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Math 2250-10 Final Exam for 7:15am on 6 May 2015 [Scores |
chs. Joo  |A

Chl and Ch2. (First Order Differential Equations) Cld. [oe

[20%] Ch1-Ch2(a): cns. oo

<. -~ . . T d 1 B 2 - .

Fiud the position a(t) h(;m the veloeity model i (( a(t)) = 10, ©(0) = 0 CllG./00 A

and the position model ((l_; = v(t), 2(0) = 100, Cht. JO» A
IA\ [10%] Ch1-Ch2(b): _ Ch9. /20

Find all equilibrium solutions for y' = +3¢¥(2 + cos(y))(y? - 3y + 2). Ch10. /00

k)

[20%] Ch1-Ch2(c):
2242yt -22 41
1+ Y
find the non-equilibvium solution in implicit form.
To save time, do not solve for y explicitly.

[20%] Ch1-Ch2(d):
-d
Solve the linear homogencous equation 2v/1 + 2y

dr
[10%] Ch1-Ch2(e):

Draw a phase line diagram for the differential equation

Given y' =

= y using the integrating factor shortcut.

% = (34 2)(x? - 9)(4 — 2%)3.

Label the equilibrium points, display the signs of dx/dt, and classify cach equilibriuni point as funnel,
spout or node. To save time, do not draw a phase portrait.

[20%] Ch1-Ch2(f):
Solve the linear drag nodel 1000% = 50 — 200¢ using superposition v = vp + vp.
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| 20
[10%] Ch3(a): Consider a 3 x 5 matrix A and its reduced row echelon form:

[I]z 0
B=rref(d)=| 0 0 {11
000

Ch3. (Linear Systems and Matrices)

O = N
SIS

1) Explain in detail why AT = 0 and Bi = 0 have exactly the same solutions.

2) Show the linear algebra steps used to find the scalar general solution to the system B = (.
3) Report a basis for the solution space § of A% = 0.

4) Report the dimension of S.

(
(
(
(

[20%] Ch3(b): Define matrix A and vector b by the equations

Ao =(31) ()

For the system AT = 5, find oy, 22 by Cramer’s Rule, showing all details (details count 75%).
[40%] Ch3(c):

A Determine which values of & correspond to (1) a unique solution, (2) infinitely many solutions and (3)
no solution, for tlie systein Ax = b given by
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Chd. (Vector Spaces)

[30%] Ch4(a): Some independence tests helow apply to prove that vectors 2,22, 2¢™ are indepencent
in the vector space of all continuous fimetions on ¢ < o < 0o, Mark oue method anc display the
details of application (details count 75%).

J Wronskian test  Wronskian of functions f, g, h nonzero at » = ry implies indepen-
dence of f,g,h.
&Z‘ Atom test Any finite sct of distinct Euler solution atoms is independent.

’:] Sampling test Let samples a,b, ¢ be given and for functions f, g, h define

f(a) gla) h(a)
A= F0) o) h)
Fe) g(e) hc)

Then det(A) # 0 implies independence of f, g, h.

)A( [20%] Ch4(b): Give an example of three vectors V1, V2, v3 for which the nullity of their augmented
matrix A is two.

[20%] Ch4(c): Find a 4 x 4 system of linear equations for the constants a, b, ¢, d in the partial fraction

. decomposition of the fraction
A 3172 - 142 + 3

@+ D% = 2
To save time, do not solve for a, b, ¢, d.
[30%] Ch4(d):

The 5 x 6 matrix A below has some independent columns. Report a largest set of independent columns
of A, according to the Pivot Theoren.
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Ch5. (Linear Equations of Higher Order) Jov
}‘/ [L0%] Ch5(a): Find a basis for the solution space of y" + 4y' 4+ 5y = 0.

dSy dly

/A( [20%] Ch5(b): Solve for the general solution y of the equation P + l(iﬁ =(Q.
20 da

[20%] Ch5(c): Find a basis for the solution space of a lincar constant coefficient homogencous differ-
A erential equaiton, given the characteristic equation is r(r + 1)(e3 ~ r)2(r2 + 2r + 5)2 = 0.

[20%] Ch5(d): Given G2 (t) 4 2a'(t) +2x(t) = 5 cos(wt), which represents a damped forced spring-mass
/l\ system with m = 6, ¢ = 2, k = 2, answer the following questions.

True or False X . Practical mechanical resonance is at input frequency w = 1/5/2.

