Differential Equations and Linear Algebra
2250-4 [12:55 class] at 1:00pm on 3 May 2010

Instructions. The allowed is 120 minutes. The examination consists of eight problems, one for each
of chapters 3, 4, 5, 6, 7, 8, 9, 10, each problem with multiple parts. A chapter represents 15 minutes on the

final exam.

Each problem on the final exam represents several textbook problems numbered (a}, (b), {¢), - - -. Each chapter
(3 to 10) adds at most 100 towards the maximum final exam score of 800. The final exam grade is reported
as a percentage 0 to 100, as follows:

Sum of scores on eight chapters
z .

Final Exam Grade =

e Calculators, books, notes and computers are not allowed.

e Details count. Less than full credit is earned for an answer only, when details were expected. Generally,
answers count only 25% towards the problem credit.

e Completely blank pages count 40% or less, at the whim of the grader,

o Answer checks are not expected and they are not required. First drafts are expected, not complete
presentations.

e Please prepare exactly one stapled package of all eight chapters, organized by chapter. All scratch
work for a chapter must appear in order. Any work stapled out of order could be missed, due to multiple
graders.

e The graded exams will be in a box outside 113 JWB; you will pick up one stapled package.

e Records will be posted at the Registrar’s web site on WEBct. Recording errors are reported by email.

Final Grade. The final exam counts as two midterm exams. For example, if exam scores earned were 90,

91, 92 and the final exam score is 89, then the exam average for the course is

90 +91 492 +89+ 89
5

= 80.2.

Bxam Average =
Dailies count 30% of the final grade. The course average is computed from the formula

N

, 30 ..
(Fxam Average) + i—}-{—;{@a&hes Average).
AU

Course Average = —
=7 100

Please discard this page or keep it for your records.
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Differential 5@&&&%@5}8 and Linear Algebra 2250-4 [12:55 class]
Final Exam at 1:00pm on 3 May 2010

Ch3. (Linear Systems and Matrices) Complete all problems.
[10%] {fh?;{a}' Check the correct box. Incorrect answers lose all credit.

Part 1. [5%] True or False:
If the 3{{} % li} mai‘zzf% A and ,8 are lower triangular, then AB is triangular.

?aﬁ z. 5% § | True or False:
fa ‘*3 matrix A has a row of zeros, then for all vectors b, the equation Ax = b has infinitely many

&{}‘éumme X.
%! Ch3(b): Determine which values of k correspo nd to (1) a unique solution, (2) infinitely many
Sca%ut ons and (3) no solution, for the system Ax = b given by
Unique: (k)E-3)FO

0 k-2 k-3 [ -1
A={1 4 E o, ;}xk 1 } oO-trhany =2

k=3 Signd
B9

[20%] Ch3(c): Let matrix C and vector b be defined by the equations

Let I denote the 3x 3 identity matrix. Find the value of z2 by Cramer’s Rule in the system (3/+C)x = b.
[20%] Ch3(d): Display the entry in row 3, column 4 of the adjugate matrix jor adjoint matrix] of
6 2 -1 0
g 0 4 1

3 -2 0
110,

A= 1 Q\'\%‘\"j: —'1
0

9 _
[20%] Ch3(e): Assume Al = ( 5 i ) Find the transpose of A.

r 1 4 3 1K
(o K-1 % le z} Fyume Y Thomsuh«

y 10
00\<2 ;20 ~Az*\c‘,§% 3 i{;{}res
@ 2T+ C ™ (Ox ‘-ii:vle‘f" T~ 2 3
1 o O Ch4.
43 Ch5.
Catey = toboctor (Ay4,3)=(-D rinor(Ay,2) Che.
1o 2 © Ch7.
= - ‘i‘% é =~ Chs8.
Ch9.
! !
‘ A Q}(f,}-—-;ggq b\)% f'%T:: é(if) Ch10.

Staple this page m !:fﬁe to Ch3 work.
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Differential Equations and Linear Algebra 2250-4 [12:55 class]
Final Exam at 1:00pm on 3 May 2010

Ch4. (Vector Spaces) Complete all problems.

