, notes, tables or books,
No answer check is expected. Details count 75%. The answer counts 25%.

Chapters 1 and 2: Linear First Order Differential Equations

A (a) [60%) Solve 50'(t) = 7+ t—t 1u(ii), v(0) = 7. Show all integrating factor steps.

| 7 . HIS
[t): A III—VL ), vl0)=7 s
_als —y/sla H:n] )bl}-“
V\u)‘ s u(t)= 7 we b fador = ¢ T W 5
4] a - Yj 1 -4 s ! v
g, cupis Lbft] (o)

(wott)) = %W

l{pm) i fuce —>
i/

PRI VI VAR T D ke

—

/s
Wlt) * 5‘“’)9) TlE1) +e

_ 7&*‘) L Lt S’/
AT N 07

= ]2 (=0

V[£)=Ttt7



2280 Final Exam 52017

1
(b) [20%] Solwe: the linear homogencous cquation 2/ -+ i% = 2TY.
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(c) [20%] The lincar problem 2vz + 2y’ = 2zy—3T can be solved using superposition

Y=yt Up Find g, and yy.
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Chapter 3: Lincar Equations of Higher Order
rl—qr-!f ll )'T Ié =0

(a) [10%] Solve for the general solntion: y” — 4y’ + 20y =0 -
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(b) [20%] Solve for the general solution: &) + 280y®) = 0
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(c) [20%] Solve for the gencral solution, given the characteristic cquation is
r(r® — 4r)2{r? — 4r 4+ 20)* = 0.
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4.';‘ (d) Given ;z"(¢) + ' (t) + 2x(t) = 17 cos{wt), which represents a damped forced
spring-mass system with m = 5. ¢= k= Z, answer the following two questions.

(1) [10%] Compute the frequency w for practical mechanical resonance.
(2) [10%] Classify the homogencous problem as over-damped. eritically-damped or

under-damped.
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(€) |30%] Determine for y® — 4yt = 523 + £%¢** +5in{27) the shortest trial solution
for y, according to the method of undetermined coefficients. Do not evaluate the
undetermined cocfficients! A
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Chapters 4 and 5: Systems of Differential Equations

01 1

(a) [20%] Matrix A= | 1 0 1 has cigenvalues —1,1, —5. Find all cigenpairs of
00 -5

A and then write the solution of x(¢) of x'(t) = Ax(t) arcording to the Eigenanalysis

Method.
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(b) [30%] Find the general solution of the 2 x 2 system
dfz(t) ) _ 5 -1 x(t)
di \ w(t) -1 5 y(t)

according to the Cayley-Hamilton-Zicbur Method, using the textbook’s Chapter 4

shorteut.
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(c) {20%] Assume a 2 x 2 system 4 i = At has a scalar general solution

o(t) = cre™ + ee®,  y(t) = 206" + (en + 3ep)e.

b

Compute the exponential matrix ef.
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(d) 130%]} Consider the scalar system

¥ ==z
y = 3z+w

Z = x+:z

Solve the system by the most cfficient methaod.
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Chapter 6: Dynamical Systems

(a) [10%) Which of the four types center, spiral, node, saddle can be asymptotically
stable at ¢ = oo? Explain your answer.
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(b) [20%] The origin is an equilibrium point of the lincar system u' = ( _i ; ) u.

Classify (0,0) as center spiral, node, saddic.

(|~,\)('Lf N + 1 =0

{7ﬁ“‘ >\”7——/\ A /\]Jf;.a

{2 - DA £+ 2 =0

N - K;QQ—4MH)

—

nshitle




2980 Final Exam 52017

(c) [20%] Consider the nonlinear dynamical system
z' =14z - 132 —zy, Y =16y-— 13’2 —xy
2 ’ 2 )

Find the equilibrium points.
Answor check: One of the points is (0,32). See part (d) below.
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(d) [30%)] Consider again the nonlinear dynamical system

1 \ 1
z’ = 14z — —2-:!:2 —xy, Yy = 16y-— éyz — IyY.

