~ Math 3150-1 PDEs for Engineers - Final Exam =
: f , l,?e_cember 15 2008

All exercises are independent| :
Total: 150/150 points. o
Problem 1" (25 pts) Consider the 1D heat equanon with homogeneous Dirichlet boundary
conditions,

| u,—-4uxx,0<x<1andt>0, L 4
u(0,t)=u(1,t)=0, t >0, ST e o
| ub0=f(x), 0<x<1. ' |
(a) Use separation of variables with u(x, t) X(x)T(t) to show that a general solunon to
Dis

u(x,t) = Zb sin(n7x) exp[—(2nm)3t].

R n=1
Spec1fy what are the coefficients b, in terms of f (x).
(b) Solve (1) with -

(100 fo<x<!
= =2
£ {0 if 1 3 <x=<1
(c) Fmd the steady state solutlon s(x) to '

t""4vxx’ 0<x<1andt>0
v(0,t) =0, v(1,t) =100, t >0, | @
v(x,0) = g(x) 0<x<l. ‘

"‘(d) Solv; (2) w;th g(x) f(x) +s(x) by using your answer to (b}.
A t) = X(0) T(U ,mﬁ) PDE:

= uxt X" 0 éo,,mc.g
XT'=uX'"T & 2(__",,, W(
x"+dX=0 %wwwa .Gn X o ?k Cw
Xio=xg)=o0 - X(1)= awﬂx+k+m?»
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Problem 2 (20 pts) Vlbranons of a c1rcu1ar rnembrane of radms 1 wn:h radlally symmet’nc
initial shape f(r) andzero mmal velocity are governed by the 2D wave equation,
‘ u,=Au, 0<r<landt>0,
] u@,0)=0;t>0, - RN
] wno=sm0<r<y, @
u(r,0)=0,0<r<1.
A general solutlon to (3) has the form

Cou(nt)= ZA cos(a,,t).fb(a,,r)

n=1

where a, is the n—th positive zero of Jo(r) S
(a) Use the initial conditions and the orthogonality relations for Bessel functions (see for-
mula sheet), to show that

A== f f(")Jo(an")r dr
: . o Ji(an) \
(b) Solve (3) with f(r)=1- r Hint: Use formula sheet '

@) uleb)= Z 'A CM(K.«D ‘Io(dnf) (j;,,/“a (W}tdaa wb%
uceo): = & LT = Bl ane ex f alom 8
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(§> 5o (emr)) = (2 A ANCADY :r(dmf))
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{PM’M% &w (j' ﬁt‘l{*\(a’l‘nﬂ')

oo (D) T (o) = 5 T (tm)
m T(ﬁ/mf‘) rd7




() Mamf{aémm

An =

j‘ (, N—) J (axmr) ro\f“
‘(o(,, "




6

Problem 3 (20 pts) Consider the 2D Laplace equation below whi¢h: inodeis the ‘steady state ;

temperature distribution of a square plate where all the sides but the top one are dlpped in
an ice bath

. u,,,,+uyy-0 0<x<1and0<y<1
u(Oy) u(1,y)=0,0<y<1, _ e B
u(x,0)=0,0<x <1, o ST “)
u(x,1)= Ff(x), 0<x<1.
Separation of variables with u(x, y) = X )Y (y) gives

- X”+kX 0, X(0)=0, X(1)=0

, o "—kY =0, Y(0)=0. ..
(a) Assummg k= p? > 0 obtain the product solutmns to (4):
u,(x,y)=B sm(nnx)sinh(nny)

(b) Write down the general form of a solution to (4) and express B, in terms of f(x).
(c) Solve (4) with f (x) = 100 :

[a) /R.fulﬂw @‘LX‘D
{X t)x=0 =9 K- am’/a*“*“/"‘“

V(o) =kU)zo  X(o)cor =0 Jo o (M‘w‘-«ﬁo-?)%

= l Xon (2= B0~ ’”’“’;’]

‘.Pﬂbw;“f ~@n y i *
| » | mDJ"Tb
ij.- (1) 2 Yn -0 = Y,L C?), ce,,t nT"? + b A
4 ‘\/n. (,O) = 0 ) VMCO)‘_ Q,SO«» |
| =7 {\/*- (?)" Lw/\vm "T"at {
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Problem 4 (20 pts) Use the Fourier transform tiethod'to find themhmm u(x'f, t)of

[ Uttt U =0, xER, t >0,
’ - u(x,0)= - f (x), X €R, -
u,(x,0) = 0, xe€R,

assuming f(x) has a Fourier transform
transform.