[20%] Ch4(a): Define § to be the set of all vectors x in R* such that oy + 23 = 0 and x3 + 24 = 1.
Prove that § is a subspace of R

[20%] Ch4(b): Give an example of three vectors vi, V2, V3 for which the nullity of their augmented
matrix is two.

[30%] Ch4(c): Apply an independence test to the vectors below. Report independent or dependent.
Details count.

/1N /3 o\
Yy o= ! Vo = ( v V3 — -1
! 2 |’ i R ~1 |
0 \ 0 0

[30%] Ch4(d): Find a basis of fixed vectors in R4 for the solution space of Ax = 0, where the 4 x 4

matrix A4 is given below.
LY

{’3*1 113
1 -1 1090
A“Q{;{sz]‘

1 1 -1 1

. “‘:—5'
?\«%ﬂe Q‘auwﬁous maﬁmx/aknf +o 846

| o |
@ Dedine B= (*i !
ooV . (- penney, C ic &%W/
MP{‘{N iév\v\fzf)m%g@”g; Thin 2 v 2 { Eolos e rang =)

1 OO
et VoV he T tolumns @ A —;(g %g\ hen { ity = 2

1 © 0
@ Yvel {awweﬁu e d) ViyVa,vz) = ( P "\, IMMT by
000 |  Tu MmLThT.

o
O
o
o

e

I © o s %, = —taf
! A O -1/ \
= O -1 Vo) . px
¢ magm 500 o ) oz ti-tle goge= | L) |-l
LYo Y X3 = 4 0 ) ?

¥y = ty

Staple this page to the top of all Ch4 work.
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Differential Equations and Linear Algebra 2250-4 [12:55 class]
Final Exam at 1:00pm on 3 May 2010

Ch5. (Linear Equations of Higher Order) Complete all problems.

[10%] Ch5(a): Report the general solution y(z) of the differential equation

d3y %y dy
3 4 10— + 3= = (.
dz? dz? dx

[20%)] Ch5(b): Given a damped spring-mass system ma” (t) +cz'(t) + kz(t) = 0 with m = 2, ¢ = 2 +a,
L= 1+aand a> 0 asymbol, calculate all values of symbol a such that the solution z(t) is over-
damped. Please, do not solve the differential equation!

[20%] Ch5(c): A particular solution of the differential equation z” + 2z’ + 17z = 50 cos(3t) is
x(t) = 4cos 3t + 12e ~t gin 4t + 3sin 3t + 15 F cos4t.
Identify the steady-state solution zas(t).

[20%)] Ch5(d): Determine a basis of solutions of a homogeneous constant-coefficient linear differential

4

equation, given it has characteristic equation

r(r? + 2 ((r + P +7)72=0.

[30%)] Ch5(e): Determine the shortest trial solution for y, according to the method of undetermined
coefficients. Do not evaluate the undetermined coeflicients!

dby  d* . ) ,
— + §-~—g§ = 22° 4 3z sin 3z + 4e”
dz*® dz?

@ Choy f—‘\', \"(3T?\>( \(‘-\.3):0 i _ﬂ\ey\ \3—; livieew Com hiasho 4/2’ a-}gm%
whiek ane 1, €%, €3% | dratie formwh
The d\scv‘\m\nm) Tha expression un deq J_: vn Tl ?ws, c formwl,
~ws T e positive , Thon O¢ c*—dem= a -qa-4.

Ne = Llos 3t + 34 3%, hatwmn Mo oTus fms [imet $> 2erv ot 0,

A oosie Ae Tl liﬁu{ 9 atowy Y= 0)020)'*;"‘)"!tﬁ£{;iﬁg
' = = = —~ % — g, .
Hx et e xe’) & Xeos iz, x8 WIV7X, 2 S, xe  prd1x

Covrechad HisT |

@ 3mw?§ ! i)ﬁt;xg- x%x%"q TRt} Coluhon =
rowp 2 | Cosgy¥, X3 Xeos3x) Xlos3 ¥ li oo Cotbinrkon
Soovp 21 glazx, xHa % Sin3 ¥, )3 V{ y Corveetud
Irovg U ¢ e’ ex s Ao mh?u;h#

Staple this page to the top of all ChBE work.
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Differential Equations and Linear Algebra 2250-4 [12:55 class]
Final Fxam at 1:00pm on 3 May 2010

Ché. (Eigenvalues and Eigenvectors) Complete all problems.

