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Final Exam Introduction to Linear Algebra May 4, 2010.

Instructions. The exam is designed for 2 hours. Calculators, books, notes and computers are not allowed.

Ch3. (Subspaces of R" and Their Dimensions) Do all.

[30%] Ch3(a): Find a basis in R* for the image of A.

0 11 2
0 0 1 1
A=101 23
0 3 47
V, Vg Va V4
[30%] Ch3(b): Find a basis in R* for the kernel of A.
11 -1 2
2 00 1
A=13 1 -1 3
5 3 -3 7

[40%] Ch3(c): Assume the set V of all 3 x 3 matrices is a vector space with the usual addition and
scalar multiplication. Let S be the subset of V defined by the relations

a b 0
All matrices of the form at+b c a
a—b a+c O

with {a+b+c =0

a+2c = 0.

Prove that S is a subspace of V. 6+ 1lcz O o by 4 m O
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Final Exam Introduction to Linear Algebra May 4, 2010.

Ch4. (Linear Spaces) Do all.

[40%] Ch4(a): Let I be the vector space of all functions f(x) defined on —o0 <z <0 with the usual
rules for addition and scalar mulhph(‘dh()n Define V; to Vi to be the subsets of W consisting of all

polynomials f(zx) =co +c1z + cox? + c323, plus the condition given below.
Mark - fox the subsets V which are subspace of W. For the ones that fail, leave them marked G

and explain your reason.

DX i fy f(@)mdz =0, f(=5) = f(5) X ver fy F(@)e?dz =0, f(0) = f(1) .
[ v fy fl@)zds = f(=5), f(1) >0 DX Jva: fo fl@)zdz = f(5) + f(=5) /

[40%] Ch4(b): Find bases for the image and kernel of T', defined by

T(x) = (42 +24) % A:(? _j)

v [20%] Ch4(c): Let V' be a finite dimensional vector space. Define the terms basis and dxmensmn {,{;
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Ch5. (Orthogonality and Least Squares) Do all.

[30%] Ch5(a): Find the orthogonal projection of

-1 1 -1

V= 2 ontoe V = span 14, |
1 0 0
oAl

[10%] Ch5(b): Define orthogonal complement ¥+ for a subspace V' of a vector space Ww.
[30%] Ch5(c): Find the Gram-Schmidt orthonormal vectors U}, up, u3 for the subspace S of R* spanned

by the three vectors

1 0 1
- 0 - 0 - -1
1= 1 V2: 1 y V3: 1
0 0 0

[10%] Ch5(d): Display the normal equation in the theory of least squares.
e the columns of m x n matrix A are independent. Use the QR-decomposition

[20%] Ch5(e): Assum
formula to prove that the least squares normal equation can be written as R%* = QTb.
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Ch6. (Determinants) Do all.
[40%) Ché(a): This problem uses the adjugate identity Badj(B) =adj(B)B = det(B)/.

Define the invertible matrix B and its adjugate {or adjoint? Lﬁn%trix C by the formulas
I RTARY wd T

? 720\ — 6 6 12 ¢
Q -1 2.0 -6 6 7
_— e ai e
B 1o © -3 7 3
?7 773 2 2 4
# ./

Symbol | 7| means the value of the entry does not affect the answer to this problem. Find the values of
det(B), det(C) and det(2B~1C(BH)T), where MT means the transpose of matrix M.

[30%] Ché(b): Evaluate the determinant by any hybrid method.

12 0
-1 -1 1 0
- 21 0
12 -3

[30%)] Ché(c): Assume given 3 x 3 matrices A, B. Suppose EsEqAB = E3ExEqA and Ey, Es, Es,
Ey4, E5 are elementary matrices representing respectively a a combination, a multiply by 4, a swap, a
combination and a multiply by —2. Assume det(A) = —1. Find det(5A42B).
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Ch7. (Eigenvalues and Eigenvectors) Do all.

[30%] ChT7(a): Find the eigenvalues of

2 -3 6 44
3 2 11 -5
A= 6 ¢ 3 -4
0 0 2 -3

[10%] Ch7(b): Suppose A is 10 x 10 and an eigenvector ¥ is known. What's the simplest way to find
the corresponding eigenvalue?
[30%] Ch7(c): A discrete dynamical system X(n + 1) = AX(n) has particular solution

2" - 6"
X(n) = ]
() ( 2™+ 6" )
Find the matrix A.

[30%)] Ch7(d): Fourier’s model for 2 x 2 matrices A is
Ale1 ¥y + caVa) = etV + c2Aa V2

where ¢;, co are arbitrary constants. Scalars A;, A2 and independent vectors Vi, V2 depend only on A.

Prove that Fourier’s model is equivalent to the eigenpair equations

AV; = AV,
AVe = AoV¥y

with Vi, Vo mdependent
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Ch8. (Symmetric Matrices, Singular Value Decomposition) Do all.

[50%)] Ch8(a): Consider the symmetric matrix

A=

— D

11
01 ¢,
10

which has eigenvalues —1, —1,2. Find an orthogonal matrix @ and a diagonal matrix D such that
AQ = @D. The columns of  form an orthonormal eigenbasis of A.

[50%] Ch8(b): Compute the three matrices U, T, V in the singular value decomposition A=UsVT
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