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Fourier Sine Series

T n=1
sine series with coefficients {b,, }°°  is the expression

F(x) = Z b,, sin (n;w)

Theorem. A Fourier sine series F' () is an odd 27T -periodic function.

Definition. Consider the orthogonal system {sin ("”) > on [—T,T]. A Fourier

Theorem. The coefficients {b,, }°°
formulas (inner product on [—T", T'])

b, — (Fosin (7)) F(z) sin [ =2 dz.
= fan () (5) “1h PO (F)

in a Fourier sine series F'(x) are determined by the




Fourier Cosine Series

Definition. Consider the orthogonal system {cos (m}m) °¢_,on [—T,T]. A Fourier

cosine series with coefficients {a, }°°_, is the expression

F(x) = ;am cos (m;m)

Theorem. A Fourier cosine series F'(x) is an even 27T -periodic function.

Theorem. The coefficients {@,, }>°_ in a Fourier cosine series F'(x) are determined by
the formulas (inner product on [—T, T'])

<F, cos (m}"”’>> 3 %fOTF(a:) cos (m}’x) dr m > 0,

<COS (m}rm) , COS (m;rac)> %fOT F(x) dx m = 0.

a, —




Fourier Series

Definition. Consider the orthogonal system {cos (%) < _,» {sin (n;:n> > ., on

[—T, T]. A Fourier series with coefficients {@, }°°_,, {b, }> | is the expression

= MTIT = NTT
F = m bn ] -
(x) mZ:Oa cos( o )—|—Z sm( o >

Theorem. A Fourier series F'() is a 2T -periodic function.

Theorem. The coefficients {a,, }°°_,, {b,, }°° , in a Fourier series F'(x) are determined
by the formulas (inner product on [—T", T'])

0 — (Fscos (%)) L% F(z) cos (722) do m > 0,
" {eos (%) eos (52)) | & /% F@) da m = 0.

b, = (Fsin (7)) F(x)sin (") dz.
(7 L0 ()



Convergence of Fourier Series for 27'-Periodic Functions

The Fourier series of a 2T -periodic piecewise smooth function f () is

nmwI b i NnmTI )
aO-I—Z(a cos< T )-I— nsm(T)
where

= —/T f(x)dx,

/ f(x) cos <n;w) dz,

b, T/ f(x) sin (n;w) dx.

The series converges to f () at points of continuity of f and to otherwise.

fx+)+f(z—)
2



Convergence of Half-Range Expansions: Cosine Series

The Fourier cosine series of a piecewise smooth function f(x) on [0, T'| is the even 27 -

periodic function
nmwT
ag + a,, COS
o+ acos (“77)

where

= [ $(@)de,

/ f(x) cos (n;m) dx.

The series converges on 0 < x < T to f(x) at points of continuity of f and to

! (m+);f @2) otherwise.




Convergence of Half-Range Expansions: Sine Series

The Fourier sine series of a piecewise smooth function f(x) on [0, T] is the odd 27'-

periodic function
nmwT
E b, sm( )

/ f(x) sin (n;m) dx.

The series converges on 0 < x < T to f(x) at points of continuity of f and to
f(z+)+f(z—)
2

where

otherwise.




Sawtooth Wave

Definition. The sawtooth wave is the odd 27 -periodic function defined on —7r < x <
7t by the formula

( (7 — @) 0<x<m,

sawtooth(z) = { (-7 —x) —7 <z <0,

L 0 x = 0.
Theorem. The sawtooth wave has Fourier sine series
> 1
sawtooth(x) = Z — sinnx.

n

n=1



Triangular Wave

Definition. The triangular wave is the even 27r-periodic function defined on —r <
x < 7 by the formula

T —x 0<x<m,

twave(x) =
T+ —mwm<x<O0.

Theorem. The triangular wave has Fourier cosine series

0} > 1
t = — 4+
wave(x) > + - ’; 2k + 1)?

cos(2k + 1)x.



Parseval’s Identity and Bessel’s Inequality

Theorem. (Bessel’s Inequality)

al+ - Z ) < o [ 15 @)

Theorem. (Parseval’s Identity)

7 @l = 0t 05 (a2 + )
2T | = 2

Theorem. Parseval’s identity for the sawtooth function implies

w2 1221

12 24=p2

n=1



Complex Fourier Series

Definition. Let f(x) be 2T -periodic and piecewise smooth. The complex Fourier series
of fis

> nmwe ]- T —inmx
c,e T C, = — x)e T dx
S , = f@

n=—oo

Theorem. The complex series converges to f () at points of continuity of f and to
f(z+)+f(x—)
2

otherwise.

Theorem. (Complex Parseval Identity)

oo

1 T 2 2
o | 1f@Pde= Y el

n=——oo



Dirichlet Kernel and Convergence

Theorem. (Dirichlet Kernel Identity)

1 2l ((" T %) “)

— 4+ cosu +cos2u + --- 4+ cosnu =
2 ZSinGu)

Theorem. (Riemann-Lebesgue)

For piecewise continuous g(x), ]\lrim / g(x) sin(Nx)dx = 0.
— 00 -

Proof: Integration theory implies it suffices to establish the result for smooth g. Integrate by parts to
obtain X(g(—m) — g(m))(—1)" + £ [T _g(x) cos(nz)dx. Letting n — oo implies the result.

Theorem. Let f(x) be 27-periodic and smooth on the whole real line. Then the Fourier
series of f () converges uniformly to f(x).



Convergence Proof

STEP 1. Let sy () denote the Fourier series partial sum. Using Dirichlet’s kernel for-
mula, we verify the identity

ﬂm—&wwziljﬂﬂm—fw+w»(mﬂgiigmvdw

STEP 2. The integrand I is re-written as

@) - fetw)  w

! w 2 sin(w/2)

sin((IN 4+ 1/2)w).

) — T+ w w
STEP 3. The function g(w) = f@) = 5 ) - is piecewise continu-
sin(w /2
ous. Apply the Riemann-Lebesgue Theorem to complete the proof of the theorem.




Gibbs’ Phenomena

Engineering Interpretation: The graph of f () and the graph of

ao + ZnNzl(an cos nx + b,, sin nx)

are identical to pixel resolution, provided IV is sufficiently large. Computers can therefore
graph f(z) using a truncated Fourier series.

If f(x) is only piecewise smooth, then pointwise convergence is still true, at points of
continuity of f, but uniformity of the convergence fails near discontinuities of f and f’.
Gibbs discovered the fixed-jump artifact, which appears at discontinuities of f.