0 -
(5
[40%] Ch6(a): Find the eigenvalues of the matrix A= O .
g
0 )
[30%)] Ch6(b): Find the eigenvectors corresponding to complex eigenvalues —1 = 3¢ for the 2x 2 matrix

e
L

To save time, do not find eigenvectors!

~1 3
f%..<_3 4}'

[30%] Chéi{c): Let A= ( 12 f;; ) Circle possible eigenpairs of A.

® |acer] = (3] BLLEL) = Goo 1818 = B0l
| 50| hes

tiow .
C Cobector wyppan Eisen%\wt‘- 3) i@t )1)’2.

Olowy Coluwnn S Block My Theoeerm :
_ : I T 1
A—-{-—H’;QT,(M% e _%(_!_L)—-’(—q, 1)“) o O

o = (1) Theortm = 2lgengans o) (’”W
© ()5 1175 B S 1), 13) m sgrece

= X
s) ';
[
b
7
£l

Staple this page to the top of all Ch8 work.
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Differential Equations and Linear Algebra 2250-4 [12:55 clas ss]
Final Exam at 1:00pm on 3 May 2010

Ch7. (Linear Systems of Differential Equations) Complete all problems.

[30%] Ch7(a): Solve for the general solution z(t), y(t) in the system below. Use any method that
applies, from the lectures or any chapter of the textbook.

, & o
dr vty Y= Cg L‘ * (e
a - t >
o 4 = 3¢, e -2 a8
-‘? = 6z + 2y

[30%)] Ch?{?&} Let A be an n x n matrix of real numbers. State three d}f{@z( nt methods for solving the

system i = Aii, which you learned in this course. f -
A N, }\"? Vg 3\ ° }
[40%] Ch7(c): Define
-3 4 -0 g2, \h, (L% S')
A= g 2 0
5

4 12 }3—2’\2 ( )

The eigenvalues of A are 7, 2, 2. Apply the eigenanalysis method, which z‘equn@w sigenvalues and
eigenvectors, to solve the differential system w = Au.

@ Z«?AL% Chotad, o = biaean tombinehon oﬂ otome

YL 3r-4y=0 “?L\'*L%){rm =0 = Y=H, —~\H;:;> odore ety , & F
B S w/—x = 3C, et— 2¢ et

b bur - Cou | ‘~~‘A o, ﬁ‘{i veetgy W\mwméh&\aﬁ,«r%a /ﬂo oJomy

O Zet ug yley uw 17D Sond foo lA o ]
E\%W«WW u«-c‘ "Wﬁ ;Q\é“"wﬂ wm\ A has M ﬂgﬁd\f&‘m
Lovpluee Resohent & Tk Zouwd Ao (sT- A L(B) = W) -

Evpontedted & W= @MM’> :

© /-0 4 ~10 5 -4 Lo i
AJ]I:{\O-S 0)—9( " - to xl O vy :
sS-4 5 © © :) x;-
- Y Wog94, = ¥is
- ~ -5 -~} = 2 A= ‘b\lz v, = >
par= (3 E) (T2 ) (58 T e
. (4
Wy - ?>

Staple this page to the top of all Ch7 work.
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Ch8, {Matrix Exponential) Complete all problems
[30%] Ch8(a): Consider the 2 x 2 system

¥ = 8{
=z,

- -1t
Y =2y, J=2€
z(0) =1, y0)=2

Solve the system w = Au for u, using the matrix exponential e

[40%] Ch8(b): Display the matrix form of variation of parameters for the 2 x 2 bvmem Then integrate
to find one particular solution.