(1) Compute the lincarization at cquilibrium poind (0,32) of this system, which is
the linear system (¢} = J(0,32)#(t).

(2) Classify the wnicue equilibrinm (0, 0) of the lincar system as a node, spiral,

center, saddle.

unstable or stable at t = oo. Classify further

(3) Report the equilibrium (0,0) 85
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(e) [20%] Consider ngnin the nonlinear dynamical system
4 1 2 U v 1 2
:r:=14:1:-§z - TY, y=16y—§y — Y.

What classification can be deduced for cquilibrium (0,32) of this nonlinear system,
according to the Pasting Theorem (Theorem 2 in 6.2)7 It is not. enough to give a
one-word classification. Please explain your answey fully and cite the applicability of
the exceptions in the Pasting Theorem. 75(

S)?Me [ﬂl’ VA { Nod € / ,)-;\C' V/L/{E”’j//
S A 1 h JESAMJ Y T A
S

gl o o M€ [/ TR

[‘M(L( 46\# i Dede — SI')/‘ yl oLz

’ ~ ¢ losgibriny @

6”\ rbo{}e((o /l!—ljcn lihear  (yf

(ys =tr RO

Nunlifeee |
NI VALY

_ ot hin
(ng,—fﬂ (e P




2280 Final Exam 52017

Chapter 7: Laplace Theory

(a) [20%] Solve for f(t) in the cquation L(f(t)) = ?(E{%F
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(b) [20%)] Find L(f) given f(t) = (—t)et sin(21).
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(c) [30%] Solve by Laplace's Method the forced linear dynamical system

subject to initial states $(0) = 0, y(0) =
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. . s
(d) 20%] Solve for f(t) in the equation L{f(t)) = eyt
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(e) [10%]} Solve for f(t) in the relation
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Chapter 9: Fourier Series and Partial Differential Equations

In parts (a) and (b), let fo(xx) =1 on the interval —2 < £ < 0, fo(z) = 0on
the interval 0 < z < 2, Jo(z} =0 forz =0 and z = £2. let J(z) be the
periodic extension of fo to the whote real line, of period 4.

(a) [10%] Compute the Fourier cocfficients of f(z) on [-2,2].
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In parts (a) and (b), let fo(z) =1 on the interval =2 < z < 0, fo(z) = 0 on
the interval 0 < z < 2, fo(z) =0forz =0 and z = +2. Let f(z) be the

periodic extension of fo to the whote real line, of period 4.

(b) [10%] Graph f (z) on =5 < T < 5. Find all values of z in —3 < z < 4 which will

exhibit Gibb’s over-shoot.
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(c) [30%] Heat Conduction in a Red. Solve the rod problem on 0<<2,t20:

Uy, = 10"’.‘!’.‘!:
#{0,t) = 0,
u(2,ty = 0,
u{z,0) = d4sin(Gzz)-+ 15 sin(147x)
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(d) [40%)] Vibration of a Finite String. The normal modes for the string
cguation uy = A, on 0 < x < L, t > 0 are given by the functions

o (mr:t) (mra‘) 'n(mm:)si (mrct)
n T oS . ) si 7 n 7 )

{t is known that each normal mode is a solution of the string equation and that the problem below has
solution u{z,1) equal to an infinite series of constants times normal modes {the superposition of the
normal modes). For a problem with shape u(z,0) = G and speed u(x,0) = g(z), only the second

normal modes sin (22%) sin (23£) appear in the series solution.

Solve the finite string vibration problemon 0 < z <5, > 0

uu_(I, t) = lﬂ()u,,;(.'n,t),

u(0,t) 0, clamped at £ =0
u{4,t) = 0, clamped at =4
u(z,0) = 0, shape zero
u{z,0) = sin{5nx)+ 2sin(Trz) speed nonzero
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