.3\% chom) Ly (wc), o
O Lwd) = A (M) B A (0%)

:7» ZyCort) - - A % (26) + B () w* ca szt)
L(w,0) = A(oo;- f(w) R
,u,t,(o),o) Bcu)) u)q' O = RD)= 0

Give your answer in the form of an inverse Fourier ..

TP“” Xf{ ( wzt) @Cc") @) o
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_ Problem 5 (15 pts) ’
“(a) teta'eR’ Showrhaf.f(f(x a))(w) : exp[— iaw]f(w)

(b) Show that
| —9'(f(x d)+f(x+a))(w) COS(aw!)f(w)
.-L’ZHJ
@(\(gmoo) (%) - =L fatx fcz e’
- Go.v | :
o x %_ ’ L
i
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£ (7 F [{(x-«));w) + F (@m)) (@)

—-vay)

= e +ef@" P»Cu))

= coo(aw) ) ?(w)]
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Problem 6 (20 pts) ‘
(a) Let ¢ > 0. Use the Founer transform method to show thgt the solunan to x;he wave

equation on an infinite string

P T T
FaELY AN :,%e

u(x 0)=f(x), x €R,

;’ lht_cuxx JCGRandt>Q
u¢{x}‘03=o, x GR.»

S m» v

4}_ _mf(w) cos(cwt)e'“*dw.

(b) Use (a) and thﬁ identity of Ptoblem 5 (b) to shOw D’Alembert’s form of the solunon to *
the wave equation, that is:

' u(x,t)—-—[f(x ct)+f(x+ct)]
(c) Explam the phymml mterpretatlcm of D Alembert’s solution.

) -rwtwa Fag 2ran -

A Rwt)= _..c}-w X»UJ t)

db‘
=) alwpt)= ;4(00)&4 cwt +BC03)A‘M cwk

((A’)07& f@') AC“") C |
’“’k("’ )= - Pt(oo)(gw)x;m cub + é(w)(cu)) ﬂmca)t

ot (o, 0)< (w) Qa)} =0 ..) B twr=o
I Z) coe(owﬂ
‘(”;EZT:» [“aoc 1) wo(wtﬂ

U?) Alwib)= Calwb ?cw)——- if(fufctwfmwb)) (“’)

=) MC’Q&):{{{‘@-CH +\P (x’r,ce)] ,

u(x, t)

—
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Problem 7 (10 pts) Let a'> 0. ‘Phe function f(x) = e"“l“‘ solves the d;fferenual equanon .
 f'=-af + 2a8o(x)=01in the sense of dxsmbunons Deﬁuce that | . e

2" a

' ' : f(w)

F({” {-}»2@&) C’w)

na2+w2 ‘
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Problem 8 (20 pts){' T
(a) Leta,b > 0. Show that

; C
F (exp[—ax?] * exp[— bx’*‘])(w) = —F ;%(a + b)] .

(b) Use(a) to show that the convolution of two Gaussian functions is:’

12 - [ ab
exp[—axz] * exp[ bxz] = —————eaxp| — x"’]
‘V2(a+b) L a+tb

(c) Recall that the solunon to heat eqhatwn u, = u,, on the real line wnh mmal temperature
<u(xy 0) f(x)is u(x,t) = (g, * f)(x), where 8:(x).is the heat or Gauss kernel,.

) 1 x|
gtx_FzEP 4t |
whxch isa Gaussian funetion of x. Show that when the initial temperature is the Gauss-
ian funetion £ (x) = exp[—ka], then u(x t)is also a Gaussxanfuncqpn of x,
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