Partial Differential Equations 3150
Final Exam
Exam Date: Thursday, May 2, 2013

Instructions: This exam is timed for 120 minutes. You will be given extra time to complete
the exam. No calculators, notes, tables or books. Problems use only Chapters 1, 2, 3, 4, 7 of the
textbook. No answer check is expected. Details count 3/4, answers count 1/4.

| ©O1. (CH3. Heat Conduction in a Bar)

Consider the heat conduction problem in a laterally insulated bar of length 10 with one

en jus and the other end at 80 Celsius. The initial temperature along the bar is
z) = 3x. -
ﬁ

Ut = [~ug, 0<x<10, t>0,
af
U(O,t) = 50, t>0, = /
S L\O - 374 u(10,¢) = 80, t>0, L 0
u(z,0) = f(z), 0<z<10.

;A\ (a) [20%) Find the steady-state temperature u; ().

A (b) [40%] Solve the bar problem with zero Celsius temperatures at both ends, but f(z)
;9( replaced by f(z) —ui(z). Call the answer ua(z,t).

(c) [20%)] Compute the numerical values of the Fourier coefficients of uz(z,t). Then display
A’___the answer u(z,t) = ui(z) + uz(z,t) with the numerical values inserted into the series.

(d) [20%)] Display an answer check for the solution u(z,t) = uy(z) + u2(z,t).
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Partial Differential Equations 3150

Final Exam

Exam Date: Thursday, May 2, 2013 }OO
Instructions: This exam is timed for 120 minutes. You will be given extra time to complete ?3
the exam. No calculators, notes, tables or books. Problems use only Chapters 1, 2, 3, 4, 7 of the
textbook. No answer check is expected. Details count 3/4, answers count 1/4. IOO
[ 4
0o 1. (CH3. Heat Conduction in a Bar) ql_t

Consider the heat conduction problem in a laterally insulated bar of length 10 with one [ 00
end at 50 Celsius and the other end at 80 Celsius. The initial temperature along the bar is

fz) = 3z.
1
Ut = Zum, O<z<10, t>0,
u(0,t) = 50, t>0,
u(10,t) = 80, t>0,
u(z,0) = f(z), 0<z<I10.

A (a) [20%)] Find the steady-state temperature u;(x).

k (b) [40%] Solve the bar problem with zero Celsius temperatures at both ends, but f(z)
replaced by f(z) — ui(z). Call the answer ua(z, ).

A' (c) [20%)] Compute the numerical values of the Fourier coefficients of uz(z,t). Then display
the answer u(z,t) = u1(z) + ug(z,t) with the numerical values inserted into the series.

P( (d) [20%] Display an answer check for the solution u(z,t) = u1(z) +ua(z, t).
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Use this page to start your solution. Attach extra pages as needed, then staple.
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: . V)
2. (Fourier Series) ] O (o3 (7@} — /, Q< .249

(a) [30%)] Find and display the nonzero terms in the Fourier series expansion of f(z), formed 4 ” 7‘@ z / '(0’(2 &
as the even 2m-periodic extension of the function fo(z) = sin?(z) + 4cos(2z) on 0 < z < 7.

(b) [50%)] Compute the Fourier sine series coefficients b, for the function g(z), defined as
the period 2 odd extension of the function go(z) = 1 on 0 < z < 1. Draw a representative
graph for the partial Fourier sum for five terms of the infinite series.

sin(2z) 0<z <,

c—7 m<z<om and let h(z) be the 47 odd periodic

- PR
T :; > (c) [20%)] Define ho(z) =
e:xtension of ho(z) to the whole real line. Compute the sum f(—5.257) + f(1.57).
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Use {his page{mrt your solutlon Attach extra pages as needed, then staple.
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3. (CHS. Finite String: Fourier Series Solution)
(a) [50%) Display the series formula, complete with derivation details, for the solution
u(z,t) of the finite string problem _'"

uy(z,t) = %un(z,t), O<x<?2, t>0,
u(0,t) = 0, t>0,
u(2,t) = 0, t>0,
u(z,0) = f(=), 0<z<?2,

C/ - /D( w(z,0) g(z), O<z<2
Symbo%?%l’cﬁ{should not appear explicitly in the series for u(z,t). Expected in the
)

formul4 fopfv 7,t) are product _solutions times constants./

(b) [25%]FDisplay explicit formulas for the Fourier coefficients which contains the symbols
f(z), g(=).
(c) [25%)] Evaluate the Fourier coefficients when f(z) = 100 and g(z) = 0.
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3. (CHS3. Finite String: Fourier Series Solution)
(a) [50%] Display the series formula, complete with derivation details, for the solution
//\ u(z,t) of the finite string problem

ug(z,t) = %un(m,t), O0<z<2, t>0,
u(0,t) = 0, t>0,
u(2,t) = 0, t>0,
u(z,0) = f(=), 0<z<?2
w(z,0) = g(z), 0<z<2

Symbols f and g should not appear explicitly in the series for u(z,t). Expected in the
formula for u(z,t) are product solutions times constants.

k (b) [25%] Display explicit formulas for the Fourier coefficients which contains the symbols
f(z), g(z)-
A (c) [25%] Evaluate the Fourier coefficients when f(z) = 100 and g(z) = 0.
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w

(CHS3. Finite String: Fourier Series Solution)
(a) [50%] Display the series formula, complete with derivation details, for the solution
}( u(z,t) of the finite string problem

ug(z,t) = fue(z,t), 0<z<2, t>0,
u(0,t) = 0, t>0,
u2,t) = 0, t>0,
u(z,0) = f(z), 0<z<2,
w(z,0) = g(z), 0<z<2.

