Math 3150 Midterm 1
19 Feb, S2014

Problem 1. (Heat Conduction in a Rod, Ends at Different Temperatures)

Throughout, k is the mean thermal diffusivity, nsually written as Fourier’s constant Ko divided by specific lieat ¢ and

muss density per unit volune p.

(a) [40%] Consider the heat condnction problem in a laterally insulatod rod of length 1 with one end at zero Celsius and
/rthe other end at 1 Celsins. The initial temperature along the rod is given by function flz)=a.

Uy = kuy,, O<a<l1, £>0,
u(0,t) = 0, t>0,
u(l,t) = 1, t>0,
u(z,0) = =a, D<z<l.

The answer u(x,t) to this problem is exactly the steady-statc temperature. Find the answer u(z,t) and display a
complete answer check.

() [60%] Consider the heat conduction problem in a laterally insulated rod of length 1 with one end at zero Celsius
A and the other end at one Celsius. The initial temperature along the rod is given by function f(z) =1 +a.

uy = ke, O0<z<l1, t>0,
u(0,t) = 0, t>0,
u(l,t) = 1, t>0,
u(z,0) = 1+2, O0<z<l

Solve the rod problem for u(z,t). It is necessary to derive the product solutious. Provide Fourier coefficient formulas.
Evaluate all Fourier coefficients. Then display the final auswer u(a, t).
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soblem 2. (Total Thermal Energy in a Rod)
An expression for the thme-dependent total thermal cuergy contained in a rod & = 0 to » = L, with uuiform cross-

sectional area A is .
/ cpulz,t) Ade. / J\?
0

Symbol ¢ is the specific heat, p s the mass density per unit volume and u(z,t) is the rod temperature, satistying the
heat cquation g = ki, Assime ¢ and p are constants.
Suppose wr,t) and v(z,t) are two temperature distributions for the same rod which supply the same total thermal
energy Lor all 1,

A () [30%] Explain why [“' w(z, ) de = /0' v(x, t) du.

A (b) [60%] Ditferentiate on t across the equation of (a). Simplify the resulting equation using w, = kg, and v = kv,

to obtain Pl “
U 3
(L, 1) — ur(0,8) = v (L, 1) — v (0,1). -—-é/_f = *AY/Z

AL/ (¢) [20%] Explain the meaning of the equation in (b) in terms of heat flux and Fourier’s Law.
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Problem 2. (Total Thermal Energy in a Rod)
An expression for the time-dependent total thermal cnergy coutained in a rod @ = 0 to & = L, with uniforin cross-

seetional arca A is .
[ \)O / cpu(u.t) Ade.
0

Symbol ¢ is the specific heat, p s the mass density per unit volume and w(z,t) is the rod temperature, satistying the
heat, equation 1y = ku,,. Assime ¢ and p are constants,

Supposc w(e,t) and e(a.t) are two temperature distributions for the same rod which supply the same total thermal
cnergy for all ¢
(u) [30%] Explain why [“l w(e.t)de = /0' o(x,t) du.
A(b) [60%] Ditferentiate on ¢ across the equation of (a). Simplify the resulting equation using w; = kg, and v, = kv,
to obtain
(L, 1) — u(0,t) = v (L, 1) — v (0, 8).

A_((-) [20%] Explain the meaning of the equation in (b) in terms of heat flux and Fourier’s Law.
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Problem 3. (Steady-State Heat Conduction on a Rectangular Plate)
Pu O

Consider Laplace’s equation e + —ﬁ— on the rectangle 0 < w < 1, 0 < y < 1 subject to the boundary conditions
h

(e, y) =0 for v =0 and v = 1, u(r, l/) -0 for y =1, u(w,y) = flr) for y=0.
(a) [70%)] Find the produet solutions w(,y) = X ()Y (y). Include a check that each product solution satisfies the
requtired three zero boundary conditions.

A (b) [30%) Let f(a) be the sum of the first three ecigenfunctions, which is the sum of the first three X-answers. Find
(i, y).
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Problem 3. (Steady-State Heat Conduction on a Rectangular Plate) ?’Z

o PPu D
Consider Luplace’s equation P + ); on the reetangle 0 < & < 1, 0 < y < 1 subject to the boundary counditions

(e, y) =0 for w =0 and r = 1, ulr, l/) =0for y =1, u(r,y) = f(r) for y = 0.

