
10.00B.1 

 
 
 
 
 
Chapter 10.00B  
 
Physical Problem for Partial Differential Equations 
Chemical Engineering 
 
 
 
 
 
Problem Statement  
Diffusion refers to the process of molecule transport by molecular motion from a region of 
higher concentration to that of lower concentration and is utilized to model mass transport in 
a number of natural and industrial processes such as amino acid exchange in cell biology, 
polymers, drug delivery through membranes, water purification using membranes, and 
semiconductor doping to name a few.  Semiconductor doping is the process of introducing 
dopants (such as boron and phosphorus) into a semiconductor such as silicon to enhance its 
electric properties for use in microchip fabrication.  
Diffusion is mathematically described by Fick’s second law given by [1] 
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where ∇  denotes the gradient (or del) operator given by 
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i , j , k  are unit vectors along x , y  and z  directions. 
Thus, Equation (1) can be expanded in rectangular coordinates to 
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where 
=c  concentration (mole/volume). 
=D  diffusion coefficient.  

x , y , z  denote instantaneous spatial positions in the three directions and t  denotes time. 
Equation (3) is a homogeneous parabolic partial differential equation which can be 

solved using numerical techniques such as forward difference method [2].  Since it is first 
order in time and second order in space, one initial condition (IC) in time and two boundary 
conditions (BC) in each of the spatial dimensions are required to obtain a solution.  The 
equation can also be solved analytically by separation of variables to obtain the concentration 
c  at any given time instant and spatial position.  The analytical solution to Equation (3) is a 
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Fourier series.  In case of equilibrium or steady state, the concentration is invariant in time 
and Equation (1) reduces to 

02 =∇ cD                                                                                                                     (4) 
Equation 4 is known as Laplace equation which can be readily solved with the use of two 
boundary conditions. 

Consider the diffusion of a dopant (boron) into a silicon wafer, which is cylindrical in 
shape. It is assumed that the radius of the silicon wafer is sufficiently large compared to its 
thickness, hence it is modeled as a slab of thickness L  (Fig 1).  The surfaces in contact with 
the dopant are assumed to be fully saturated with it, so that Csc =  at the surfaces. The 
solubility ( Cs ) and diffusivity ( D ) of boron in silicon, at an operating temperature of 

C°1100 , are )/(1015.2 320 cmatoms×  and )/(102 216 scm−×  (in N2 medium), respectively 
[3, 4]. In addition, it is assumed that initially at 0=t , there is no dopant in the wafer, that is 

0=c . 
 

 
Assuming that the wafer radius is significantly larger than the wafer thickness and that the 
dopant concentration does not vary along the radius and the circumference but varies only 
along the wafer thickness, Equation (1) reduces to a one-dimensional problem 
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with the following boundary and initial conditions 
Cscx == ,0 , 
CscLx == , , 

and  
0,0 == ct . 

Equation 5 is normalized such that 

τ
tT = , 

L
xX = . 

Thus, the normalized equation gets the form 
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Substituting 
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x=0 

x=L c=Cs 

c=Cs 

Silicon wafer 
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The normalized equation reduces to 
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with the following boundary conditions 
CscX == ,0  
CscX == ,1  

and 
0,0 == cT  

To obtain a numerical solution, the equation is discretized in time and space, using the 
forward finite difference method [2]. 
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Subscripts denote spatial position and superscripts denote time, X∆  and T∆  denote grid size 
and time step, respectively.  The boundary and initial conditions can be written as 
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For convergence 
2
1

≤r  

The following grid and time step sizes were used 
55,01.0 −=∆=∆ eTX , therefore 5.0=r  

The numerical solution, obtained by sequentially solving Equation (9) and applying the 
boundary conditions in Equation (8), is shown in Figs 1 and 2 for two different time instants. 
To obtain the analytical solution, substitute cCsy −= , Equation (6) reduces to 
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with the following boundary and initial conditions 
0,0 == yX  
0,1 == yX  
CsyT == ,0  

Equation (10) is solved using separation of variables 
)()( 11 XXTTy =                                                                                                         (11) 

Substituting Equation (11) into Equation (10), we get 
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Thus, we have the following two equations 
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Solving Equations (14) and (15), 
TAeTT λ−=)(1                                                                                                             (16) 
( ) ( )XCXBXX λλ sincos)(1 +=                                                                          (17) 

Substituting boundary conditions in Equation (17), 
010 +∗= B  

0=B  
 ( )λsin0 C=  

πλ n=                                                                                                            
Substituting Equations (16), (17) into (11), we get a solution for all possible values of n  
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Using the initial condition, we get 
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To obtain nA , we use the following identity 

( )
2
1sin

1

0

2 =∫ dxxnπ  

( ) ( ) mndxxmxn ≠=∫ ;0sinsin
1

0

ππ  

Multiplying both sides of Equation (19) by ( )Xnπsin , we get 
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When n  is even, 0=nA  
When n  is odd, 
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Thus, we get the following solution 
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The terms for ,...2,1=k  decay much faster than those for 0=k . The effect of increasing 
time compounds the decay of the exponential term. Therefore, after some time, only terms 
with 0=k  (that is, 1=n ) remain in the equation. Thus, we have the following analytical 
solution for the diffusion equation 

( )XeCsCsC T π
π

π sin4 2−−=                                                                                       (19) 

where 
Cs  is the solubility as defined above. 

The numerical solution obtained from Equations (8) and (9) is compared with the analytical 
solution from Equation (20).  The spatial variation of the dopant concentration along the 
wafer thickness at two different time instants, obtained using the numerical and analytical 
techniques, is compared in Figures 1 and 2.  This demonstrates an excellent agreement 
between the numerical and analytical solutions. 
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Figure 1: Comparison of the spatial variation of dopant concentration at 1=T ,that is, τ=t  from 
numerical and analytical technique. 



10.00B.6                                                    Chapter 10.00B 
 
 

  
 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
2.125

2.13

2.135

2.14

2.145

2.15 x 1026

x

c(
X

,T
)

 

 

Numerical
Analytical

T=0.5

 
Figure 2: Comparison of the spatial variation of dopant concentration at 5.0=T ,that is, τ5.0=t  
from numerical and analytical technique 
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