2’ =z +3,

Yp = 3 E. -3
é? - > 2
[30%] Ch8(c): Check the correct statements
o) SR AT A
D 1. The system u' = Au can only be solved when A is disgonalizable F;\}g‘e ) A = ( O @ )'> U=i ¢
g 2. The matrix exponential ¢! can be found using Laplace theory. ;f (e A#} = (8- A}
=< s

A second order system ¥’ = A% + G(¢) can be transformed into a first order system of the form
U; = Bi + F{i;‘

QQ Lot E&ww«h..(;m“w) Chaptn 7

AL et (“O
e e - (o). B 0

e 0?_“
A}L X&. _ T O
® (u?m Mt (T M Fuady vor Az (5%, sany 2 che)
A g;c ("x" )( Ydx

A <L
0

[ et faerax
_1%» L ES T

H

'36

-k
i _j_ 1
\ =2 ‘L

Staple this page to the top of all Ch8 work
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Differential Equations and Linear Algebra 2250-4 [12:55 class]
Final Exam at 1:00pm on 3 May 2010

Ch9. (Nonlinear Systems) Complete all problems.

[30%] Ch9(a):
Determine whether the equilibrium u = 0 is stable or unstable. Then classify the equilibrium point
u = O as a saddle, center, spiral or node.

) 242 45 = bk 4y
*f:(,_i f)ﬁ y= -l 22l
- Stable Spird, becaes
votation plus exponential

[30%] Ch9(b): Consider the nonlinear dynamical system

i —2y+i
T PRAES

Yy = 2z+2y. Y=-3

An equilibrium point is ¢ = 3, y = —3. Compute the Jacobian matrix A of the linearized system at this
equilibrium point. s | A _ ( v
o ; . . ’ - Z 7
[40%] Ch9(c): Consider the nonlinear dynamical system

o A A 4 2

= dx—-4dy+9-2z

v = 3z -3y

At equilibrium point z = —3, y = —3, the Jacobian matrix is A= ( 32 :;i )

(1) Determine the stability at £ = oo and the phase portrait classification saddle, center, spiral or node
at w = 0 for the linear system u' = Au.

(2) Apply a theorem to classify z = —3, ¥ = —3 as a saddle, center, spiral or node for the nonlinear
dynamical system.

(O yFeTe—gso = -)lrr)=0 =>
unstable Saddle

@ @O\c\c{\i} achmar oM bt medd o4 OUetin Frantda 1, P«@u

Y= Q} "”2. » NO ‘Cb‘l’.ﬁ*\tnk)‘

Staple this page to the top of all Ch8 work.
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Differential Equations and Linear Algebra 2250-4 [12:55 class]
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Ch10. (Laplace Transform Methods) Complete all problems.
Tt is assumed that you know the minimum forward Laplace integral table and the 8 basic rules for
Laplace integrals. No other tables or theory are required to solve the problems below. If you don’t know
a table entry, then leave the expression unevaluated for partial credit.

[20%] Ch10(a): Fill in the blank spaces in the Laplace tables:

f(®) ! ‘t“”% ot bi Lt
et | © a"s o
o 1 1 1 s b
S0 = -
LT®) s 5" s—a §2 + b2 s? 4+ b2
£(8) t te® el cos 2t et {t +sin 2t) (1+2t)°
o {)‘f
2 L8 c- z 2 t= -
PERE L D e R LG ) A M PR

[20%] Ch10(b): Compute L{f(t)) for f(t) =e' ont>2, f(t) = 0 otherwise.

8

[20%] Ch10(c): Solve for f({) in the equation L(f(t)) = — 5
8 —

[20%] Ch10(d): Solve for f{t) in the equation g;ﬁ{ ity = g—;%—;}? + %é{sﬁa ).
[20%] Ch10(e): Solve by Laplace’s method for the solution z(t):
')+ () = et z(0)=2(0)=0. _38 o
¢ e 2 et V=€

T8 = L(eFws-2) = (€ |4 t42 ST ata

' 2% i

3 %) = - = = -l

Q) 2= (e Y=(e \JC_%AMH: N2> fm= © )

@ 2-tim)= Faet)F Hepmt) = %a}i-é‘zé it
Q) (s2+8) Foo= f_,_j = F= mf“ 'é‘ i (i?zz
by paakial hroations , Tem Ay = L1 —€F-*eT) =
)= |~gi-tet

Staple this page to the top of all Chil work.