1 .
True or False X . The homogencous problem is over-damped.

15‘ l%
A [30%] Ch5(e): Determine for ;— + 4;— =2+ 2% + ¢” + 2 cos(2x) the shortest trial solution for y,
2t r

according to the method of undetermined coefficients. Do not evaluate the undetermined cocfficients!
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lov

ClL6. (Eigenvalues 1d Eigenvectors)

A [20%] Ch6(s): Let A= ( _—12 3 ) Circle possible cigenpairs of A.

() e

A [20%] Ch6(b): Find the 2 x 2 matrix A which has cigenpairs

() 60

. [20%] Ch6(c): Find the cigenvectors corresponding to complex eigenvalues —1 £ 3i for the 2 x 2 matrix
/= 13
A=l o3

1

01
1 0 1 |. Display the details for finding all cigenpairs of A.
0

A [30%] Ch6(d): Let A = (
0
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160
Ch7. (Linear Systems of Differcutial Equations)

The methods studied are (1) Linear Cascade method, (2) Cayley-Hamilton-Ziebur method and the
2 x 2 shortcut, (3) Eigenanalysis method, (4) Laplace's method, including the Laplace resolvent
shortcut.

[30%] Ch7(a): Solve for the general solution (), y(t) in the system below. Use any method that
applies, from the lectures or any chapter of the textbook.

dr 4
— £ty
dt S
l
(Jlrj = G4 2
A\ [30%] Ch7(b): Consicer the scalar system
/
= e
y o=
2 o= 14y

Report two possible methocds that apply to solve for @, y, z. Then choose one method and display the
solution details and the answer (details count 75%). (D fne

A [40%] Ch7(c): Define

-3 4 -10
A= 0 2 0
5 -4 12

The eigenvalues of A are 7, 2, 2. Apply the eigenanalysis method, which requires eigenvalues and
eigenvectors, to solve the differential system u’ = Au.
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Ch9. (Nonlinear Systems) ‘ HY

[10%]) Ch9(a): Which of the four types r(:}fr{', spiral, node, saddle can be asymptotically stable at
'k\ = ot Explain your answer.

In parts (b), (c), (d), (e) below, consider the nonlinear system

o=l 2oy, Y = 16y - 207 — 2y (1)
4 [20%] Ch9(b): Display details for finding the equilibrium points for the noulinear system (1). There
/ are four answers, one of which is (4, 6).

/}\ [20%]) Ch9(c): Consider again system (1). Compute the Jacobian matrix at (2,y). Then compute the
’ Jacobian matrix at equilibrium point (4, 6).

[20%] Ch9(d): Classify the linear system for equilibriuin (4, 6) as a node, spiral, center, saddle.

[30%] Ch9(e): Consider again system (1). What classification can be deduced for equilibrium (4, 6) of
/AY nonlinear system (1), according to the Pasting Theorem? Explain fully (details count 75%).
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Ch10. (Laplace Transform Methods)

It is assumed that you know the minimum forward Laplace integral table and the 8 basic rules for
Laplace integrals. No other tables or theory are required to solve the problems below. If you don't know
a table entry, then leave the expression unevaluated for partial credit. D0

[40%] Ch10(a): Fill in the blank spaces in the Laplace tables. Each wrong answer subtracts 3 points

from the total of 40. . S / oz L S
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<
et
Z{s"f \/ 5
VI
1) ! (1+e71)? cos(1) e~ " cos(t) {sint e <% J
L7c e | /a2 =t
sy | L O I VPR PR
————] , N G '
S R P (74 | (s _7s
(<*+)°

A [30%] Ch10(b): Let u be the unit step. u(t) = 1 tor t > 0. u(t) =0 for t < 0. Compute L{x(f), given
the mechanical problem

(1) + 4r(t) = 5(u(t ~ 1) = u(t - 2)). 2(0) =2'(0) = 0.

To save time. do not solve for (). C
=25 74 // | ™~
A\ [30%] Ch10(c): Solve for g(t) in the equation L(g(t)) = S e, -
{ . s+ 5 L < L/
E _ y - - - - — : Pl Vi
o f N N Mo o/ -3 -5
Sy esTxes e shin (4 gy, =Se® 5o s 3(
- - < 3 SHD
. h - t-2
oy Neey - S (e
TN T g€ e / .
? - (e~ it - -
s = c e
\A (sy = — et ¢ ! S5
= < 4 - /
N - - ~
C ! —5(6— 2 ) /

/