Symbols f and g should not appear explicitly in the series for u(z,t). Expected in the
formula for u(z,t) are product solutions times constants.

A (b) [25%)] Display explicit formulas for the Fourier coefficients which contains the symbols

f(z), g(z).
3\) ﬂ( (c) [25%] Evaluate the Fourier coefficients when f(z) = 100 and g(z) = 0.
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4. (CH3. Poisson Problem)
Solve for u(z,y) in the Poisson problem

Urr +Uyy = sin(wz)sin(2ry), 0<z <1, 0<y<l, a=h~\
s (n) u(0,y) = 4sin(3wy), 0<y<l,
? C/\/ 5’/"\1‘{" n_(‘{ “) u(z,y) =0 on the other 3 boundary edges.

D Product solution derivations are not expected. Expected solution details:

1) Decomposition into two problems, u = u; + up. Draw figures.
o

(2) Eigenfunctions ¢m, and eigenvalues Apy, of the Helmholtz equation ¢zz (2, y) +¢yy (7, y) =
—Aé(z,y) with zero boundary conditions on the rectangle.

(3) Poisson problem defined for uj(z,y). Solution formula for uj(z,y). Fourier coefficient
formula.

(4) Dirichlet problem defined for uz(z,y). Product solutions. Solution formula for us(z,y).
Fourier coefficient formula.

(5) Display the answer u = u; + up.
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4. (CH3. Poisson Problem)
Solve for u(z,y) in the Poisson problem
Ugz + Uyy sin(wz)sin(2ry), 0<z <1, 0<y<1,
u(0,y) 4 sin(3ny), 0<y<l,
0 on the other 3 boundary edges.

u(z,y)
Product solution derivations are not expected. Expected solution details:

(1) D/ecomposition into two problems, u = u; + up. daw figures.

2) Kigenfunctions ¢, and eié:envalues Amn of the Helmholtz equation ¢,z (z, y)+dyy(z,y) =
vy
—X¢(z,y) with zero boundary conditions on the rectangle.

3) L%isson problem defined for u;(z,y). \Bdution formula for u3(z,y). Edlrier coefficient
formula.

(4) Wirichlet problem defined for up(z, ). /I(roduct solutions. Bo/lution formula for us(z,y).
Fourier coefficient formula.

(5)VDisplay the answer u = u; + up.
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Use this page to start your solution. Attach extra pages as needed, then staple.
Unx + Mgy = & §Tn ({(Aw) 4 (ma ‘X?)C;T\(MT\'\(\Q'W\ (n‘ﬁﬂ
gi"\('ﬂ)‘s 5"'\(7“333 75 Bl Donn Sinlmwx) s;-\(nrﬂys wohare At (y\n\lf(mﬁ)t /
b\j Drﬂ\oféoaaﬂa‘\], hownzero t.’\,‘i\f whin =t fnd N =7
sinludsmeny) = -, 9, sin (xxsm 2 TY)
=€ - g -\ - -1

v T = J—
Ar T (Y e

= W, = '5_1_\_‘(1 gir\(ﬂy)s}n(Zﬁ\ﬂ



H. conk.
U, - nodes © S (nmy) st (nT(I-x))
Uy = San sinlamy)simhinm(1-x))
W0} T Zan sinlamy) inh (n7)
Ysin(smy) = £an s{»\Lv\w:j\slak(an
by of thogorel iy, nonzero ondly vhen n=3:
Ysinm (3Try) = a, sn(31y) simh(u)

.4
Q -
> s>
75{1\2_ = _L_,- S‘\V‘\LB“B\E"V\L\(—B“(“X)>
Sinh (37
Uz U, + Y,

R : Y
p S\ (TVX\ S\v\(?_ﬁb\ + \ EN ;V\L\ 5 (\"XB
S W’ o s (37 sz ﬁ) sinh( 3 v’



Name. _

3150 Final Exam 52013

5. (CHT7. Heat Equation and Gauss’ Heat Kernel)
Solve the insulated rod heat conduction problem

ug(z,t) = %u”(:z:,t), —o<zT<0o0, t>0, /O-l)
u(z,0) =

S b
B
Z

Hint: Use the heat kernel g; =

f(z), —o0 < 2 < 00,

7, {50 0<z<1, —/)g———

L7
U

100 -1<z<0

0 otherwise 3 16(>(> ( +

22

/

2te ~2%, the error function erf(z) = \/—fo e~="dz, and

Fourier transform theory definitions to solve the problem. The answer is expressed in terms
of the error function.
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Use this page to start your solution. Attach extra pages as needed, then staple
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5. (CH7. Heat Equation and Gauss’ Heat Kernel)
Solve the insulated rod heat conduction problem

ug(z,t) = %uu(r, t), —o<z <00, t>0,

U(I,O) = f(x)a —0<r <o, / 50
50 0O0<z<]1,

f(z) = 100 -1<z<0
0 otherwise

2

1 _=
Hint: Use the heat kernel g; = te 4%, the error function erf(z) =

f b€’ dz and

Fourier transform theory definitions to solve the problem. The answer is expressed in terms
of the error function.
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