8 + a) {70%] Find the prodnet solutions u(e,y) = X ()Y (). Include a check that each product solution satisfies the
required three zero boundary conditions.

% B (b) [30%)] Let f(x) be the sum of the first three cigenfunctions, which is the s of the frst three X-answers. Find
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Problem 3. (Steady-State Heat Conduction on a Rectangular Plate)

Pu D
Consider Laplace’s equation e + - o on the rectangle 0 < < 1, 0 < y < 1 subject to the boundary conditions
&

i, (l y)=0for » =0 and 2 =1, ulr, (/) =0for y =1, ulr,y) = f(2) for y=0.

5‘? (a) [70%)] Find the produet solutions u(r,y) = X ()Y (y). Include a check that each producet solution satisfies the
~ % required three zero boundary conditions. =
(b) [30%] Let f(x) be the sum of the first three cigenfunctions, which is the sum of the first three X-answers. Find
B‘(’ u(e,y).
A -
—~3 =\ \[ N \} -
) s} B C y\ 70
v ALDHAED=0 By
N = L
=0 Fly ot TN A Y-—ce +H,e
pr= T 'R
% '@- pb=¢¢e 1—(16
) Vs Lepiate afﬂol or = e e By 2 ~\53J
J G e \ 4
= N
Yy s qoe VERSE L6

e u=o
Xy = %hwlﬁiimidw %;}**(ﬂfl"))
X7 \/ -

X:O

AV Ny =0 \/"76
bC. )(I(c,\(\)m):o =G “\*C .
: 1 g eV CG=0
XL(\»}L\N*@"J =0 )
R ¢, , Y=g
eoy=o ¥ ol T
ly=0 co €= Fods w=v |
2 Cowredtion Yz Y-
A7O Supqpos{im
x\\*%\)\/o B
S ¢ (O M REVAIN N7e N=0
x' \ E N
. X'COSS-:;') )l i
0.C Aoy:C o5 Y=u
! V=0 U\-C' /
L s 0= :(/:)T;Lﬁwm =9
Cey= 105 . O o M’\’l'j
r7=0 U A7 Get + Zon CosTA 2N vrechions
TA L
4 (A
7\\“3: sHG 2 Orl:nc%m -\3 (,b‘mk,u\\
T~ \
= O -
\X%: ost M Y S &0\0(05 +Z 0N (685 :
) A
N=0 0 re)
X\\ o ! /’Z
LAt Qo= (o ' - 05516y Cgor
X =4 ; Oq g ) (osmnd s om nhON (0) \ 6os Y
gz ¢ =0 / 3 0 \ b
el \ / j
.7 N rac il R oI
Y= Qi = - \Og(gyco>



//«%m

y Smh(mmty-n )
UCy)= o (1-9) + Z Gn (05 (vrix) (2sktg)

7p()(): FCos(x) 4 cos (:mrx) g

UK 0):= L) - a%Zé‘! f&f[hrry)

Loy dx
/‘9’”1‘ ) a, fJ[x)/o;(Mk) Ax ey ;5
/ j [pfg[h’lfy)(?f)/ /f

/ ;

{
i

‘ . '? ” X /
/ Ulvy)=a,(19)1 2, ., m(mx)(M) /
7

lease 1hgrt y—tovrme un o sz(y)
NO Fotnier C,oephccw?"f'vrmuh o raed 2

Soluhion
AUloYy)= |- W e WP, e (o) Ve ly)
Y, YW Y.
- Y= 97, Y= grh[B(y-)) 5 W= ek (2Tl-0)
f

Wiy 0) = |+ Cos(mix) + ¢ (2abr) = £



Problem 4. (Steady-State Heat Conduction on a Disk) [ 5V
Consider the steady-state heat conduction problent in polar coordinates

1 1

Uy (110) + —ur (1, 6) + ',-;)-‘U.{;{)([’,H) =0, 0<r<?2, 0<8<2m,

, )
u(2,0) = f(¢), 0<8<2m

(») [60%] Find the product solutions w = R(r)©(6), then identify the orthogonal set and the interval. Stop at this stage:
omit superposition, omit the series solution and do not develop formmlas.for the Fourier coefficicnts.

(57 [40%] Calenlate u(0,6) when f(8) =0 on 0 <8 <, f(8) =50 on w < 6 < 27. Hint: The Poisson integral theoreim
and the Mean Valne Theorem.
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